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Preface 


Background 


Differential equations have wide applications in various engineering and science 
disciplines. In general, modeling of the variation of a physical quantity, such as 
temperature, pressure, displacement, velocity, stress, strain, current, voltage, or 
concentration of a pollutant, with the change of time or location, or both would 
result in differential equations. Similarly, studying the variation of some physical 
quantities on other physical quantities would also lead to differential equations. 
In fact, many engineering subjects, such as mechanical vibration or structural 
dynamics, heat transfer, or theory of electric circuits, are founded on the theory of 
differential equations. It is practically important for engineers to be able to model 
physical problems using mathematical equations, and then solve these equations so 
that the behavior of the systems concerned can be studied. 


I have been teaching differential equations to engineering students for the past 
two decades. Most, if not all, of the textbooks are written by mathematicians 
with little engineering background. Based on my experience and feedback from 
students, the following lists some of the gaps frequently seen in current textbooks: 


ta A major focus is put on explaining mathematical concepts 


For engineers, the purpose of learning the theory of differential equations is 
to be able to solve practical problems where differential equations are used. 
For engineering students, it is more important to know the applications and 
techniques for solving application problems than to delve into the nuances of 
mathematical concepts and theorems. Knowing the appropriate applications can 
motivate them to study the mathematical concepts and techniques. However, 
it is much more challenging to model an application problem using physical 
principles and then solve the resulting differential equations than it is to merely 
carry out mathematical exercises. 
ea Insufficient emphasis is placed on the step-by-step problem solving techniques 

Engineering students do not usually have the same mathematical background 
and interest as students who major in mathematics. Mathematicians are more 
interested if: (1) there are solutions to a differential equation or a system of 
differential equations; (2) the solutions are unique under a certain set of con- 
ditions; and (3) the differential equations can be solved. On the other hand, 
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engineers are more interested in mathematical modeling of a practical problem 
and actually solving the equations to find the solutions using the easiest possible 
method. Hence, a detailed step-by-step approach, especially applied to practical 
engineering problems, helps students to develop problem solving skills. 


ts Presentations are usually formula-driven with little variation in visual design 


It is very difficult to attract students to read boring formulas without variation 
of presentation. Readers often miss the points of importance. 


Objectives 


This book addresses the needs of engineering students and aims to achieve the 
following objectives: 


*« To motivate students on the relevance of differential equations in engineering 
through their applications in various engineering disciplines. Studies of various 
types of differential equations are motivated by engineering applications; the- 
ory and techniques for solving differential equations are then applied to solve 
practical engineering problems. 


ea To have a balance between theory and applications. This book could be used as a 
reference after students have completed learning the subject. As a reference, it has 
to be reasonably comprehensive and complete. Detailed step-by-step analysis is 
presented to model the engineering problems using differential equations and 
to solve the differential equations. 


a To present the mathematical concepts and various techniques in a clear, logical 
and concise manner. Various visual features, such as side-notes (preceded by 
the 2&2 symbol), different fonts and shades, are used to highlight focus areas. 
Complete illustrative diagrams are used to facilitate mathematical modeling of 
application problems. This book is not only suitable as a textbook for classroom 
use but also is easy for self-study. As a textbook, it has to be easy to understand. 
For self-study, the presentation is detailed with all necessary steps and useful 
formulas given as side-notes. 


Scope 


This book is primarily for engineering students and practitioners as the main 
audience. It is suitable as a textbook on ordinary differential equations for under- 
graduate students in an engineering program. Such a course is usually offered in 
the second year after students have taken calculus and linear algebra in the first 
year. Although it is assumed that students have a working knowledge of calculus 
and linear algebra, some important concepts and results are reviewed when they are 
first used so as to refresh their memory. 
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Chapter 1 first presents some motivating examples, which will be studied in 
detail later in the book, to illustrate how differential equations arise in engineer- 
ing applications. Some basic general concepts of differential equations are then 
introduced. 


In Chapter 2, various techniques for solving first-order and simple higher-order 
ordinary differential equations are presented. These methods are then applied in 
Chapter 3 to study various application problems involving first-order and simple 
higher-order differential equations. 


Chapter 4 studies linear ordinary differential equations. Complementary solu- 
tions are obtained through the characteristic equations and characteristic numbers. 
Particular solutions are obtained using the method of undetermined coefficients, 
the operator method, and the method of variation of parameters. Applications 
involving linear ordinary differential equations are presented in Chapter 5. 


Solutions of linear ordinary differential equations using the Laplace transform 
are studied in Chapter 6, emphasizing functions involving Heaviside step function 
and Dirac delta function. 


Chapter 7 studies solutions of systems of linear ordinary differential equations. 
The method of operator, the method of Laplace transform, and the matrix method 
are introduced. Applications involving systems of linear ordinary differential equa- 
tions are considered in Chapter 8. 


In Chapter 9, solutions of ordinary differential equations in series about an 
ordinary point and a regular singular point are presented. Applications of Bessel’s 
equation in engineering are considered. 


Some classical methods, including forward and backward Euler method, im- 
proved Euler method, and Runge-Kutta methods, are presented in Chapter 10 for 
numerical solutions of ordinary differential equations. 


In Chapter 11, the method of separation of variables is applied to solve partial 
differential equations. When the method is applicable, it converts a partial differ- 
ential equation into a set of ordinary differential equations. Flexural vibration of 
beams and heat conduction are studied as examples of application. 


Solutions of ordinary differential equations using Maple are presented in Chapter 
12. Symbolic computation software, such as Maple, is very efficient in solving 
problems involving ordinary differential equations. However, it cannot replace 
learning and thinking, especially mathematical modeling. It is important to develop 
analytical skills and proficiency through “hand” calculations, as has been done in 
previous chapters. This will also help the development of insight into the problems 
and appreciation of the solution process. For this reason, solutions of ordinary 
differential equations using Maple is presented in the last chapter of the book 
instead of a scattering throughout the book. 


XVI PREFACE 


The book covers a wide range of materials on ordinary differential equations 
and their engineering applications. There are more than enough materials for a 
one-term (semester) undergraduate course. Instructors can select the materials 
according to the curriculum. Drafts of this book were used as the textbook in a 
one-term undergraduate course at the University of Waterloo. 
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Introduction 


1.1. Motivating Examples 


Differential equations have wide applications in various engineering and science 
disciplines. In general, modeling variations of a physical quantity, such as tempera- 
ture, pressure, displacement, velocity, stress, strain, or concentration of a pollutant, 
with the change of time t or location, such as the coordinates (x, y,z), or both 
would require differential equations. Similarly, studying the variation of a physi- 
cal quantity on other physical quantities would lead to differential equations. For 
example, the change of strain on stress for some viscoelastic materials follows a 
differential equation. 


It is important for engineers to be able to model physical problems using mathe- 
matical equations, and then solve these equations so that the behavior of the systems 
concerned can be studied. 


In this section, a few examples are presented to illustrate how practical problems 
are modeled mathematically and how differential equations arise in them. 


Motivating Example 1 


First consider the projectile of a mass m launched with initial velocity v) at angle 
6) at time t =0, as shown. 
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The atmosphere exerts a resistance force on the mass, which is proportional 
to the instantaneous velocity of the mass, ie., R=fv, where f is a constant, 
and is opposite to the direction of the velocity of the mass. Set up the Cartesian 
coordinate system as shown by placing the origin at the point from where the mass 
m is launched. 

At time f, the mass is at location (x(t), y(t)). The instantaneous velocity of the 
mass in the x- and y-directions are x(t) and y(t), respectively. Hence the velocity 
of the mass is v(t) = /x(t)+ y(t) at the angle 6(t) = tan! [y@/x@)]. 

The mass is subjected to two forces: the vertical downward gravity mg and the 
resistance force R(t) = Bv(t). 

The equations of motion of the mass can be established using Newton’s Second 
Law: F=} \ma. The x-component of the resistance force is — R(t) cosO(t). In 
the y-direction, the component of the resistance force is — R(t) sin@(t). Hence, 
applying Newton’s Second Law yields 

x-direction: ma,= ) F, => mx(t) = — R(t) cos 6(t), 
y-direction: may = aoe —> my(t) = —mg — R(t) sin@(t). 
Since 
(t “(4 (t 
ZO. =— iia =, hy oe A 
x(t) Vx?) + (0) VP (Ot) 
the equations of motion become 
x(t) 
VOH+H(O) 
F yt) 
nyt) = —ng- hh) SS So MO) + BY) = — mg, 
VP O+H7HO) 


in which the initial conditions are at time t = 0: x(0) =0, y(0) =0, x(0) = vy cos 6; 


O(t) = tan 


mx(t) = — Bv(t)- => = mx(t)+ Bx(t) =0, 


y(0) =v, sin 6). The equations of motion are two equations involving the first- and 
second-order derivatives x(t), y(t), x(t), and y(t). These equations are called, as 
will be defined later, a system of two second-order ordinary differential equations. 


Because of the complexity of the problems, in the following examples, the prob- 
lems are described and the governing equations are presented without detailed 
derivation. These problems will be investigated in details in later chapters when 
applications of various types of differential equations are studied. 


| Motivating Example 2 Example 2 


A tank contains a liquid of volume V(t), which is polluted with a pollutant concen- 
tration in percentage of c(t) at time t. To reduce the pollutant concentration, an 
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inflow of rate Q., is injected to the tank. Unfortunately, the inflow is also polluted 
but to a lesser degree with a pollutant concentration c;,,. It is assumed that the 
inflow is perfectly mixed with the liquid in the tank instantaneously. An outflow 
of rate Q,,, is removed from the tank as shown. Suppose that, at time t=0, the 
volume of the liquid is Vj with a pollutant concentration of Cc). 


Inflow gall 
ee 
Qin» Cin 


Volume V(t) 


; Outflow 
Concentration c(t) 


Qout> C(t) 


The equation governing the pollutant concentration c(t) is given by 


d 
[Vo =f Qin Qout) ae ~ ag Qinc(t) = Qin Cin> 


with initial condition c(0) = cp. This is a first-order ordinary differential equation. 


| Motivating Example 3 Example 3 


Hanger Cable 


I 
I O 
I 


Consider the suspension bridge as shown, which consists of the main cable, the 
hangers, and the deck. The self-weight of the deck and the loads applied on the 
deck are transferred to the cable through the hangers. 


4 1 INTRODUCTION 


Set up the Cartesian coordinate system by placing the origin O at the lowest point 
of the cable. The cable can be modeled as subjected to a distributed load w(x). The 
equation governing the shape of the cable is given by 


a y w(x) 

dx” 
where H is the tension in the cable at the lowest point O. This is a second-order 
ordinary differential equation. 


Motivating Example 4 


Reference position 


M00 | y(t) | 


Consider the vibration of a single-story shear building under the excitation of 
earthquake. The shear building consists of a rigid girder of mass m supported by 
columns of combined stiffness k. The vibration of the girder can be described by 
the horizontal displacement x(t). The earthquake is modeled by the displacement 
of the ground x,(t) as shown. When the girder vibrates, there is a damping force 


due to the internal friction between various components of the building, given by 
c [x(t) =x (t)], where c is the damping coefficient. 

The relative displacement y(t) = x(t) —x)(t) between the girder and the ground 
is governed by the equation 


mI(t) + H(t) + ky(t) = —mxp(t), 


which is a second-order linear ordinary differential equation. 


| Motivating Example 5| Example 5 


In many engineering applications, an equipment of mass m is usually mounted on 
a supporting structure that can be modeled as a spring of stiffness k and a damper 
of damping coefficient c as shown in the following figure. Due to unbalanced mass 
in rotating components or other excitation mechanisms, the equipment is subjected 
to a harmonic force F, sin Qt. The vibration of the mass is described by the vertical 
displacement x(t). When the excitation frequency Q is close to w) = JVk/m, which 
is the natural circular frequency of the equipment and its support, vibration of large 
amplitudes occurs. 
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In order to reduce the vibration of the equipment, a vibration absorber is 
mounted on the equipment. The vibration absorber can be modeled as a mass 
m,, a spring of stiffness k,, and a damper of damping coefficient c,. The vibration 
of the absorber is described by the vertical displacement x, (f). 


Vibration 


Absorber 


Supporting 


Structure 


The equations of motion governing the vibration of the equipment and the 
absorber are given by 


mx + (c+c,)x + (k+k,)x — ¢,%, — kx, = Fo sin Qt, 
m,X, + C,Xq + kyx_ — C,xX — kx = 0, 


which comprises a system of two coupled second-order linear ordinary differential 
equations. 


Motivating Example 6 


A bridge may be modeled as a simply supported beam of length L, mass density 
per unit length pA, and flexural rigidity EI as shown. A vehicle of weight P crosses 
the bridge at a constant speed U. Suppose at time t =0, the vehicle is at the left end 
of the bridge and the bridge is at rest. The deflection of the bridge is v(x, t), which 
is a function of both location x and time t. The equation governing v(x, t) is the 
partial differential equation 


02v(x, t 04v(x, t 
pi ees 


57 st = Pd(x—Ut), 


a 
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where 5(x—a) is the Dirac delta function. The equation of motion satisfies the 
initial conditions 


dv(x, t) 
v(x, 0) = 0, _—— = 0, 
ot |t=0 
and the boundary conditions 
d*v(x, f) dv (x, t) 
0,t) = v(L,t) =0, -——— = = 0. 
ne ) v( ) ax2 x=0 ax2 x=L 


1.2 General Concepts and Definitions 


In this section, some general concepts and definitions of ordinary and partial 
differential equations are presented. 

Let x be an independent variable and y be a dependent variable. An equation 
that involves x, y and various derivatives of y is called a differential equation (DE). 


For example, 
dy _ dS?) oe ge ae 
ae ee (x) aves ayo 


are differential equations. 


Definition — Ordinary Differential Equation 


In general, an equation of the form 


dy d"y 
P(x, M ae —) =0 
is an Ordinary Differential Equation (ODE). 


It is called an ordinary differential equation because there is only one independent 
variable and only ordinary derivatives (not partial derivatives) are involved. 


Definition — Order of a Differential Equation 


The order of a differential equation is the order of the highest derivative appearing 
in the differential equation. 


Definition — Linear and Nonlinear Differential Equations 


If y and its various derivatives y’, y”, ... appear linearly in the equation, it is a 


linear differential equation; otherwise, it is nonlinear. 


For example, 

dy 2 . 2 . 

Te +o°y =sinx, m=constant, = Second-order, linear 
x 


: 2 
(2) Ay 08% = First-order, nonlinear because of the term (2) 
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d d 
x? = +5x = +6y =e", #2 Third-order, linear 
2 
= tage = +2y=x. ££ Second-order, nonlinear because of the term y 2 


Sometimes, the roles of independent and dependent variables can be exchanged 
to render a differential equation linear. For example, 


d*x 
Te Ce 


is a second-order linear equation with y being regarded as the independent variable 
and x the dependent variable. 


In some applications, the roles of independent and dependent variables are obvi- 
ous. For example, in a differential equation governing the variation of temperature 
T with time t, the time variable t is the independent variable and the temperature T 
is the dependent variable; time t cannot be the dependent variable. In other appli- 
cations, the roles of independent and dependent variables are interchangeable. For 
example, in a differential equation governing the relationship between temperature 
T and pressure p, the temperature T can be considered as the independent variable 
and the pressure p the dependent variable, or vice versa. 


Definition — Linear Ordinary Differential Equations 


The general form of an nth-order linear ordinary differential equation is 


d’y d’- ly dy 

a,,(x) ae + a,_1(x) Anat Spaeth a ae qe Ney —neae 
If ay(x), a, (x), ...,4,(x) are constants, the ordinary differential equation is said 
to have constant coefficients; otherwise it is said to have variable coefficients. 


For example, 


d? d 
= + 0.1 = +4y =10cos2x, ££ Second-order linear, constant coefficients 
x i 
dy dy 
y 24,19 : 
x —— tx + (x°—-v*)y = 0, x>0, v0 isaconstant. 
dx? - dx aA My : 


#& Second-order linear, variable coefficients (Bessel's equation) 


Definition — Homogeneous and Nonhomogeneous Differential Equations 


A differential equation is said to be homogeneous if it has zero as a solution; 
otherwise, it is nonhomogeneous. 
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For example, 
d d 
= +0.1 = +4y=0, #= Homogeneous 
d’y dy : Z 
an? +0.1 an +4y = 2sin2x + 5cos3x. 4c Nonhomogeneous 


Note that a homogeneous differential equation may have distinctively different 
meanings in different situations (see Section 2.2). 


Partial Differential Equations 


Definition — Partial Differential Equations 

If the dependent variable u is a function of more than one independent variable, 
Say X, X>,..., X,» an equation involving the variables x,, x,,..., X,,. u and 
various partial derivatives of u with respect to x,, X,,..., X,, is called a Partial 
Differential Equation (PDE). 


For example, 


d*us 1 Ou cote 
—=-—, a=constant, #< Heat equation in one-dimension 
dx? a Ot 

d*u *u Poisson's equation in two-dimensions 
Ox ay? SIG) FM ohace's equation if f(x, y) =0 

dtu dtu dtu 


a +2 Pay + oF = 0, #& Biharmonic equation in two-dimensions 


a? a? a? a) 

ee ee eae ae #< Heat equation in three-dimensions 
Ox > Oy? -0z7. -a-OF 

a2u a2uss* 


—+— + — = 0. 2 Laplace's equation in three-dimensions 
xe | By? | ozo ata 


General and Particular Solutions 


Definition — Solution of a Differential Equation 


For an nth-order ordinary differential equation F(x, y, y’,..., y) =0, a fune- 
tion y= y(x), which is n times differentiable and satisfies the differential equation 
in some interval a<.x <b when substituted into the equation, is called a solution 
of the differential equation over the interval a<x <b. 


Consider the first-order differential equation 


dy 
a2 3 
dx 
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Integrating with respect to x yields the general solution 
y=3x+C, C = constant. 


The general solution of the differential equation, which includes all possible solu- 
tions, is a family of straight lines with slope equal to 3. On the other hand, y = 3x 


is a particular solution passing through the origin, with the constant C being 0. 
Consider the differential equation 
dy 
— = 48x. 
dx? 


Integrating both sides of the equation with respect to x gives 
d’y 2 
Aye = 24x° + Cy . 
Integrating with respect to x again yields 


dy 3 
—-=8 C C,. 
Ae bile yx+ 2 


Integrating with respect to x once more results in the general solution 
—5,4, 1 2 
y=rx+ FO x +O,x+C;, 


where C,, C,, C; are arbitrary constants. When the constants C,, C,, C, take specific 
values, one obtains particular solutions. For example, 


y = 2x44 3x? +41, C,=6, C,=0, C,=1, 
y=2x*4x?4+3x4+5, C,=2, C,=3, C,=5, 


are two particular solutions. 


In general, an nth-order ordinary differential equation will contain 
n arbitrary constants in its general solution. Hence, for an nth-order ordinary 
differential equation, n conditions are required to determine the n constants to 
yield a particular solution. 


In applications, there are usually two types of conditions that can be used to deter- 
mine the constants. 


Illustrative Example | Example 


Consider the motion of an object dropped vertically at time t=0 from x=0 as 
shown in the following figure. Suppose that there is no resistance from the medium. 
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t=0, x=0 


x mg 
The equation of motion is given by 
d*x 
ae ® 


and the general solution is, by integrating both sides of the equation with respect to 
t twice, 
x(t) = Cyt Cyt+ $gt?. 


The following are two possible ways of specifying the conditions. 


Initial Value Problem 


If the object is dropped with initial velocity v), the conditions required are 


dx 
t time tf = 0: 0)=0, x(0)=— = Vo. 
at time x(0) x(0) rae Vo 


The constants C) and C, can be determined from these two conditions and the 
solution of the differential equation is 


x(t) = Vot + Sgt’. 


In this case, the differential equation is required to satisfy conditions specified at 


one value of ft, i.e., t=0. 


| Definition — Initial Value Problem | — Initial Value Problem 


If a differential equation is required to satisfy conditions on the dependent vari- 
able and its derivatives specified at one value of the independent variable, these 
conditions are called initial conditions and the problem is called an initial value 


problem. 


Boundary Value Problem 


If the object is required to reach x =L at time t=T, L> 4 gT’, the conditions can 
be specified as 
attimet=0: x(0)=0; attimet=T: x(T)=L. 
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The solution of the differential equation is 
(t) (= : T)t+ a 
x(t) =(=-= —gt. 
DP 2 oF 
In this case, the differential equation is required to satisfy conditions specified at 


two values of ft, i.e.,t=0 and t=T. 


Definition — Boundary Value Problem 

If a differential equation is required to satisfy conditions on the dependent variable 
and possibly its derivatives specified at two or more values of the independent 
variable, these conditions are called boundary conditions and the problem is called 


a boundary value problem. 


Existence and Uniqueness of Solutions 


Note that y’ is the slope of curve y= y(x) on the x-y plane. Hence, solving 
differential equation y’ = f(x, y) means finding curves whose slope at any given 
point (x, y) is equal to f(x, y). Solving the initial value problem y’= f(x, y) with 
y(X9) = Yo means finding curves passing through point (x), yy) whose slope at any 
given point (x, y) is equal to f(x, y). 


This can be better visualized using direction fields. At a given point (x, y) in 
region R, one can drawa short straight line whose slope is f(x, y). A direction field 
as shown in Figure 1.1 is then obtained if this is done for a large number of points. 


Figure 1.1 Direction field. 


Determining the general solution of y’ = f(x, y) is then finding the curves that 
are tangent to the short straight line at each point (x, y). Determining the solution 
of the initial value problem y’= f(x, y) with y(x))=y) means finding curves 
passing through point (x), y)) and are tangent to the short straight line at each 


point (x, y). 
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Theorem — Existence and Uniqueness 


Consider the initial value problem 


y =f ys ¥%) = Yor 
where f(x, y) is a continuous function in the rectangular region 
R: |x-—xo|<a, |y—yo|<b, a>0, b>0. 


Suppose f(x, y) also satisfies the Lipschitz condition with respect to y in R, i.e. 
there exists a constant L >0 such that, for every (x, y,) and (x, y,) in R, 


[fxs 11) — fF ¥2)| < Ly, — yal. 


Then there exists a unique solution y=¢(x), continuous on |x—x)|<h and 
satisfying the initial condition g(x.) = yy, where 


p— min(a, -); M = max|f(x, y)| in R. 


The graphical interpretation of the Existence and Uniqueness Theorem is that, in 
region R in which the specified conditions hold, passing through any given point 
(Xo> Yo) there exists one and only one curve C such that the slope of curve C at any 
point (x, y) in R is equal to f(x, y). 


Remarks: 


a It can be shown that if df(x, y)/dy is continuous in R, then f(x, y) satisfies 
the Lipschitz condition. Because it is generally difficult to check the Lipschitz 
condition, the Lipschitz condition is often replaced by the stronger condition 
of continuous partial derivative df(x, y)/dy in R. 

ta The Existence and Uniqueness Theorem is a sufficient condition, meaning 
that the existence and uniqueness of the solution is guaranteed when the 
specified conditions hold. It is not a necessary condition, implying that, 
even when the specified conditions are not all satisfied, there may still exist a 
unique solution. 


Ga 


Knowing that y= Cx? satisfies x y’=2y, discuss the existence and uniqueness of 
solutions of the initial value problem 


xy'=2y, YX) =Yor 
for the following three cases 


(1) x) 40; (2) xy=0; yy=05 (3) %y=0; Yo #0. 
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2 Of (x; 2 
Since fj) = =. af y) =-, 
x oy x 
the conditions of the Existence and Uniqueness Theorem are not satisfied in a 


region including points with x =0. 


With the help of the direction field as shown in the following figure, the solution 
of the initial value problem can be easily obtained. 


\ 


—' 


(1) x)#0 


(a) If x) >0, then, in the region R with x >0, there exists a unique solution to 
the initial value problem 


(b) If x) <0, then, in the region R with x <0, there exists a unique solution to 
the initial value problem 


y= 20 2, x<0. 
0 


(c) If x) >0, then, inthe region R including x = 0, the solution to the initial value 
problem is not unique 


20 52, x>0, 
Pay OO 
ax?, x<0, aisaconstant. 


(d) If x)<0, then, in the region R including x =0, the solution to the initial 
value problem is not unique 
2 


ax’, x>0, aisaconstant, 
= IV 
y atx x<0 

Xo 
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(2) x)=0, y)=0 
Passing through (0, 0), there are infinitely many solutions 


ax’, x>0, 
= : a, b are constants. 
bx*, x<0, 


(3) Xx) =0, Yo #0 


There are no solutions passing through point (xp, yy) with yp 40. 


Whether or nota given function is a solution of a differential equation 
can be checked by substituting the function into the differential equation along 
with the initial or boundary conditions if there are any. 


Ga 


Show that 
3 
y=Cye™ + Ce* - rE sin 3x + 9 cos 3x) 


is a solution of the differential equation 


y" +3y' —4y = 6sin 3x. 
Differentiating y successively twice yields 
/ —4x x 3 : 
y =—4C\e™ + Cie” — ie cos 3x — 27 sin 3x), 
3 
y"” = 16C\e * + Ce* — De? sin 3x — 81 cos 3x). 
Substituting into the differential equation gives 
” ! _ —Ax x 3 . 
y'+3y —4y=  16C,e + Cie Same eee — 81 cos 3x) 
3 
— 12Cje* + 3C,e% — Se { ~81 sin 3x + 117 cos 3x) 


3 
—4C,e * —4C,e" — Ee —52sin3x — 36cos 3x) 


= 6sin 3x. 


Hence 


3 
y=Ce% + Ce - me sin 3x + 9 cos 3x) 


is a solution of the differential equation. 
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:evarple 1-3 


Show that 
u(x,t) =2s1 aus ( ld t) 

,t) =2sin —exp(- — 

i. ae 


is a solution of the partial differential equation 


1d*u du 
9 8x2 OF 
with the initial condition 
u(x,0) = 2 sin = for 0<x<lL; 


and the boundary conditions 
u(0,t)=0, u(L,t) =0, for t>0. 


Evaluate the partial derivatives 


ae = 2sin cilia . (- =) exp(— a) 
ot i L? L 7 
du =?2. (=) Cos 30x 3 exp(— =*) 
Ox L L L 7 
a7u 2 3x mr? 
sar = 2 F) sin exp(- Fe). 


Substitute into the differential equation 


L.H.S. = 592 sin L exp(— LE t) 
==> L.H.S.=R.HS. 
du 2n? x nm? 
R.H.S.= — = — — sin —ee (-5") 
at ea he 


Check the initial and boundary conditions 


_ 3X m0? . 3X . 
u(x,0) = 2sin — exp(— — -0) = 2sin —, | satisfied, 
L L? L 


ae 

u(0,t) = ee ie 7 t) =0, _ satisfied, 
wee 

u(L, t) = ee exp(- — t) =0, satisfied. 
[2 


Hence 2 


(x,t) =2si 370X ( Tv t) 
u(x,t) = 2 sin —— exp| —- — 
Lok Ee 


is a solution of the partial differential equation with the given initial and boundary 
conditions. 


First-Order 
and Simple Higher-Order 
Differential Equations 


There are various techniques for solving first-order and simple higher-order ordi- 
nary differential equations. The key in the application of the specific technique 
hinges on the identification of the type of a given equation. The objectives of this 
chapter are to introduce various types of first-order and simple higher-order dif- 
ferential equations and the corresponding techniques for solving these differential 
equations. 


In this chapter, it is assumed that x is the independent variable and y is the 
dependent variable. Solutions in the explicit form y= (x) or in the implicit form 
u(x, y) =0 are sought. 


2.1 The Method of Separation of Variables 


Consider a first-order ordinary differential equation of the form 


dy 
— = F(x, y). 
dx ( y) 


Suppose that the right-hand side F(x, y), which is a function of x and y, can be 
written as a product of a function of x anda function of y, ie., 


F(x, y) = f(x) -@()). 
For example, the functions 


et ete, xy txt 2y+2=(e42)-(yt) 
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can be separated into a product of a function of x and a function of y, but the 
following functions cannot be separated 


In(x+2y), sin(x?+y), xy? +x?, 


This type of differential equation is called variable separable or separable differential 
equations. The equations can be solved by the method of separation of variables. 
Rewrite the equation as 


dy = 
in = f(x)-o(y). 


Case 1. If #(y) £0, moving terms involving variable y to the left-hand side and 
terms of variable x to the right-hand side yields 


1 
(y)dy = f(x) dx, = 
g(y)dy = f 8) = Ty 
function of y only — function of x only 


Integrating both sides of the equation results in the general solution 


[soar= [forax+e, 
where C is an arbitrary constant. 


When dividing a differential equation by a function, it is important 
to ensure that the function is not zero. Otherwise, solutions may be lost in the 
process. Hence, the case when the function is zero should be considered separately 
to determine if it yields extra solutions. 


Case 2. If #(y)=0, solve for the roots of this equation. Let y= y, be one of 
the solutions of equation ¢(y)=0. Then y= y, is a solution of the differential 
equation. Note that sometimes the solution y= y, may already be included in the 
general solution obtained from Case 1. 


It should be emphasized that, only when one side of the equation 
contains only variable x and the other side of the equation contains only variable 
y, the equation can be integrated to obtain the general solution. 


Ge 


d 1 
Solve = - F et 0, yX0. 


Separating the variables yields 


~ye” dy = e** dx. 
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Integrating both sides to obtain the general solution leads to 


- fyeMay= f axe, 


1 i we 3x z ee 
zs fe UP )=aZfe*d3xy+C, Ard(-y")=—2ydy 


1 1 
se” ae er +, LE / e~dx=e* General solution 


Ge 


Solve tanydx —cotxdy=0, cosy40, sinx #40. 


The equation can be written as 
sin cos x 
baad oF eee ce 
cos y sin x 
sin x cos y 


To separate the variables, multiply the differential equation by cose ay it is 
1 


required that sin y not be zero. 

Case 1. If sin y £0, separating the variables yields 
SN ape ee), ae 
cos x siny 


Integrating both sides results in the general solution 


[a -[= See apa 
cos x siny 


1 
-| accosx) = [| ——a(siny) +c, LE 
COS X sin y 


d(sin x) = cosxdx 
d(cos x) = —sinxdx 


1 
—In|cos x| = In|sin y| + C. a: | ax=Inls{ 
x 
The result can be simplified as follows 


In|cos x- sin y| = -—C, 22 Ina+Inb=In(a-b) 


-—C 


|cosx-siny| =e — > ~cosx-siny=A. Bete A 


Since C is an arbitrary constant, A is an arbitrary constant, which can in turn be 
renamed as C. The general solution becomes 


cosx-siny = C. © General solution 


Case 2. If siny=0, onehas y=kz, k=0, £1, +2,....Itis obvious that y= kz 
or sin y=0 is a solution of the differential equation. However, sin y=0 is already 
included in the general solution cos x-sin y=C, with C=0, obtained in Case 1. 
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LEcariple 2-3 (a 


Solve xydx + (yt+le*dy =0. 


Case 1. If y 40, separating the variables leads to 


Integrating both sides results in the general solution 
[ xetex =— ay +C. 
The integrals are evaluated as 
/ xe*dx = / xd(e*) = d(e*)=e*dx, Integration by parts 
= xe — a e* dx = xe* — e”, 
-| yy ~ - forty ray 


-1 =) n+1 
BS a a, eee he ae 
(G+4)-s+a iizay ONE 


The general solution becomes 


1 
eee +C. 


ay 


Case 2. It is easy to verify that y=0 is a solution of the differential. This solution 
cannot be obtained from the general solution for any value of the constant C. 


Definition — Singular Solution 
Any solutions of a differential equation that cannot be obtained from the general 
solution for any values of the arbitrary constants are called singular solutions. 


Hence, combining Cases 1 and 2, the solutions of the differential equation are 


1 1 
(x-l)e* = —————4+C, General solution 
y  2y? 


y=0. ££ Singular solution 
A variable separable equation is very easy to identify, and it is easy to 


express the general solution in terms of integrals. However, the actual evaluation 
of the integrals may sometimes be quite challenging. 
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2.2 Method of Transformation of Variables 


2.2.1 Homogeneous Equations 


Equations of the type 
dy i) 
“~=f(4 1 
dx ( a ) ») 
are called homogeneous differential equations. For example, 
y 2 
x243y2 1+3 ( ~) 


LO) =f(=), 


mr ey 
x Ls 
g(x,y) =Inx —Iny =In (=) =-—lIn (=) = (=). 


A homogeneous differential equation has several distinct meanings: 


d 
ew A first-order ordinary differential equation of the form = =i (=) is of 


the type of homogeneous equation. 
ta A homogeneous differential equation, defined in Chapter 1, means that the 
differential equation has zero as a solution. 
A homogeneous equation can be converted to a variable separable equation using a 
transformation of variables. Let v= 2 be the new dependent variable, while x is 


x 
still the independent variable. Hence 


Substituting into differential equation (1) leads to 


dv dv 
Ut ae =—{ 1) == ioe = f(v)-v. 
Case 1. f(v)—v=0. Onehas y=vpx, where vo is the solution of f(v)) — Vv) =0. 
Case 2. f(v)—v 40. Separating the variables leads to 
dv dx 
fw-v x 


The transformed differential equation is variable separable. Integrating both sides 


| dv = [+c 
iy he 


gives the general solution 
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| Example 2.4 | 2.4 


aie, a ee Ste SOA 
vi reed re = VN; ey =1. 

dx y bi y 
The differential equation is homogeneous. Letting v= “, 

=xv => 2 =v+x ey 
an dx dx’ 

the differential equation becomes 

dv 1 d 1 wf iB 
pipe 8 x = —(v+=+2) ty Gee 

dx v dx Vv “dx Vv 


Case 1. v=—1 => y=~—x. But it does not satisfy the condition y(0) =1. 
Case 2. v ¢ —1, separating the variables yields 


1 
dv = ——dx. 


iy 
(v+1)? 
Integrating both sides gives 


v 1 
dv=— | —d C. 
(v+1)2 u / x <a 


Since 


y , fot+M-B, spi 1 
lare- +I w= ft eae 
1 1 
- d —~ | ———<a 
| v+1 (Hae) leo (Heit) 


= In|y+1] +, a | dx = In|x|, 


one obtains ; 
In|v+1| +_— = —In|x| +C. 
v+l1 


Converting back to the original variables x and y results in the general solution 


1 
In|> +1] +Inlx|+5—=C, @2lna+Inb=In(a-b) 
x =+>+41 


In| y+x| + ——=C. 2 General solution 
yx 


The constant C is determined using the initial condition y(0) = 1 


0 
nO = CSG; 
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The particular solution satisfying y(0) = 1 is 
x : : 
In| y+x| + Fras 0. © Particular solution 
ytx 


Ge 


Solve x(nx—Iny)dy—ydx=0, x>0, y>0. 


Dividing both sides of the equation by x gives 


y 
a ee ae gene 
(In )ay—< dx=0 ==> Fa a 
x 
which is homogeneous. Putting v= ~, v>0, 
=xv => 2 =v+x ey 
“a ay ay 
the equation becomes 
ag. Vv Pace Vin apes Pred 
dx -—Inv dx Inv 7 Inv 
Case 1. For Inv 4 —1, the equation can be separated as 
a i —dx 
v(1+lInv) x 
Integrating both sides yields 
Inv 1 
—— dv = —- ] —dx+C. 
i> ' x st 


1 
Since d(In v) = — dv, one has 
Vv 


= Inv y/o (1 +Inv) — ny) Bh aay) 
Fino 1+Inv 


1 
= / (1 — i) day) = Inv —In|1+Iny]. 


Hence, 


7 
In| |= -Inx+c. 
1+Inv 


Replacing v by the original variables results in the general solution 


| bales t+Inx=C 


n SS 
1+In(y/x) 
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Since C is an arbitrary constant, 
it is rewritten as In C. 


y 


———_| = Inc, SE. 
1+Iny—Inx 


In 


eaeet ieee’ = 
1+ Iny—Inx 


1 


Case 2. If Inv=-—l, one has v=e"!. 1 


Hence, v=y/x=e or ey=x isa 


solution. This solution cannot be obtained from the general solution for any value 
of the constant C and is therefore a singular solution. 


Combining Cases 1 and 2, the solutions of the differential equations are 


x 


—@$— =C, “General solution 
1+Iny—Inx 


ey =x. © Singular solution 


| Example 2.6 2.6 


Solve (y+x)dy + (x—y)dx = 0. 


Since y= —x is not a solution, the equation can be written as 
ee 
dy =P x ot Dividing both the numerator 
dx ytx J ef L and denominator by x, x £0 
x 


yo=xv => Ne a 
dx d 
the equation becomes 
dv l-v 
Uae Ge caer 
dv l-v l—v+v(v+1) y*+1 
Aa rg pe 


Since v*+140, separating the variables gives 


Integrating both sides yields 


v 1 1 
[met [me - [carte 


1 1 
=| d(v?+1)+tan v= —In|x| + C, a | 
2J° y24+]1 


dx = tan !x 


x2+1 
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5 inv? ta] + tanty = —In|x| +C. a: | ax =Inls| 


Replacing v by the original variables x and y results in the general solution 


y\2 ay alnb = Inb® 
1 | Ze 1 21 2 n= 5G. 3 
a|(2) +1] +2 In|x| + 2tan'& = 2€ a ees 


In(y? +x?) + 2tan—12 =C. #5 2C is renamed as C. 
x 


Ese 27 


dy  2x—y+1 
QOS. yar 26. 


Solve =——, 
dx x—2y+l 


The equation is not homogeneous because of the constant terms in both the nu- 
merator and denominator. 2x—y+1=0 and x—2y+1=0 are the equations of 
straight lines. The coordinates of the point of intersection are the solution of the 
equations 


2x-—y+1=0 


—l 


2x—y+1=0 


Hence, the point of intersection is P(h, k), (h, k) = (- +, 4). Shift to new axes 
(X, Y) through point P(h, k). Then 


d dY 
x=X+h=X-4, y=Y+k=Y+9, and ==. 


In the new variables X and Y, the constant terms are removed 


#& Dividing both the numerator and denominator by X, X £0 
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. i 
which is now a homogeneous equation. Putting v= x 


pan = Seyi 
dx dx 
and the equation becomes 
dx 1-2v 
Oe DEV Pate: 2-—v—(v—2v?) —yvieval 
dx 1-2v 1—2v 1—2v 


Since v?—v-+10, separating the variables yields 


1-2 2 
———-dv = =dx. 
v—v+l xX 


Integrating both sides leads to 


1-—2v 1 
dy = 2 | — dX 4+ C. 
= i Is a 


Since d(v? —v+1) = (2v—1)dy, one obtains 
— / = oe) =a Ae eG, 
v—v+l x 
—In|v?—v+1| = 2In|X| +C. a: | Sax = Ins 
Replacing v by X and Y gives 


)-G)4|=m"e 


In|Y? —XY+X?|=In|C| =» Y?-XY+X’?=C. 


In|X?| +1n : #2. —C is written as In|C]. 


In terms of the original variables x and y, the general solution becomes 
1\2 1 1 1\2 
(v- 4) -@+5)0-H) tt 4Y <6. 


2.2.2 Special Transformations 


| Example 2.8 | 2.8 


d —y+5 
Solve nes x—y—-140. 

dx 2x=2y—2 
Unlike the previous example, the two lines x—y+5=0 and 2x—2y—2=0 are 
parallel so that there is no finite point of intersection. 
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Because both the numerator and denominator have the term x —y, take a new 
dependent variable v=x—y, 


ee eee ee dy =e: Oa dv 
7 y dx dx dx dx. 


The differential equation becomes 


dv v+5 

dx 2v—2’ 
Vg YEO We2eV=3. > = 
dx 2v—2 2v—2 ~~ 2(v—1) 


Case 1. v 47, separating the variables gives 


v—-l 


1 : 
er, dv = ; dx. Variable separable 


Integrating both sides yields 


7) +6 1 
- — — dv =| dx+C => I( 1+—)a Wie ey 


v + 6In|v—7| = txt Cc. 
Replacing v by the original variables gives the general solution 
x—y+6ln|x—y—7| = +x +; 
4x —y+6ln|x—y—7| = 
Case 2. v=7 => x—y=7. It can be easily verified that x —y=7 is a solution 


of the differential equation. This solution cannot be obtained from the general 
solution for any value of the constant C and is therefore a singular solution. 


Combining Cases 1 and 2, the solutions of the differential equation are 


+x —y+6ln|x—y—7|=C, 2 General solution 


x—y=7. © Singular solution 


Sy 


Consider a differential equation of the form 


dy ax+by+c 
— = ———, ab 0, 0. 
dx ax+Byt+y ie 


Case 1. 


Risa 


f 


Ble 


2.2 METHOD OF TRANSFORMATION OF VARIABLES 27 


The two straight lines ax+by+c=0 and ax+fy+y=0 intersect at point 
P(h, k), where (h, k) is the solution of 


ah+bk+c=0, ah+Bk+y =0. 


Letting 
x=X-+h, y= ak, 


the differential equation becomes 


dY ax+bY 
Soe St he 
ax aX+pY # Homogeneous 
b 
Case2, —=>—=— => a=ra, B=rb 
B of 
Letting 
dv dy dy 1 dv 
Pa a ae GeO) 


the differential equation becomes 


1 
-(= = a) = MEE ——» dv = BOE) +a. ££ Variable separable 
x 


 rveey dx = rv+y 
| Example 2.9 | 29 


dy 2 
Sol pez coe ; 
olve in (x+y ) 


This equation is neither variable separable nor homogeneous. The “special” term 
in the equation is x+y. Hence, letting v =x + be the new dependent variable 


dv inde dy = dy dv 
dx dx dx dx : 
the equation becomes 
YP cas Saas 
dx 7 dx 


Since v?-+1 +0, separating the variables gives 


1 
aa dv=dx. © Variable separable 
7 


Integrating both sides leads to 


1 
[mee fase — > tan v=x+4+C. 
* 
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Replacing v by the original variable results in the general solution 
tan (x+y) =x+C, or x+y =tan(x+C). 


There are no systematic procedures to follow in applying the method 
of special transformations. It is important to carefully inspect the differential 
equation to uncover the "special" term and then determine the transformation 
accordingly. 


| Example 2.10 2.10 


d 6_ 9 2 
hi Aare dete x#0, y40, 2y?+x40. 


Sol = ————, 
ee dx = 2xyP+x2y? 


The differential equation can be rewritten as 


2 
a ee cs ( = ) oe Dividing both the numerator 
————_——. & 


dx xy2(2y3 +x) -yfp()n] 
3 


The “special” term in the equation is ol Hence, letting 
x 


and denominator by x”, x £0 


3 
ee a4 a dy _ av 
v x = y xv ==> 3y An ae 


the differential equation becomes 


1 dv y?—2 
s(vte —) = , 


dx/  2v+1 
dv 3(v*—2) 3v*-6-2v*-vy v?-v-6 
K_— en 
dx 2v+1 2v+1 2v+1 


Case 1. v?—v—6=0, ie. (v—3)(v+2)=0 => v=—2 or v=3, which gives 


y =-2x or y = 3x. 


Case 2. v?—v—6 <0, separating the variables gives 


2v+1 


1 
>=—— dv = —dx. £2 Variable separable 
v-—v—6 x 


Integrating both sides yields 


2 1 
|e : -/- dx+C. 
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The first integral can be evaluated using partial fractions (see pages 259-261 for a 
brief review on partial fractions) 


2v+l1 _ 2v+l1 _ A os B 
v—v—6 (v—3)(v+2)  v—3 v+427 


Using the cover-up method, the coefficients A and B can be easily determined 


~ vt2 |, > ss eee ee 
2v+1 1 7. 3 =< F : S 
[= = -[(5 —) av = = In|v—3| + = In|v+2| 
Hence 
$ Inlv—3] + $ In|v-+2| = Inlx| +, 
7In|v—3| + 3In|v-+2| =5In|x|+In|c|,  2¢5C— In|c| 
In| (v—3)’(v+2)>| = In|Cx°|, 2 \na+ 1nb = In(a-b) 


(v—3)’(v+2)? = Cx. 


Replacing v by the original variables results in the general solution 
3 77/9 3 
(= -3) (= +2) =Cx => (y? — 3x)" (7° 42x) =Cxb, 
x x 
Note that the solutions y> = —2x and y?=3x obtained in Case 1 are contained in 
the general solution (y? —3x)7(y?+2x)? =Cx? obtained in Case 2, with C=0. 
Hence, the solution of the differential equation is 


(y? — 3x)/(y° + 2x)? =Cx!. gf General solution 


Ge 


1. Show that equations of the form 


x dy 
alee oes : 0, 
ae fxy), y# 
can be converted to variable separable by the transformation xy =v. 


2. Using the result obtained above, solve 


x dy 2+x7y? 
y dx 2—x2y? 
1. Letting xy=v, 
1 


dx dx y dx yy dx v dx 
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the differential equation becomes 


2&1 =f) ee 


v dx A ae 


an 
Case 1. f(v)+1=0. If vj isa root of f(v))+1=0, then a solution is xy = vp. 
Case 2. f(v) +10. Separating the variables gives 


1 1 

——— dv = —dx. #= Variable separable 

Vv [ f@)+ 1] x 
Hence, the transformation xy=v converts the original differential equation to 
variable separable. 


2. In this case, ; 
2+Vv x dv 4 
y)-eO—_ => =——_—s+> >, 
fo) 2-v vdx 2-¥ 
and separating the variables gives 
2-Vv 
2v 


2 
dv = —dx. 
x 


Integrating both sides leads to 


[ (G-4)av=2 [ carte — > Injv|— $v? =2In|x| +. 
v 2 x 


Replacing v by the original variables gives 


F (xy)? =C. 


dy _ Vxty— vey 
dx /xty+./x-y 


The differential equation is a homogeneous equation. However, it can be solved 


Solve x>0, x>(y\. 


more easily using a special transformation. The equation can be written as 


dy | (/x+y — ./x—y)” _ &+y) — 2,/x2-y* + (x—y) 
dx (/x+y +./x—y)/xt+y — /x—y) (x+y) — (x—-y) 


y 
The “special” term is x” — y*. In order to remove the square root, let x —y” =v? 
dy dv dy dv 
a eee 
-y= => 2x-2y—=2v— => —_—=x-Vv—. 
a nls "Gx" d ad dx 
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The differential equation becomes 


x-vghex-y = (1) =0. 


Case 1. v#0 => = —1=0 => dv=dx. Integrating both sides yields 
vextC = > v=(x+C)’. 
Replacing v by the original variables results in the general solution 
x? —y¥ =(x+C’? => y? +2Cx+C* =0. 


Case 2. v=0 => x*-y?=0 == y=+x. This solution cannot be obtained 
from the general solution for any value of the constant C and is therefore a singular 
solution. 


Combining Cases 1 and 2, the solutions of the differential equation are 


y? +2Cx+C*=0, & General solution 


y=x+x. © Singular solution 


2.3 Exact Differential Equations and Integrating 
Factors 


Consider differential equations of the form 


_ dy = My) 
M(x, y)dx + N(x, y)dy = 0, or [Pe Tay N(x, y)4#0, (1) 


aM oN 
where oie and ae are continuous. Suppose the solution of equation (1) is 
yy x 
u(x, y)=C, C=constant. Taking the differential yields 


ou ou ou ou 
du= —d —dy=dc=0 => —d —dy=0. 2 
‘ je ape ox saad 2) 
Equation (2) should be the same as equation (1) if u(x, y) =C is the solution of (1), 
except for a common factor x(x, y), ie., the coefficients of dx and dy in equations 
(1) and (2) are proportional 


du du 
qe ay du du 
= — , = —="UM, —=UN. 
M(x,y) N(x, y) wy) Ox se oy im 
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Substituting into equation (2) gives 
uMdx + uNdy = 0. (2’) 
Since the left-hand side is an exact differential of some function u(x, y), 
du(x,y)=0 = — u(x y) =C. 


Hence, if one could find a function j1(x, y), called an integrating factor (IF) mul- 
tiplying it to equation (1) yields an exact differential equation (2’), which means 
that the left-hand side is the exact differential of some function. The resulting 
differential equation can then be easily solved. 


| Motivating Example Example 


Solve (y +2xy*)dx + (2x + 3x’y)dy =0. 


It happens that an integrating factor is y. Multiplying the differential equation by y 
results in 
(y* + 2xy?)dx + (Qxy + 3x*y*)dy = 0. 


The left-hand side is the exact differential of u(x, y) =xy*+x?y°. Hence, 


d(xy? se x99) =0 ==> xy” + xy iC. = General solution 


2.3.1 Exact Differential Equations 
If the differential equation 
M(x, y)dx + N(x, y)dy = 0 (1) 
is exact, then there exists a function u(x, y) such that 
du = M(x, y)dx + N(x, y)dy. (2) 


But, by definition of differential, 


du= —d —<dy. 3 
i= ada (3) 
Comparing equations (2) and (3) leads to 
Ou Ou 0M a7u oN a7u 
M =—_=_, el => —= — ; — — : 
Ox oy dy dydox dx  dxdy 


aM ON . 
If —— and — are continuous, one has 
oy ox 


07u a7u 


— - —. (4) 
Oydx  dxdy 
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Hence, a necessary condition for exactness is, from equations (4), 


aM _ aN 
ay Ox’ 


It can be shown that this condition is also sufficient. 


| Exact Differential Equations | Differential Equations 


Consider the differential equation 


M(x, y)dx + N(x, y)dy = 0. 


If 
aM _ aN 
Oy noes 


then the differential equation is exact, meaning that the left-hand side is the exact 


f= Exactness condition 


differential of some function. 


Eanple 21) 


Solve (6xy? + 4x°y)dx + (6x*y + x* +e”)dy =0. 
The differential equation is of the form 


M(x,y)dx + N(x, y)dy = 0, 
where 
M(x, y) = 6xy?+4x3y, N(x, y) = 6x’y+xt+e7, 


Test for exactness: 


aM l2xy + 4x? a l2xy + 4x3 
— = 12x ey —= > 
oy y Ox - 


OM ON 
— = — == The differential equation is exact. 
oy Ox 


Two methods are introduced in the following to find the general solution. 


Method 1: Since the differential equation is exact, there exists a function u(x, y) 
such that 
ou Ou 


du= sde+ 5 dy = (6xy* + 4x*y)dx + (6x°y + x4 +e?) dy, 
Le., 
~ — 6xy" + 4x°y, (1) 
du 2 4 
ay Oe ER +e”, (2) 
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To determine u(x, y), integrate equation (1) with respect to x 


When integrating w.r.t. x, 
y is treated as constant or fixed. 


u(x, y) = [oxy +4x7%y)dx+ f(y) 


= 3x7y* + xty + f(y). (3) 
Differentiating equation (3) with respect to y and comparing with equation (2) 
yield 

OU gg Aes “ALYY ye. When differentiating w.r.t. y, 
ay = Ok Ve dy “~ x is treated as constant or fixed. 
= 6x*y+xt+e; #& Equation (2) 
hence, 
a =e” => fiy)=e?. 


Substituting into equation (3) leads to 
u(x, y) = 3x*y? + x4y +e, 
The general solution is then given by 
u(x, y)=C = > 3x*y* +xtyte7=C. 
Method 2: The Method of Grouping Terms 


The essence of Method 1 is to determine function u(x, y) by 


ts integrating the coefficient of dx with respect to x, 
ea differentiating the result with respect to y and comparing with the coefficient 
of dy. 
This procedure can be recast to result in the method of grouping terms, which is 
noticeably more succinct and is the preferred method. The method is illustrated 
step-by-step as follows: 
1. Pick up aterm, for example 6x y’ dx. 
ee Since the term has dx, integrate the coefficient 6x y” with respect to x 
to yield 3x’y?. 
ea Differentiate the result with respect to y to yield the coefficient of dy 
term, i.e., 6x7y. 
*® The two terms 6xy*dx+6x’ydy are grouped together. 


ae y Ae oe [6x2y Jay LE f dx stands for integrating w.r.t. x, 


x Ds LE. 3 denotes differentiating w.r.t. y. 
fax ~3 x2y? = 
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2. Pick up one of the remaining terms, for example 4x°ydx. 


e® Similarly, since the term has dx, integrate the coefficient 4x°y with 
respect to x to yield x*y. 


ea Differentiate the result with respect to y to yield the coefficient of dy 


term, ie., x*. 


v The two terms 4x°ydx+x*dy are grouped together. 
Ax*y dx + [x‘]a y 


Ne: 


fax oy dy 


3. Pick up one of the remaining terms. Since there is only one term left, e” dy is 
picked. 


ea Since the term has dy, integrate the coefficient e” with respect to y to 
yield e”. 

ea Differentiate the result with respect to x to yield the coefficient of dx 
term, Le.,0. 

ta The term e”dy is ina group by itself. 


ey dy + [o}- dx 


a e/ oe 


Ox 


4, All the terms on the left-hand side of the equation have now been grouped. 


5. Steps 1 to 3 can be combined to give a single expression as follows 


(6xy? dx + |6x2y |dy) + (4x3y dx + [x‘]ay) +  e% dy=0. 


a Zz Ae 4 a 
oy — 


dx aay 
6. Hence 
d(3x*y? + x*y +e”) =0, 
which gives the general solution 


3x°y* +x4y+e7 =C. 


Remarks: 


t« The method of grouping terms is easier to apply. The sum of the functions in 
the second row is the required function u(x, y), and the general solution can 
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be readily obtained as u(x, y)=C. Hence, the method of grouping terms is the 
preferred method. 

ts If a differential equation is exact, then all the terms on the left-hand side of the 
equation will be grouped. If there are terms left that cannot be grouped, there 
must be mistakes made in the calculation. 

z@ Terms of the form 


f(x) dx or g(y)dy 


are in groups by themselves, because 
( f(x) dx + 0-dy) or (gi) dy -+ 0-dx). 


ey, \ 


fax [fooex ty Jay [sore Ox 


| Example 2.14 | 2.14 


St dy _ ysinx — et sin2y 
dx  cosx + 2e*cos2y 


The differential equation can be written in the standard form Mdx+Ndy=0: 


(—y sinx + e* sin2y)dx + (cosx + 2e*% cos2y)dy = 0. 
——— en 


M(x, y) N(x, y) 
Test for exactness: 
a inx + 2e* cos2 aN inx + 2e* cos2 
— = -—sinx e* cos 2y, — =-—sinx e* cos 2y, 
ay 7 Ox » 
0M oN ’ . Wee 
— = — == The differential equation is exact. 
oy ox 


The general solution is obtained using the method of grouping terms: 


(—ysinzdx + — (Gosx}ay) + (*sindydx + e*cos2yJay) =0. 


ea oA 


cosx~ 2 cae 
fax ~y By fax ~ e&sin2y y 


Hence, by summing up the terms in the second row one obtains the function 
u(x, y), and the general solution is given by 


ycosx + e*sin2y =C. 
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Ge 


Solve 2x(3x+y ~ye™ )dx + (x7 + 3y? + e* )dy =, 
The differential equation is of the standard form M dx+Ndy=0, where 
M(x, y) = 6x2 +2xy —2xye™, N(x, y) =< 43 +4+e". 


Test for exactness: 


aM 2 ON ore 
— =2x-—2xe”*, —=2x-2xe", 
oy Ox 

0M oN 


— = — == The differential equation is exact. 
oy Ox 


The general solution is determined using the method of grouping terms: 


axe + By + ey + Goethy 
aS x2y /s BS 2 A 


+ [Biidx + [eyeidy =0, 
fax) fay| 
ge we 
which gives 
x*y +ye™ 42x37 +y3=C. 2 General solution 
In the second group of terms above, it is easier to pick up the term 


e*'d y first, integrate its coefficient with respect to y, and then differentiate the 
result with respect to x to find the matching term. 


| Example 2.16 | 2.16 


1 1 1 
Solve (- i = cos “+1)dx + (- cos > — = sin — + —)dy = 0. 
Me = Se ok cs a ae A yy 
The differential equation implies that x40 and y#0. The equation is of the 
standard form Mdx+Ndy=0, where 
y x x 


eG 1. x 2. Nees) 1 x, ihe 
x,y) = =—sin = — = cos = . yy) = —cOS—= —-— sn +s. 
i ae aaa i a a ow 
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Test for exactness: 
oM 1 1 1 1 
—_— = epee fe + = cos =-(-5) a tose — +(-sin=-—) 
oy y? y y y y? x2 x x2 x x 
1 1 


=-35 i, =" —, COs —' = cos — 4 sin, 
y y yy y &x x x 


= - oud + =[-sinZ.(-4)] - Gin - 5 (con =- =) 


OM ON 


— =— = The differential equation is exact. 
oy ox 


The general solution is determined using the method of grouping terms 


1 x x , Xx 1 
—sin— dx + ——sin—|dy) + Bdx + (ead 
5 ing fe) + mae + le 
A 
ay 


fax, 


x 1 
— cos — ag 
y 
y ee ape eas 
+ (<cos= dy + = cos ~ |dx) = 0, 
a 
fay sina Ox 
which gives 


1 
— cos 2 +x——+sin ie C. =. General solution 
y y x 


1 ee 
Note that in the fourth group of terms above, the term (- cos &d y) is picked 
x x 
peor : 1 IN os 
first, because it is easier to integrate the coefficient (- cos ~) with respect to y. 
x x 


When applying the method of grouping terms, whether to pick a 
term f(x, y)dx or g(x, y)dy first depends on whether it is easier to integrate 


[fos nex or [se ney. 
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2.3.2 Integrating Factors 


Consider the differential equation 


M(x, y)dx + N(x, y)dy = 0. (1) 
0M ON 
va If —— = —, the differential equation is exact. 
dy Ox 


oM N 
ca If are x ae the differential equation can be rendered exact by multiplying by 
yy x 


a function j1(x, y), known as an integrating factor (IF), ie., 


L(x, y) M(x, y) dx + w(x, y) N(x, y)dy = 0, (2) 
is exact. 
To find an integrating factor (x, y), apply the exactness condition on equation (2) 


d(uM) _ d(uN) 
dy —s«éK 


3 aM a aN aM aN 3 
Moe ne = ( )=N - 


0 
MGB) 
Ox ay 


This is a partial differential equation for the unknown function p(x, y), which 
is usually more difficult to solve than the original ordinary differential equation 
(1). However, for some special cases, equation (3) can be solved for an integrating 
factor. 


Special Cases: 
If yw is a function of x only, ie., w= (x), then 


du du OM 
ax dx’ ay 
and equation (3) becomes 
duu (= *) 1 du 1 (= *) 
— — => — * 


ye Oe (4) 


wdx Nay ax 
Since j1(x) is a function of x only, the left-hand side is a function of x only. Hence, 
if an integrating factor of the form jz =/1(x) is to exist, the right-hand side must 
also be a function of x only. Equation (4) is variable separable, which can be solved 


easily by integration 


oN 
Inu = [5S -~ >)ax => U(x) = exp le. - B)ax|. (5) 
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Note that, since only one integrating factor is sought, there is no need to include a 
constant of integration C. 


Interchanging M and N, and x and y in equation (5), one obtains an integrating 
factor for another special case 


1/;0N oM 
L(y) = exp a(S = a ay}. (6) 


—_——— 


function of y only 


| Integrating Factors | tegrating Factors 


Consider the differential equation 


M(x, y)dx + N(x, y)dy = 0. 


1/0M 0 
vw If —(— = —) is a function of x only, 
N\ ody 0x 
1/0M dN 
= —(— — —)dx}. 
iene || = oy =) x| 
1jd0N 0M 
If —(— = —) is a function of y only, 
M \ 0x oy 


1/;0N 0M 
L(y) = exp aS = =) 47} 


eee 


Solve 3(x? + y*)dx +.x(x? + 3y* + 6y)dy =0. 
The differential equation is of the standard form Mdx+Ndy=0, where 


M(x, y) =3(x*+y?), N(x, y) =x? + 3xy? + Oxy. 


Test for exactness: 
eae oN = 3x? 439? +6 
we y> ae 4 y> 
OM , ON 
— #4 — == The differential equation is not exact. 
oy Ox 
Since 
1/aN aM 1 er 
—(— —- —) = ————[(3 3 6y) — 6 
var a) sea 12) EOS) 


1, #< A function of y only 
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L(y) = exp nF (= — —)ey| = exp[ f 1-47] =e", 


Multiplying the differential equation by the integrating factor u(y) =e” yields 
(3x7e” + 3y*e”) dx + (x°e” + 3xye” + 6xye”)dy =0. 


The general solution is determined using the method of grouping terms 
(Gageadx + [x3 e7]ay) + [3y2e%dx + (6xye”+3xy7e”)Idy] =0, 
Lee a 


oy 
which gives 


weer +3xyre%=C = > xe? (x*+3y’) =C. Lt General solution 


| Example 2.18 2.18 


Solve y(2x —y+2)dx+2(x—y)dy =0. 
The differential equation is of the standard form Mdx+Ndy=0, where 


M(x, y) =2xy—y?+2y, N(x, y)=2(x—y). 


Test for exactness: 

aM aN aM = ON 

— =2x-2y4+2, —=2 = —F— = TheDEis not exact. 
oy Ox oy Ox 

Since 


OM oN 
a(S - Fe) =e! 


(x) = exp [se (= - =) ax] = = expl | 1-dx| =e, 


Multiplying the differential equation by the integrating factor ju(x) =e* yields 


(2x —2y+2)— 2| =1, #& A function of x only 


(2xye* — y*e* + 2ye*)dx + (2xe* — 2ye*)dy = 0. 
y y y y y 


The general solution is determined using the method of grouping terms 
[2xe*dy + |(2ye*+2xye*)[dx] + (-y2etdx + |-2ye'ldx]=0, 


ned i A 


Ox oy 
which gives 


Qxye*—yreX=C = > ye*(2x—y)=C. et General solution 
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| Example 2.19 2.19 


Solve (cos*x + y sin x)dx + cosx(sinx cosx + 2y)dy =0. 
y y y)ay 


The differential equation is of the standard form Mdx+Ndy=0, where 


M(x, y) = ycos’x +y’sinx, N(x, y) = sinxcos*x + 2ycosx. 


Test for exactness: 
M 3 ; oN 3 2 : 
— =cos’x + 2ysinx, — = cos’x — 2sin°x cosx — 2ysinx, 
oy Ox 
OM ON 


— #— == The differential equation is not exact. 
oy Ox 


Since 


1 ee a) __ (cos*x + 2y sin x) — (cos*x — 2 sin’x cos x — 2y sin x) 


Nay ax sin x cos*x + 2y cos x 


_ 2sinx2y+sinxcosx)  2sinx 
7 cos x (2y + sin x cos x) ~ cosx 


wo) oo[ [p(B B)a] = of fH 


, #& A function of x only 


1 1 
— exp{—2 | ——d(cosx) | = exp [ —2In|cos x|] Fe 
Multiplying the differential equation by the integrating factor pu(x) = south yields 
jet (Gane 2.) =0 
(y BOS Sa ) x ( sinx oer i aan 


The general solution is determined using the method of grouping terms 


2 . 
(yoosx dx +  [sinx]dy) + (= aye ae || dx) sie 


\ yy, cos x cos?x 
: 3 

Dn A 

Ox 
cos x 
which gives 
y 
ysinx +—— =C. #& General solution 


cos Xx 
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| Example 2.20] 2.20 


1. Show that if the equation M(x, y)dx + N(x, y)dy = 0 is such that 


x? (= 0M ) _f ( y ) 
xM+yN \ dx dy \x 
then an integrating factor is given by 


bey S= exp| [ro du}, u= -. 


2. Using the result of Part 1, solve the differential equation 


(2x -—y+2xy —y*)dx + (x+x?+xy)dy =0. 


= exp| [Fcoau}, u= eas 
x 
is an integrating factor, then wMdx+ uNdy = 0 isan exact differential equation, 
and the exactness condition must be satisfied 


M N M oN 
OE OS eg Cag) 
oy Ox oy oy ox ox 


— exp| [Fnau} ra 2a _ exp| [Fonau} Fay (- =) -N 


dM aN 
(= es, 
= wEw(— aa LS) = (= in >) 
= Pom + N)— (= zs =)| - 
Since 4 £0, one has 
eM + yn) —(F-5) = 0, 
i“ x? (8@N- AM) | _y 
MEN Ge a 


2. The differential equation is of the standard form Mdx+Ndy=0, where 


M(x, y) =2x+2xy—-y—y’, N@y) =x? +x4+xy. 
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It can be easily evaluated 


om cen (2x+1+y)—(Qx—1—2y)=243 
—-— —=(2x 20 TS = ; 
a y y y 


xM -+yN = (2x? + 2x*y — xy — xy”) + (x2y + xy + xy’) 
= 2x* 4 3x7y = x*(24 3y), 
x ie Ne x 
xM+yN\dx  dy/  x2(2+3y) 


L(x, y) = exp| [roan = exp| fi -du = exp(u) = exp(+). 


(2+3y)=1= Fu), 


x 


Multiplying the differential equation by the integrating factor yields 
z Yay =o. 


(2x —y + 2xy—y’) exp(+) dx + (x +x? +4xy) exp(+ 


Note the following integrals 


[: exp(+) dy = x? exp(+), 

fo +xy) exp(+) dy =x° exp(~) 47 [ve[e(2)] 
=x? exp(>) +x*{ y exp(>) — [e(2) dy] #< Integration by parts 
=x exp() + ly exp(>) —x exp(+)| = x’y exp(“). 


The general solution is determined using the method of grouping terms 


le exp(~) dy + (2x — y) exp(+) dx] 


2x-y*e0(2)hex] =o. 
a 


which gives 


x (1+ y) exp(+) C. 5 General solution 
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2.3.3 Method of Inspection 


| Useful Formulas Formulas 


1. d(xy) = ydx + xdy, 
2 (2s) 
3 d(tan 2) = EES, (tan 12) = 2 
4. d[Fin(?+y)] = —- 

xdx + ydy 


5. d(/s7 Ey) = 


Vx ty? 


By rearrangement of terms, multiplication or division of suitable functions, an 


integrating factor may be determined using these formulas. 


Gee 


Solve (3x4 + y)dx + (2x2y — x)dy =0. 


The differential equation can be rearranged as 


x? (3x7dx + 2ydy) + (ydx —xdy) = 0. 


Dividing the equation by x* yields 


3x? dx + 2ydy — 2 


Hence 


3 ay 
d(x*) + d(y*) — (4) 
and the general solution is given by 


Paver 6s 


3 2h 
x+y 2 


—ydx+xdy _ 


Using the normal procedure as introduced in Section 2.3.2, it is easy 


to determine that s(x) = 1/x? is an integrating factor. 
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Gee 


Solve (xtxytyp)dxt (ytx+xy — xy? —y*\dy =0. 
The differential equation can be rearranged as 
[x+y (x? +y7)]dxt [y+ x? +y) —y* (x? +y’)] dy = 0. 


Dividing the equation by (x*+y7) yields 


Rearranging the equation leads to 


xdx + ydy 


Zap + (ydx +xdy) — y*dy =0. 


Hence 
dl 5 In@?-+y*)] + dixy) — $d(y*) =0, 
and the general solution is given by 
Fin?+y?) +xy-—Fy =C. 
Solve (2xJx +x? + y?)dx + 2yV/xdy = 0. 
Rearrange the differential equation as 
2./x(xdx + ydy) + (x? +y*)dx = 0. 
Dividing the equation by \/x (x? +y7) leads to 


xdx + ydy 1 
——— + —dx = 0, 
e4y Te 


which gives 
24[ 5 In(x2 +y)] 4 d(2/x) =0. 


Hence, the general solution is 


In(x?+y?) +2./x = C. 


| Example 2.24 2.24 


Solve y?dx + (xy +y? — 1)dy =0. 
The differential equation can be rearranged as 


y(ydx + xdy) + (y? — Idy =0. 
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It is easy to see that y=0 is a solution of the differential equation. For y #0, 
dividing the equation by y leads to 


1 
dx +xdy+(y——)dy=0, 
7 » (v - 4 
which gives 
d(xy) + 4(4y2) — d(Inly|) =0. 
Hence, the solutions are given by 
xy+ 4y —In|y|=C, y=0. 


Using the normal procedure as introduced in Section 2.3.2, it is easy 
to determine that (vy) = 1/y is an integrating factor. 


Example 22) 
Solve xydx — (x*4+x*y+ y?)dy = 0. 
Rearrange the differential equation as 
x(ydx — xdy) — y(x* + y*)dy =0. 
Divide the equation by x?+y? 


ydx —xdy 
x?+y? 


—-ydy=0 => xd(tan'=) —ydy=0. 


It is easy to see that y=0 is a solution of the differential equation. For y #0, 
dividing the equation by y yields 


= d(tan"*—) —dy=0. 


Since 
d(tan-!u) = ee tea y= ee 
ud(tan™'u) = i u=5 cee u’) = = ln(1+u"*), 
one has 


2 
ud(tan7'u) = 5 d[ Ind +w)] ——s <a(tan'=) = rafin(i+)]. 


Hence 


2 2 
pafin(1+)]—ay=o = In(1+)-2y=c. #< General solution 
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2.3.4 Integrating Factors by Groups 


If (x, y) is an integrating factor of the differential equation 
M(x, y)dx + N(x, y)dy = 0, (1) 
which implies that 
L(x, y) M(x, y)dx + u(x, y) N(x, y)dy = 0 
is an exact differential equation, i.e., 
L(x, y) M(x, y)dx + w(x, y) N(x, y)dy = dv(x, y), 


then p(x, y)- glvix, y)| is also an integrating factor of equation (1), where g(-) 


is any differentiable nonzero function. 


Using this theorem, the following method of integrating factors by groups can be 


derived. 


Method of Integrating Factors by Groups 


Suppose equation (1) can be separated into two groups 


[My (x, y)dx + Ny (x, y) dy] + [My(x, y)dx + Na(x, y)dy]=0. (2) 
e595 S60. 08085, — SSSSSS09090909090 060605» 
First group Second group 


If the first and second groups have integrating factors ,(x, y) and j1,(x, y), 
respectively, such that 


then from the theorem, for any differentiable functions g, and g,, 


2% 11, (x; Y)- g,[v, (x; y)] is the integrating factor of the first group, and 
%& 11,(X; Y)- %[V2(x; y)] is the integrating factor of the second group. 


If one can choose g, and g, suitably such that 
My (% Y)- By [y, (x, y)| = [Ly(x, y)- &[V2(x, y)| = U(x, y), 


then ju(x, y) is an integrating factor of equation (1). 
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| Example 2.26 | 2.26 


Solve (4xy + 3y*)dx + (2x? + 5xy>) dy =0. 


The differential equation is of the standard form Mdx+Ndy=0, where 


M(x, y) =4xy+3y*, N(x, y) =2x?+5xy?. 


Test for exactness: 
ume Ax +12y° oy 4x+15y° 
me — 4X ‘ me — 4X 7 
dy Pe Ox - 


It can be seen that there does not exist an integrating factor that is a function of x 
only or y only. 


Separate the differential equation into two groups as 
(4xydx + 2x?dy) + (3y*dx + 5xy%dy) = 0. 
ane 
First group Second group 
e@ For the first group: M, = 4xy, N, = 2x’, 


aM, ON, 
— = 4x, — = 4x; 
oy Ox 


hence, the first group is exact or an integrating factor is 1, = 1. 


It is easy to find that 


Axydx + [2x?]ay => 2d(x*y) = > v, (x,y) =x’y. 


ees 


fax 2xy y 


e For the second group: M, = 3y*, N, =5xy°, 


oMy — 12, aN2 =5y° 

oy ° Ox ° 

18M, aN), 1 ee a ey . 

ay es —) _ xy (12y —5y ) Tees #= A function of x only 


pao oa f (A Bas] <on(S [ be) 


= exp(+ In|x|) — x8, 
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Multiplying j,(x) to the second group yields 


12 
3xbyt dx = + 5x¥yldy — 2 d(x Fy‘) == 7G) SEY 


To find an integrating factor for the original differential equation, one needs to find 
functions g, and g, such that 
Z 12 
Hy 81%) = My BM) => 1g @’y) = x8 - g(aFy’). 
Letting g,(v,) = vf and g,(v,) = vb leads to 
(xy) = xs (nF yy)? graye ge 48, 


— WB+7 a=l, 
= : 
a=4B B= 7. 


2a 


Hence, an integrating factor is given by 
Hex, Y) = Hy 8 (%) = 1-(@"y)! = x°y. 


Multiplying 4. =x7y to the original differential equation leads to 
(4x°y? dx + |2x4y|dy) + (Bade =+ 5x3y4ldy) = 0. 


aS xty? A, De x3y9 A 


The general solution is then obtained as 
xty +p =C. 
Gee 
Solve (xy —3y?)dx + (3x? —7xy*)dy = 0. 
The differential equation is of the standard form Mdx+Ndy=0, where 
M(x, y) =5xy —3y°, N(x, y) = 3x? —7xy’. 
Test for exactness: 


au 5x —9y? oN 6x —7 
— = XS > — — a > 
oy “4 Ox * 
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— — — = (5x — 9y”) — (6x — 7y*) = —x — 2y’. 
bs 


It can be seen that there does not exist an integrating factor that is a function of x 
only or y only. 


Separate the differential equation into two groups as 


(Sxydx + 3x7dy) + (-3y?dx —7xy*dy) =0. 
a | ee 


First group Second group 


e@ For the first group: M, = 5xy, N, = 3x’, 


0M, ON, 
—= | —— 5x, — — 6x, 
oy Ox 
0M, ON. 1 1 
x(= 7 - <4) — 53 OF — 6x) => #= A function of x only 


[L1(x) = exp Seats (= = ) dx] — exp(—= [ —dx) 


= exp(— 3 In|x|) = x3, 


Multiplying 1, (x) to the first group yields 


3 P) 
5xdy dx: Ae 3x8 lay ==> 3d(x3y) => v(x, y) = x3y. 


i 


3x3y Oy 


e For the second group: M, = —3y*, N, = —7xy’, 


oe — _9 e ON2 = 7, 
dy Ox 
aM, ON, 
Tp oy rst ie —7xy —(- oy +79" =a =» @2 A function of x only 


[Ly(x) = exp als (= — —) dx] = we i < dx) 


— = exp($ In|x|) = x7, 
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Multiplying j,(x) to the second group yields 


9 9 
~3x4y3 dx + [-74yAJay a — $.d(x7y?) == A(x, y) =x7y. 
Ze 

oy 


d ZB 
fax —xx7y 


To find an integrating factor for the original differential equation, one needs to find 
functions g, and g, such that 


1 3 2 9 
Hy 81 (Vy) = My B(¥2) > X73 - g(By) = x7- go (x7y”). 
Letting g,(v,) =v} and g,(v,) = vb leads to 


xT F (xB y)® = x9 (xP y3)h =— xt ye = RF Ye, 


Sant _ 98-42 ot 
a=38 p= re 
Hence, an integrating factor is given by 
at 2k i] 
L(x, Y) = My ()) =x 3-(x3y)2 = xl? 


Multiplying p= x2 yh to the original differential equation leads to 


(Sxty3 dx + |3x%y2|dy) + (—3x2y8 dx = + [-zxty? Jay) 


a 
\ 


The general solution is then obtained as 
ae 7 eer 2 
2x2y2 —2xty2=C = > xlyi(x—-y*)=C. 


In the following two examples, the techniques used in the method of 
inspection can be combined with the method of integrating factors by groups to 
result in an efficient way of finding an integrating factor. 


| Example 2.28 2.28 


Solve (ydx —xdy)+ /xydy=0, x>0, y>0. 
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Dividing the equation by x? leads to 


dx —xd 
eS px tybay =o, ) 
a(=) + x3y3dy =0. (1’) 
eee —— 


First group Second group 


Obviously, the first group has an integrating factor 4, =1 and the correspond- 
ing v,=y/x. The second group has an integrating factor i, =x} yo and the 
corresponding v,=y. 

To find an integrating factor for the original differential equation, one needs to 
find functions g, and g, such that 


= 
2. 


Ba ; 
My 8 (My) = My &(¥) => 1-3:(<) = tty 4 8): 
Letting g,(v,)=vi and g(v,)=Vv8 leads to 
LB) edrhow = cor ashet 

3 3 

—a=>-F a=, 

it ean 

a=B-F pB=-1. 


Hence, an integrating factor is given by 


Nw 


3 
W(x, Y) = My BV) = x2y— 


Multiplying p= x3 yd to equation (1) leads to 


The general solution is then obtained as 


a +Iny=C 
| 5 : 
| Example 2.29 2.29 


Solve (xyey +y*) dx —xeF dy=0, y#0. 
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Rearrange the equation as 
xev (ydx —xdy) + y*dx = 0. 


Dividing the equation by xy” leads to 


= ydx —xd ? 2 
pO So ae ae 
y x y x 


d(e7) + Y dx = 0. (1) 
a ies 3 


First group Second group 


Obviously, the first group has an integrating factor 4, = 1 and the corresponding 
y= eY . The second group has an integrating factor w,= = and the correspond- 
ing v, =x. Z 

To find an integrating factor for the original differential equation, one needs to 
find functions g, and g, such that 


x x 
My 21 (Vy) = Ha (2) == 1- g(e7) = ye 82). 


To remove the exponential function on the left-hand side, one must take g, as alog- 
1 
arithmic function. Because of — on the right-hand side, letting g,(v,) = [In|v, Il’ 


and g,(v,)=V, leads to 


2 
Multiplying p= = to equation (1) leads to 
x 


(=) ae) +xdx =0. 


[ (4) ae?) — [?ae, z= 5 


= z*¢e — i e’-2zdz  & Integrating by parts 


= 27" -2 fede’ = ze — 2(ze" — [ee) 


= e* (227-2242) =eF (=) -2(<) +2], 
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one has ; 


afc? [(=)' -2(-) +]| +4(4) =0. 
The general solution is then obtained as 


#((2) -2(9) +2]}+ <0 


2.4 Linear First-Order Equations 


2.4.1 Linear First-Order Equations 


Linear first-order equations occur in many engineering applications and are of the 
form 


2 + Pw)-y= Q(x). (1) 


The equation is first-order because the highest order of derivative present is first 


d d 
=. and it is linear because y and = appear linearly. 


Sometimes, the roles of x and y may be exchanged to result in a linear first-order 


equation of the form 
dx 


iy + P(y)-x = Q(y), 


d 
in which x is treated as a function of y, and x and = appear linearly. 
y 


Equation (1) can be written in the form Mdx + Ndy = 0: 


[P(x)y — Q(x) ]dx + dy = 0, (2) 
in which M(x, y) =P(x) y— Q(x), N(x, y) =1. Test for exactness: 
aM aN 
—=P(x), —=0 == Differential equation (2) is not exact. 
oy Ox 
However, since 
1 (= *) — P(x) 
N \ oy ax) 


is a function of x only, there exists an integrating factor that is a function of x only 


HONE exp| i s(F 2 —) ax] _ of Pode 


Multiplying equation (2) by the integrating factor (x) yields 


given by 


[P(x)y — Q(x)] el PO dx 4 + ef Pode gy = 0. 


56 2 FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS 


The general solution can be determined using the method of grouping terms 


Ss. a fax| 
fa é 


y P(x)d 
yel x) dx = f ace! ax 


which results in 


wel Bie) ae i ate! POE Go = GC =. General solution 


The above results can be summarized as follows. 


| Linear First-Order Equations First-Order Equations 


1. S + P)-7 = Q) ae pe) A Holes Tee e]) 


dx 


dy 


| Example 2.30 2.30 


Solve y’=1+3ytanx. 


+ P(y)-x= Qi) => x= FPO face! ay + all 


The differential equation can be written as 
y’—3tanx-y=1, © Linear first-order 


which is of the form y’+P(x)- y= Q(x), P(x) = —3 tanx, Q(x) = 1. The follow- 
ing quantities can be evaluated 


> 


[Pcie = =3 f tanxedx — 3 In|cos x 


o/ P(x) dx slP@ dx 1 


~ cos3x’ 


[amrelP ae = [r-costeae — / cos?x - cosxdx 


fn e2 In|cos x| a cos? 


x, 


= fc 1—sin’x )d(sinx) = sinx — 4 sin?x. 
The general solution of the differential equation is 


i= eel [ocel*ae + c| oe 


(sin x — + sin?x + C). 


cos°x 
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Gee 


Solve ydx — (e% +2xy —2x)dy =0. 


It is easy to see that y=0 is a solution of the differential equation. For y 40, the 
differential equation can be written as 


d 2(1- y 
ogee y) e 


— x= —, = Linear first-order 
dy y y 
which is of the form 
dx 2(1—y) ey 
— + P(y)-x = Qi), P(y) = — Q=-—. 
dy y y 


The following quantities can be evaluated 
1 
[Poay = 2| & —1)dy =2(In|y| —y) = In|y’e™, 


ez 2y 
e/ PUdy _ eln|y7e oy] ye, oe / PO)dy _ e 


ye 
[Pay ae ver - - 
Q(y)Je dy = ids Ydy= | ye *dy=— | yd(e”) 
=— ( ye*— / e? dy) # Integration by parts 
=—-(ye”+e%=-e%(y+D. 
The general solution of the differential equation is 
_ ey 
x=e Prone] Faye! ay + c] = ral Y(y+1)+C], 
xy? = —e’(y +1) + Ce”. 2 General solution 
Note that the solution y=0 is included in the general solution with C= 1. 


pene 27 


d 1 
Solve a ———;,_ cosy0. 
dx  xcosy+sin2y 


The differential equation can be written as 
x ' 
a ee 2); #& Linear first-order 
a 


which is of the form 
dx 


ay + P(y)-x = QYy), P(y)=—cosy, Q(y) =sin2y. 
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The following quantities can be evaluated 


[Poay = = | cosyay = —siny, ef POrdy _ ey, e SPONdy = esiny 


[oonrelPrvay = [sinayensnray = 2 siny cos y-e7 ny dy 


= —2 i sinyd(e~ 2’) @& Integration by parts 


—2 | siny-e— nS Je oy d(sin y) | = —2e~siny (siny+1). 
The general solution of the differential equation is 

c= cP fa nel?OMay 5 Cc] =e" —2e7 iY (siny+1) + C], 
i.e., 


x= —2(siny+1)+C a =. General solution 


2.4.2 Bernoulli Differential Equations 
A differential equation of the form 


dy 
dx 


is called a Bernoulli differential equation. Except when n=0 or 1, the equation is 


+ P(x): y = Q(x)-y", n= Constant, (1) 


nonlinear. 


sa When n=0, the equation reduces to a linear first-order equation 


d 
= + P(x): y = Q(x). 
ta When n= 1, the equation can be written as 
d 
= — [ Q(x) — P(x)| y. #= Variable separable 


ea In the following, the case when n 40, 1 is considered. 
For n<0, y#0. When n>0, y=0 is a solution of the differential equation. For 
y £0, dividing both sides of equation (1) by y” yields 


—n dy yl on 
are + P(x)- yo" = Q(x). 


Letting u= y!~", when it is defined, one has 


1 
du = (l—n)y"" dy ag OF du 


dx ‘dx aaa Tes a 
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and the equation becomes 


1 du P _ 
ae (x)u = Q(x), 
or 
du 
— + (1—-n)P(x)-u = (1—n)Q(x), n#l. (2) 
P(x) Q(x) 


Hence, a Bernoulli differential equation is transformed to a linear first-order equa- 
tion (2) in the new variable u. 


It is important to consider exchanging the roles of x and y so that 
a differential equation can be cast into a linear first-order equation or a Bernoulli 
differential equation. 


| Bernoulli Differential Equations Differential Equations 


dy 
Ih ap oe ey 


eS ad + (l—n)P(x)-u = (1—n)Q(x), € Linear first-order 


P(x) Q(x) 


dx 


Me 
dy 


See — Oy ex 


u=xi" => sal + (1—n)P(y)-u= (1—n)Q(y), Linear first-order 
P(y) Qvy) 


Gee 


Solve 2xyy’ = y? — 2x7, y(1) =2. 


The differential equation can be written as 
= ay SS er, #5 Bernoulli DE with n= —1 
» 


Multiplying both sides of the equation by y yields 


,_ 1 Dee 5 ed 
VY a x. 
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du d 
Letting u= y? aes 2 ye the equation becomes 
x x 
l1du 1 > du 1 2 
—— US - xX —— Su = —-2x 
20x 2% dx x 


The equation is linear first-order of the form 


ae PQ) WE OG). PeV== 5, 06)2 29x 
dx x 


The following quantities can be evaluated 
= 1 P 1 _[P 
[Pooa= |- —dx= —In|x, ed Pode =e melo e JPoxydx =x, 
x 


me 
7 p 1 
[arelP*ae = [-2°-<ax = —x*, 


x 


Hence _ 2 
u= Sean ce el PO dx gy + C| a x(—x? +C), 


1.e., 
ye = x(—x? + C). = General solution 


The constant C can be determined from the initial condition y(1) =2 
2?=1-(-2+C) = C=5. 
The particular solution is 
i Sx(5—x’), Particular solution 
| Example 2.34 2.34 
Solve 3ydx — x(3x°yln|y| + 1)dy =0, y #0. 
The differential equation can be written as 


d 1 
Ean In| y| x8, #& Bernoulli DEwith n=4 


1 dx oe aly 
x4 dy 3y x 7: 
; 1 du 3 dx : 
Letting u=— —=-——— the equation becomes 
a dy x4 dy 
Bee u = In| y| =—? ae u= 3 In| y| 
3dy 3 ‘s ae ao ae 
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The equation is linear first-order of the form 
du 
dy 


The following quantities can be evaluated 


: : = 1 
+ P(y)-u=QYy), LOS: Qiy) = —3ln|y|. 


2 1 - oe 1 
[Povey a |- dy = In| y|, ef Pandy = ely| — yi. & JPoyydy =—, 
: y 
Q( ye! Pirdyg = —3ln| |- dg _3 In| | d 2) ge orem 
‘ 4 aad 2 Alaie by parts 


= -3 (mpl - f ?-S4y) = -F(s*ly|- 5). 
Hence 
u= FPL fac elPOMay + ae |- $y* 2In|y| - 1) +c]. 
Replacing u by the original variable results in the general solution 


4 C 
Fe => —3y(2In|y| = 1) + 7 


2.5 Equations Solvable for the Independent or 


Dependent Variable 
A general first-order differential equation is of the form 
F(x, y, y’) = 0, (1) 
or 
F(x, y,p)=0, y'=p. (1’) 


In the following, cases when variable x or y can be solved are considered. 


Case 1. Equation Solvable for Variable y 


Suppose, from equation (1’), variable y can be expressed explicitly as a function of 
x and p to yield 
y =f p). (2) 

Differentiating equation (2) with respect to x gives 

dy of | of dp dp 

—_—— — —_——_—_ = = —, 3 

dx dx dp dx P tet Ip Gy 6) 
which is a differential equation between x and p. If equation (3) can be solved to 
obtain the general solution 


P(x, p> C)=0, (4) 
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then the general solution of equation (1) can be obtained as follows. 


ta Eliminate variable p between equations (2) and (4) to obtain the solution in 
terms of x and y. 

ea If it is difficult to eliminate p between equations (2) and (4), then equations (2) 
and (4) can be treated as parametric equations with p being the parameter. 


For example, consider the parametric equations 
x=a+rcosé, y=b+rsin6, 


where a, b, and r are constants, and 6 is the parameter. Rewrite the equations as 


x—a 


—b 
= cos@, _— = sind. 


Using the trigonometric identity cos? @ + sin? 6 = 1, the parameter @ can be elimi- 
nated to yield 


cos’ 6 + sin? @ = (—)'+ (—)’ =1 =>) (x-a*+(y—-bY =r’, 


which is the equation of a circle with center at (a, b) and radius r. 


Case 2. Equation Solvable for Variable x 


Suppose, from equation (1’), variable x can be expressed explicitly as a function of 
y and p to yield 


x= gl), p). (5) 


Differentiating equation (5) with respect to y gives 


dx dg dg dp 1 dp 
dy dy dp dy po eee dp 


which is a differential equation between y and p. If equation (6) can be solved to 
obtain the general solution 


VAGE ~P> C) = 0, (7) 
then the general solution of equation (1) can be obtained as follows. 


ta Eliminate variable p between equations (5) and (7) to obtain the solution in 
terms of x and y. 

ea If it is difficult to eliminate p between equations (5) and (7), then equations (5) 
and (7) can be treated as parametric equations with p being the parameter. 
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Ga 


Solve —— iy + (2)* 


dx dx 
' dy ; : 
Letting p= in the equation can be written as 
x= pt p= f(p), 
which is the case of equation solvable for x. Differentiating with respect to y yields 
1 d d 1 
= df dp (1+4p° =a bis Aee nc 
p dpd dy dy p 


which can be written as 
dy=(p+4p*)dp. | Variable separable 
Integrating both sides leads to 
1 4 
Hence, the general solution is given by the parametric equations 
es 
Bae Sere Sar are 
year t+ ep + C, 


where p is a parameter. 


| Example 2.36 2.36 


dy \2 d 
Solve x(=) = 2y —x=0. 


d 
Solution 1. Letting p= =. one has 


xp’ —2yp—x=0. (1) 
Since p=0 is not a solution, one has p #0. Variable y can be expressed explicitly 


in terms of x and p to yield 


y= 5%(p- 5) = fos p). (2) 


Differentiating equation (2) with respect to x gives 


ae ee ea 
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which can be simplified as 


1 1 
See peg. as 3 dp= 5% #= Variable separable 


which can be solved to give 


> 


1 1 
[oe f Sox+o — lp =mnle|-+m\c 
x 
In| p|'=In|Cx|| == p= Cx. 
Substituting into equation (2) results in the general solution 


: (c =) eee 
==x(Cx-— =Cx-— =. 
vr a Cx y C 


Solution 2. Since p= +1 is nota solution, one has p4 +1. From equation (1), 
variable x can also be expressed explicitly in terms of y and p to yield 
2yP 
pal 
Differentiating equation (2’) with respect to y yields 
1 ag ag dp 2p 4 p’+1 dp 


p dy Opdy pt? (py ay" 
which can be simplified as 
pti p’+l dp 2p 1 
oe OOS dp = —dy. 
PP)” pay dy pay 
The equation is variable separable and can be solved by integrating both sides 


ee ne ie 
[ waaet-y= f Sat, 


Set D= In|2 C | for the purpose of 
comparing the results of two methods. 


x= 


= 8’ Pp). (2’) 


In|p?-1| =In|2Cy|, 2 


p?-1=2Cy. (3) 
Parameter p can be eliminated between equations (2’) and (3). Substituting equa- 
tion (3) into (2’) yields 


2 
ge fd 
2Cy 


Substituting into equation (3) results in the general solution 


==> p=Cx. 


C?x? —1=2Cy. 
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dx dx 
dy 
Letting p= ce , the differential equation becomes 
y=x(p+/1+ p) = ft, p). (1) 
Differentiating equation (1) with respect to x yields 
of | of ot = P dp 
_ 1 2 1 ase Se 


which can be simplified as 


eee pV dP 
ee =*(1+ 5) ae 


1 1 
——dx= ( +_—= P ——) dp. #= Variable separable 


Ji+p2 1+p? 


Integrating both sides leads to 
P 
—dx = Gres ——— + dp+cC, 
“fs J/Ii+p2 1+? ip) 
—In|x| = In| p+/1+ p?| + 5 
1 

= =D(pt J1+p’) vit pe. (2) 
The parameter p can be eliminated between equations (1) and (2). From equation 


p+ itp ==. (3) 


Substituting into equation (2) yields 


22C=> In|D| 
(1), one has 


1 y C C\2 1 
a= Pus Pepa oS. ieee eS >= (=) = 2a 
. +p z +p 5 or p a= 


Substituting into equation (3) leads to 
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which can be further simplified as 


y 

2 
y (= = ~) l= ee +===—=—. £& General solution, 2C —C 
x\y x y x 


d 
Letting p= =, the differential equation can be written as 
x 
yp’ +3xp—y=0. 
If p=0, one must have y=0, which is a solution of the differential equation. 
For p 40, solving for x gives 
ee ee a ee 
x= -s(v Pp =) = gy p). (1) 

Differentiating equation (1) with respect to y yields 

1 og og dp 1 1 ly, y\dp 

SO ee OES A Oy ee | Sve Ee ea 

P ay | Bp dy 5 (2x ) (9+ Ve 
Multiplying both sides by — 3p and arranging yield 


op +n0+22) =o 


d 
Case 1. eae as ay 
p dy 


The equation can be written as 
1 2 : 
—dp = ——dy. # Variable separable 
a y 

Integrating both sides yields 


C 


[ sen=-2f Say+c —> In|p| = —2in|y| +in|co] —> p= 5. 


Se 
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Substituting into equation (1) results in the general solution 


x= : [»” (5) >] = > 3Cx-y+C? =0. &t General solution 


2 2 1 
Case2. yp°+1=0 => p ae 
Substituting into equation (1) results in 


aa srry hes —~[7(-=) ~y] 


9x°+4y>=0. Singular solution 


This solution is not obtainable from the general solution for any value of C and is 
therefore a singular solution. 


The Clairaut Equation 


A first-order differential equation of the form 


y=xy'+ fly), 


or 
dy 


y=xpt f(p) ae 


is called the Clairaut equation. The equation is of the type of equation solvable for 
variable y and can be solved using the approach introduced in this section. 


| Example 2.39 2.39 


2 
Solve as aa 


Letting y’= p, the differential equation becomes 
Sy =p q 


2 


y=xpt— = fle p) (1) 


_ of , bp _ 


Differentiating with respect to x yields 
af dp _ a’\ dp a’\ dp 
~ dx | Op dx +(*-3) ” (x- ) 
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Substituting into equation (1) results in the general solution 


2 
y=Cx+ =, = General solution (2) 


which is a family of straight lines with slope C and y-intercept a?/C. 


2 2 
a a 

Case2. x-—=0 => p=—. 
P % 


Substituting into equation (1) gives 
py= xp? 4a py = (xp? + ay, 
a’ a’ 


2 
_ -y¥? = (x: —+ a) => ye = 4a’x. #& Singular solution 
x x 


This solution is a parabola, which cannot be obtained from the general solution (2) 
for any value of C and is therefore a singular solution. 


2.6 Simple Higher-Order Differential Equations 


2.6.1. Equations Immediately Integrable 


An nth-order differential equation of the form 


n 


os ae 
dx” 


f(x) 


can be solved easily by integrating n times the function f(x) with respect to x. 
The general solution of an nth-order differential equation contains n constants of 
integration. 


| Example 2.40 2.40 


Solve x*y” = 120x° + 8x7e* +1, x40. 
Dividing both sides of the equation by x? yields 
yy” = 120x + 8e* + = 
Integrating the equation with respect to x once gives 
y” = 60x" + 4e* — - +C). 
Integrating the equation with respect to x again leads to 


y’ = 20x* + 2e* —In|x|+C,x+C). (1) 
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Since 
J alslae = x In|x| — J» — ax =x(In|x|—1), &£ Integrating by parts 
integrating equation (1) with respect to x results in the general solution 
y = 5x4 +e — x(Inlx| —1) + $Cyx? + Cx4+Cy 


y= Cot Cyx+Cyx? +5x* +e?* —x In|x|. 2& General solution 


| Example 2.41 | 2.41 


—x 


Solve e*y”—sinx=2, y(0)=y'(0)=1. 
The equation can be written as 


y” =e* sinx + 2e*. (1) 


It can be easily determined 
| e* sinx dx = / sin x d(e*) = e* sinx — / e*cosxdx Integrating by parts 
= e* sinx — [cosx d(e*) = e* sinx — (c* cosx + fe sinx dx), 
= fe sinx dx = 4 e%(sinx — cos x), 


fe cosxdx = [eosx ate" = e* cosx + fe sin x dx 

= e*cosx + 4 e%(sinx —cosx) = 4 e%(sinx + cosx). 
Integrating equation (1) with respect to x yields 

1 : 
a 5 e*(sinx — cosx) + 2e*+(C). 
The constant C, can be determined from the initial condition y’/(0) = 1: 
1 0-.: 0 1 
1= Fe (sin0—cos0)+2e+C, = > Cj =-F. 


Hence 


(aN ES 7 pe ae vile 
y=re (sin x — cosx) + 2e 5: 


Integrating with respect to x again gives 


5[Fe%Gine — cosx) — Fe*(sin x + cos x) | +2e* — Sixt Cs 


1 x x 1 
— Fe cosx + 2e° — Fx+ Cp. 
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The constant C, is determined from the initial condition y(0)=1: 


2a aedes reer 
l= — se cos0+2e —F-01C, => C,=-F. 
— — Fe cos x + 2e* — 4x- 5. = Particular solution 


2.6.2 The Dependent Variable Absent 


In general, an nth-order differential equation is of the form 


fen yy...) =0. 


If the dependent variable y is absent, or more generally, y, y’, y”,..., y*-) are 
absent, the differential equation is of the form 


F(x y®, yD, 2, y) =0. 


Let u= y be the new dependent variable, the differential equation becomes 


FCs he ct NSE 


which is an (1—k)th-order equation. Hence the order of the differential equation 
is reduced from n to (n—k). 


It should be emphasized that for the differential equation to be con- 
sidered as yk) absent, all derivatives with order lower than (k—1) must also be 
absent. 


For example, equation 


Ui 


yi + y! = g(x) 
is of the type y absent, whereas equation 


wn 


yi" +" = gtx) 
is of the type y’ absent. 


| Example 2.42 2.42 


Solve 2y” =(y’P sin2x, y(0) = y’(0) = 1. 


The equation is of the type y absent. Let y’=u, y” =u’. Since y’=u=0 does 
not satisfy the initial condition y’(0) = 1, one has u 40. The equation becomes 
d 


u 2 
2 a uesin2x => —du=sin2xdx. | £2 Variable separable 
x u 


Integrating both sides yields 


ae _f[. d 1 cos 2x 
poe sin2dxdx+C, ==> gee io +C. 
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The constant C, can be determined from the initial condition u(0) = y’(0) =1: 
1 1 


Hence 
1 1 + cos 2x 2 1 
-—s= = - oo OSX => wo=i—. 
u 2 cos x 


Since u(0) = 1, only the positive sign is taken, which leads to 


1 d 
u=— = DLesexr. Immediately integrable 
cos x dx 


Integrating both sides results in 
y= [ secxas + C, = In|secx + tanx| + Cy. 


The constant C, can be determined using the initial condition y(0) =1: 
1=Injl+0|+C, => C,=1, 


y =In| secx +tanx|+1. 2% Particular solution 


| Example 2.43 | 2.43 


Solve xy” — (yy —y’ =0. 


The equation is of the type y absent. Denoting y’ =u, y” =u’, one has 
1 1 
xu —w—-u=0 => W-=-u=—=-0. Bernoulli DE 
x x 


Case 1. u=0 = > y=C isa solution of the differential equation. 
Case 2. u0. Dividing both sides by u? leads to 


By 2 YE 
—Y-—-=—-—_—_—= =, 
ur x uw x 
‘ = dv _ 2 du 1 du _ 1 dv i ae 
Letting v= => der ap ae =>—> ean as e equation ecomes 
1 dv 1 1 Lae: 
a —— — =-—v=--, 
2 dx x x dx x 


which is linear first-order with 
2 2 
P@)=—-, Q@)=--—. 
bs x 
The following quantities can be easily determined 


2 = 1 
[Pcie = [= = 2inlx|, od Pood — e2lnix! _ x2 g [Ptx)dx _ =: 
x x 
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2. 
[amel ax = [-=-8 a = —x’, 
i 


Hence, the solution is 
_ 1 


| ee Ore, d 
a ai => ~y= mea Se cee #= Immediately integrable 


ui dx JC,—x2 


Integrating both sides results in the general solution 


yok | gt = 4VOoF +e, —> y-C,=+/C,-x?. 
= 


Squaring both sides gives 


(y-O,)? =C,-x* = x74 (y—C,)? =C,. et General solution 


2.6.3 The Independent Variable Absent 


When the independent variable x does not appear explicitly, an nth-order differ- 
ential equation is of the form 


f(y, Va Ses tree »y™) = 0. (1) 


Let y be the new independent variable and u= y’ the new dependent variable. 
Using the chain rule, it is easy to show that 


dy 
ax” 
2 
dy = du = au oy = ea = Chain rule 


dx? dx dy dx dy 
3 2 
2-8) $3 8 oy v0 


dé d di 
It may be shown that i may be expressed in terms of u, = a 
'y Age 'y Pp 


k<n. Hence, differential equation (1) becomes 


du du\2 5 Vu 
i> u, ry u(Z) +u | = 0, 


or 
( _ du du staat 
g& ys P dy > dy? > > dyt—1 eal > 


in which the order of the differential equation is reduced by 1. 
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| Example 2.44 2.44 


Solve 3yy'y” — (VP +1=0. 


The equation is of the type x absent. Let y be the new independent variable and 
u= y’ the new dependent variable, y” =u du/dy. 


Case 1. w=1 u=1 y =x, which is a solution of the equation. 
Case 2. For u#1, the equation becomes 


3u2 
u—1 


d 1 
3y- uu —-#+1=0 => du=—dy. # Variable separable 
y 


Integrating both sides yields 


> 


[ waa = f Sate, => Inju’-1|=In|y|+In|C, 


d 
w-l1=C\y => = Hy=(CytD?. 


Since y=constant is not a solution, one has (C; y+1) £0; hence 
(Cyy+ Des dy=dx. ££ Variable separable 


Integrating both sides results in the general solution 


1 1 3 
1 1 


3 (Ciy+1)3 —2C,x=C,. © General solution 
| Example 2.45 2.45 
Solve yy" =P Ay’ siny — yy’ cosy). 


The equation is of the type x absent. Let y be the new independent variable and 
u= y’ the new dependent variable, y” = u du/dy. The equation becomes 


u au u>(1 usin ucosy) 
wma = —_— 1 aan : 
yy dy may, yi 


/ 


Casel. u=0 y =0 y=C. 


d 

Case 2. i = u(1 — usiny — yucosy). 
dy 

The differential equation can be written as 


d 1 i 
u Lee oD COS). 0c 


#7 Bernoulli DE 
dy y y 
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Dividing both sides by u? yields 
1 du 1 1__ siny+ycosy 


udy y u y 
. 1 dv 1 du . 
Letting v=—, ——-=—->—,, one obtains 
u dy u* dy 
1 : 
seu +—-v= a A) #& Linear first-order 
<a y 
we ——— 
Py) Qty) 
The following quantities can be easily determined 
1 = 1 
[Poay = [Say =mly1, ef POrdy — lal y| _ y, e Jordy _ y’ 


[ocnelPrvay = f REAPOO yay = [oeiny +ycosy)dy 


= —cosy + | yatsiny) = —cosy +ysiny — f sinydy = ysiny. 
Hence, the solution is 
1 C 
v=e Prone] La elPOY dy +6] = Pca C,) = siny + a 


1 d C 
v= = a =siny+ a #= Immediately integrable 


Integrating both sides yields 
j C, 
x= (siny + St )ay+O = x =—cosy + C, In|y| + Cy. 


Therefore, the solutions are y = C, x = — cosy + C, In| y| +: C5. 


2.7 Summary 


In this chapter, various types of first-order and simple higher-order ordinary dif- 
ferential equations and the associated methods are introduced. The key in solving 
such equations depends on identifying the type of the equations. Sometimes, an 
equation can be classified as more than one type and solved using more than one 
method. 


When one is given a differential equation, the following steps may be followed to 
identify and solve the equation. 


tS When dividing a differential equation by a function, care must be taken to 
ensure that the function is not zero. The case when the function is zero should be 
considered separately to determine if it will give extra solutions. 


2.7. SUMMARY 75 


First-Order Ordinary Differential Equation 


1. Method of Separation of Variables 


If the differential equation can be written as 


d 
= = fx)gi) or — fi (*) gy (y) dx + f(x) gy(y) dy = 0, 


then the equation is variable separable. Moving all terms involving variable x to 
one side and all terms involving variable y to the other side of the equation gives 


2oay = f(x)dx or $29) dy = — A@) dx. 


gly) gi) f(x) 


Integrating both sides of the equation yields the general solution 


1 2) fx) 
—dy= d C —dy=-|, —d C. 
| zo)” | LO ZO) 4@ °° 


This solution is valid for g(y) 40 or g,(y) £0. Check if g(y) =0 or g,(y) =0 is 
a solution of the differential equation. If it is a solution and is not included in the 
general solution, then it is a singular solution. 


2. Homogeneous Equations 

d 
If the differential equation can be written in the form — i (=), then it is a 
b % 


homogeneous equation. Applying the transformation 


=> xv => a pee 
—_—y = — — 5 
. dx d 


d 
the differential equation becomes variable separable => x — = f(v)—v. 


3. Linear First-Order Equations and Bernoulli Equations 


Rewrite the differential equation in the form 


dy _ 
ae + P(x)-y = f(x,y) or 


dx 


yo Tey 


Depending on the right-hand side, the equation may be linear first-order 


< + P(x)-y=Qx) = > y= gS ogje Oa + Cl, 


dx 


FPO eH Ay) —e xe IPMP faunel?ay +c], 
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or Bernoulli equations, for n 40, 1, which can be converted to linear first-order 
equations using a change of variable, 


1l-n 


dy n uU=y du 

—+P(x)-y=Q) yo — + (1-2) P(X) -u = (1-1) Q(X), 

dx dx — 
P(x) Q(x) 

eso === 4 pasion aow) 

yo ee a EOS 2) 
P(y) Q(y) 


4, Exact Differential Equations and Integrating Factors 


Consider the differential equation M(x, y)dx + N(x, y)dy = 0. 


; ‘ ; G) oN ee 
Exact Differential Equations: If aa ae then the equation is exact. 
yy bs 


The method of grouping terms can be applied to find the general solution 


Grouping terms 
— 


Mdx+Ndy=0 du(x,y) =0 => u(x, y)= 


OM ON 
Integrating Factors: If ny a a an integrating factor p(x, y) may be deter- 
yy x 


mined so that uMdx + wNdy = 0 is exact. 


aM ON 

ze If (= ——) = g(x) = > p(x) =exp { [coax]. 
oN 0M 

* If —(= = om) =giy) == w= exp| [scray}. 


z@ Method of Inspection—By rearranging terms, multiplying or dividing suit- 
able functions, an integrating factor may be found 


1. d(xy) = ydx+xdy, 


2. d() = ae, a(=) = ow 
ea ea 
4 dl 5 In(x" +y’)] = — 
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ta Integrating Factors by Groups—Separate the equation into two groups 
[M, (x, y)dx + Nj (x, y)dy] + [M,(x, y)dx + N5(x, y)dy] = 0. 
Suppose j1,(x, y) and 2,(x, y) are the integrating factors for the first and 
second groups, respectively, and 
[,M, dx + w,N,dy = dy,, [tyM,dx + Ny dy = dv. 


If functions g, and g, can be found such that 


Hy) [1% y)] = M26, 9) Bly y)] = ue y), 


then j1(x, y) is an integrating factor. 


5. Equation Solvable for the Independent or Dependent Variable 
a Equation Solvable for Variable y: y = f(x,p), p=y’ 
Differentiate with respect to x 


ee 


ras ap dx PEDO 


P= 


General solution (parametric): y= f(x, p), o(x, p,C)=0, p=parameter. 
a Equation Solvable for Variable x: x= g(y,p), p=y’ 
Differentiate with respect to y 


1 _ 9g ag dp 
_ += => wW(y,p,C) =0. 
pay apdy a8 


General solution (parametric): x= g(y, p), WU, p,C)=0, p=parameter. 


6. Method of Special Transformations 

There are no systematic procedures and rules to follow in applying the method 
of special transformations. The key is to uncover the “special” term in a given 
equation and determine a transformation accordingly. 


Simple Higher-Order Differential Equation 


1. Equations Immediately Integrable 


Integrate n times w.r.t. x 


> General solution. 


2 = f(x) 


2. The Dependent Variable Absent 


F (xs y®, yO, 2. yy) =0 => pny y..., y% absent. 
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Let u=y => f(x; u,u', u",..., u"-) = 0. The order of the equation is 
reduced by k. 


3. The Independent Variable Absent 
pa Oe eee yi?) =0 == «x absent. 


Let y be the new independent variable and u= y’ the new dependent variable, 


dy d’y du Sy (Sy adi 
dy?’ 


dx” dx? dy’ aes“ Ny 


The order of the differential equation is reduced by 1. 


Problems 


Solve the following differential equations, if not stated otherwise. 
Variable Separable 


1 
2.1 cos*ydx+(1t+e™*)sinydy =0 GB In(e* +1) =—- a cos y=0 


dy  x3e" 1 2 
ae hy. GP a ee 


1 
2.3 xcos*ydx+e*tanydy=0 GBD eoRD Gene oe cos y=0 
24 x(y?+1)dx+ 2y+le*dy=0 


GD (x-De*+InGy’? +1) + tan !y=C 

1 
25 xyidx+e™ dy=0 éDd aries 26920 
2.6 xcos*ydx+tanydy=0 GB x+tan’-y=Cc 


1 
2.7 xydx+(y+De*dy=0 GD aes —= C y=0 


Homogeneous and Special Transformations 


Eno -G ae ee 
2.8 aye GD nlx ty] + 5 HG y= x 
2.9 xdy—ydx =x cot (=) dx GB cos (=) = < 


ae = Me ae mee 
2.10 | «cos a) y |dx+xdy=0 GD In|x| + tan B =C; cos : =0 
2.11 xdy=yd+Iny—Inx)dx GB y=xe™ 
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212 xydx+(?+y)dy=0 GB y’2xr+y)=C 


[1 + exp (-)]dy+ (1- ~) ax =0 & xexp(—)+y=C 


x 
2.14 (x?-xy+y*)dx—xydy=0 GB y—-xe*=C 
2.15 (34+2x4+4y)y’=1l+x+2y 
CANS) ras pia 
—— 1 
2.16 y =——— V2 ee 
2.17 (y+2)dx=(2x+y—4)dy be <r y=l-x 


2.1 


w 


rem ana c +2(x—1)7]+C 


2.18 y’=sin(x—-y) GB x= tan(x—y)+C; x—y=Ftkn, k=O, 15 25545 


d 
2.19 = (x41)? + yt)? +8xy +1 TAN 2 (x+-4y+1)=tan(6x+C) 


Exact Differential Equations 
2.20 (3x7 + 6xy*)dx+ (6x*y+4y)dy=0 GB e°43x’y’?+yt=C 
2.21 (2x° —xy* —2y +3)dx — (x*y+ 2x) dy =0 
GD x6 = y? —4xy+6x=C 
2.22 (xy? +x—2y+3)dx+x2ydy=2x+y)dy 
GD °° +2? 4+6x —4xy—2y?=C 
2.23 3y(x*—Idx+(x°+8y—3x)dy=0, when x=0, y=1 
GD vy —3xy+4y =4 


x 
2.24 (+ Iny)dx+ = dy =0 GD getxiny=c 


2.25 2xBx+ty—ye*)dxt(x2+3y>te™*)dy =0 

ED 20 + rytye* + =C 

2.26 (3+y+2y*sin*x) dx + (x + 2xy —ysin2x)dy =0 

GD 3xtxytxy’?- 5 y? sin 2x =o 

2.27 (Q2xyt+y)dx+(x?+2xy+y*)dy=0 GD ey+xy+sy=C 


Integrating Factors 


sin? 2 


2.28 (x? —sin*y)dx+xsin2ydy=0 GDx+—=C 


80 


2.29 


2.30 


2.31 


2.32 


2.33 


2.34 
2.35 


2.36 


2.37 


2.38 


2.39 


2.40 
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y(2x—y+2)dx+2(x-y)dy=0 GB yeQx—-y)=C 
(4xy+3y?—x)dx+x(x+2y)dy=0 GB 4x4y 4+ 420°y? —x* =C 
ydxt+x(y?+Inx)dy=0 GB 3ylnxt+y=C 

(x? +2x4 y)dx + (3x*y —x)dy =0 ED x4 2In|x|-245°=C 
ydxt(xy+y-Idy=0 GB xyt+4y’-In|y|=C 

3(x? +y*)dxtx(x?+3y?+6y)dy=0 GB xe2 Qe? 4+3y) =C 
2y(xty+2)dx+ 0 —x?—4x—-1)dy=0 

GD x 44x4+2xyt+y+1=Cy 

(2+y?+2x)dx+2ydy=0 GB ce Qx+y)=C 

(Q2xy’ —y)dx + (y*+x+y)dy =0 GD 8 -Fty+in|y|=c 
y(xty)dxt(xt+2y-Ddy=0 GDeyty’?-y=C 


sin y 


2x(x?—siny+1)dx + (x*+1)cosydy=0 QB In@’*+1)+ ri aa 
x 


Consider a homogeneous differential equation of the form 


M(u) dx + N(u) dy = 0, ae 
x 


1 
If Mx+Ny=0, ie, M(u)+N(u)u=0, show that PY: is an integrating factor. 
x 


Method of Inspection 


2.41 


2.42 


2.43 


2.44 


2.45 


2.46 


2.47 


2.48 


(x? +y+y*)dx —xdy =0 GD x-tan'2=c 

x 
( — /PTP de + (y- VET) dy =0 GB VPP -«—y ac 
yVlty2dx+(x/1t+y2-y)dy=0 GB xy-V1+y=C 
gs ag 2) aor 
y dx — (xy +x") dy =0 & 5 (2) +y=C 
ydx — xdy —2x°tan 2 dx =0 TAN sin =Ce™ 
(2x°y? +y)dx+(y—x)dy=0 GB xy +In|=| = G 

y 

yrdx+[xyt+tan(xy)]dy=0 GB ysin(xy)=C 


1 
(2x7y* — y) dx + (4x3y? — x) dy =0 GD 2xy'+ T= 
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Integrating Factors by Groups 


2.49 


2.50 


2.51 


2.52 


2.53 


(ey +y)dx+(xy2-x)dy=0 GB sey + inl =C 
yo? +Ddxtx(y?-x+)Ddy=0 GD Soy Tan ly=c 
yrdx+(e—y)dy=0 GB -ye*+In|y|=c 

(x*y? —2y)dx+(xey—x)dy=0 GB Injxy| + =C 


Qxyty)dx-@tt2xy)dy=0 GD ax tyi-xty dc 


Linear First-Order Equations 


2.54 


2.55 


2.56 


2.57 


2.58 


2.59 


2.60 


2.61 


2.62 


2.63 


2.64 


2.65 


(l+ycosx)dx—sinxdy=0 QB y=-—cosx+Csinx 
(sin’y + x coty) y’ =1 GBD x«=siny(C- cosy) 
dx—(y—2xy)dy=0 GYD 2x=1+Cexp(—y’) 
dx—(1+2xtany)dy=0 QD 2xcos*y=y+sinycosy+C 


Siv+s)=1 Dea pt+e 
dx+(x-y’)dy=0 Q@BDx=y?-2y+24+Ce” 
ydx+(xyty?-lDdy=0 GB y?+2xy-2In|y|=C 
ydx =(e% +2xy—2x)dy GB yx =Ce?” -(y+e’ 
(2x+3)y/=y 4 (2x+3)"?, y(-1)=0 GB 2y=V2x4+3 In|2x+3| 
ydx+(y*eX—x)dy=0 GB x=Cy—ye’ 

’ 1 eee: 

y’ =1+4+3ytanx GD y = —_(sinx— 5 sin’x +) 

dl + cosx)y’ = sinx(sinx + sinxcosx — y) 


GD y = (1+ cosx) (x — sinx + C) 


2.66 


2.67 


2.68 


2.69 


y' =(sin’x—y)cosx GY y =sin’x —2sinx+2+Ce ™* 
xy’—ny—x"e*=0, n=constant GB y=x"[e(x-1)+C] 
d 
(tx) 2 —y=x0+2) GD y = (1+) ($x? +C) 
i cea 


2 
2 = el el — — 
(lt+y)dx+[x—y(+y)*]dy=0 G@® ala ; +=+C) 
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2.70 Consider the first-order differential equation 

~ = a(x) F(y) + B(x) Gy) 
SF) = GODF) = a= constant, then the transformation u = eo) 


F(y) F(y) 
reduces the differential equation to a first-order linear differential equation. Show 


If 


that the general solution of the differential equation is given by 


a3 = exp [« f pera] {@ [ace exp[—af pdx] ax + cl. 


2.71 The Riccati equation is given by y’ = a(x) y? + B(x)y + v(x). 
1. If one solution of this equation, say y, (x), is known, then the general solution 


1 
can be found by using the transformation y = y, + —, where u is a new 
u 


dependent variable. Show that u is given by 
ie lanl) Qn el PA ay +c], 


where P(x) = 2a(x) y,(x)+ B(x) and Q(x) = —a(x). 
2. For the differential equation y’ + y” = 1+ x’, first guess a solution §y, (x) 


and then use the result of Part 1 to find the general solution y(x). 
aye 


ED y=x+ 
ie 


dx +C 


Bernoulli Differential Equations 


1 3 C 
2.72 3xy’—3xy4Inx-y=0 GD a aera me ee y=0 


1 
2.73 —= WD x =-—4+Cy; y=0 
= GD =F +o y 
1 1 
2.74 y(6y?—x—1)dx+2xdy=0 i 


1 
2.75 (1 ‘4y2)_ y—9@ aA C —0 
(l+x)(y’+y*)-y a 5 ; (= +x+ ); y 


2.76 xyy'+y?—sinx=0 GB xy? = —2xcosx+2sinx+C 
2.77 (2x°-y*)dxt+txydy=0 GB yy? =8x°+Cx'* 


1 
2.78 y’—ytanx+y*cosx=0 GB —=cosx(x+C); y=0 
bs 


2.79 6y*dx—xQ2x3+y)dy=0 GB Vy—-2°y =cyx*; y=0 


PROBLEMS 


Equation Solvable for the Independent or Dependent Variable 


2.80 


2.81 


2.82 


2.83 


2.84 


2.85 


2.86 


2.87 


2.88 


2.89 


2.90 


2.91 


2.92 


1 
xy°—yy®+1=0 GB ya=Cxt os 4° = 272" 


ya=xy ty? GD y=Cx+C?; 40° +27y? =0 


2 2 
x(y?—-1)=2y' @ xa eg IP Ake 


xy’ +2=y GBy=-s y=st2CVe+C 


cay Jy? +1 GD x=p/P tl, sy=VP+12p?-)+C 


1 
ay*(y—xy=1 GB y=Cxt sa By = 27% 


y=2xy’+y-yF GBD yp? =2Cx 4 C’; 32x° + 27y4 = 0; y = 0 
p 
yaa ESP OP og P= eae 


; y*? =2Cx—ClnC 


2xy’—-y=y'In(yy’) GB 2x =142Inly 
yaxy’—-xy? GD y=0; xp? =Cy/|p|-— 1, y =xp—x’p® 
y(y—2xy'P=y? GD 27x77 =1; yp? H=208x + C? 


Inp+C 
ytxy=4/y7" EG x= a ees y=,/p(4-Inp—C); y=0 
JP 
etek Jgige asl aoe tose ON. 
2xy’—y=Iny GD x= 545 v=2(1+5) Inp 


Simple Higher-Order Differential Equations 


2.93 


2.94 


2.95 


2.96 


2.97 


2.98 
2.99 


yl =2yy? GDy=G; 3xt+ y+ Cy=C, 
yy" =y?-y?®— Dy ==Gs C\n|y| +y =x+C, 
xy” =(1—x)y” _ GD y= C(x 42) * 4+ C,x4 C, 


1 
yay? GD yarhit+ce*|+C5 y=c 
1 


yy t+y?=0 GDy=cG Fy =C,x4+06, 
lt+y?=2yy” GDB 4y-D=Ci«@+c,y 
xy” =y'(Iny’ —Inx) 


1 1 
TANS = etx =) +C,; y= Fex?+C 
1 


1 
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2.100 3yy’y”—-y?41=0 GB 3CQy+ 0%? -2C,x=C; y=x 
2.101 y”-y?-1=0 GB y= —In|cos(x+C,))| + C 

1 
2.102 xy" —x*y’=3-x?) GD y=—4+x4C,°4+C, 

x 


2.103 2y” = y"?sin2x, y(0)=1, y'(0)=1 GB y=1+4 In| secx+tanx 


dy dy 
2104 x75 =2- GD y = 2x+C,Injx| +O 


2.105 y”=3 V7, yO)=1 yO=2 GDy=(+ 5x41) 


1 k 
éd y=(%+—) tan"'Cx— = +Cys y= x +0, k= 0,21; $2)... 
1 1 


2.107 yy” = y7(1—y’siny — yy’ cosy) 
GD y=C; x =—-cosy+ C,In|y| + C, 


2.108 y"”+xy’=x GD yaxte, | art, 


2.109 xy"—y%—y'=0 GPx +H-C)=Cy y=e 

2.110 y(1—Iny)y”+(14+Iny)y? =0 

GD v=acC; (C\x + C))(Iny—1)+1=0 

Review Problems 

2111 xy(xy’t+y)=1 GB 2x? -3x°=C 

2.112 Syty?=x(xety’) GD 4y =27; Sy = -5x7+5Cx-C? 


2 —2 

2.113 gas ete 7 
x+1 x+1 
2 yt2 


ED sin = cwe+; A ~ = nw +2, n=0, 41,42... 
x+1 x+1 


2.114 y"(e*+)D+y'=0 GBy=C(x-e%)+C, 

2.115 xy’=y—-xe/* G@By=-x In| In|c-| 

2.116 (1+y*sin2x)dx—2ycos*xdy=0 GB x—y’cos*x=C 
2.117 (2,/xy—y)dx—xdy=0,x>0,y>0 GB /xy-x=C 
2.118 y"+y?=2e 7% GB e’4+C,=(«4+C,)’ 
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2.119 
2.120 
2.121 
2.122 
2.123 
2.124 
2.125 


2.126 


2.127 
2.128 
2.129 


2.130 
2.131 
2.132 


2.133 


2.134 
And 
2.135 
And 
2.136 


2.137 


2.138 


2.139 


yal @ y=ex; Cx=In|Cy| 
1 


(2x9y? —y)dx+ 2x7y3—x)dy=0 GBx tee =¢ 
(y—l—xy)dx+xdy=0 éd xy+1=Ce* 
xy! —y=xtan& CAN i ea Sify 

x x 
yy” —yy’ =0') CAns) In| In| y|+C,| =x+C); SG, 
2ydx—x[In(x'y)—1]dy=0 GB Inx’y) — Cy =0 
/ 1 1 i as 
Z xy + x3y3 fA oo) yo + Ce 
y= (aa ED + 2=Cexp] 2tan | 
(e+ 3y*)dx+2xydy=0 GB e%(x*-2x42) 4+ x°Y =C 


(xy+2x°y)dx+x7*dy=0 GB xye™ =C 
Cc 2 
x(y’)? —2yy’ + 4x =0 QD yasrts y= ly 
m " x? C, 
yl” = 2(y"—1) cotx GD y= (ADF t+ F008 2x+Cx+Cy 
1 
(yt+3x4y?)dx + (x+2x’y*?)dy =0 GB Sap ie ty =o y=0 


A Sa eee ee) 


2y(xe* + ysin x cos.x) dx + (2e* +3y sin? x) dy = 0 


y|<[x| QD sin =In|x| +0; y= x 


yer +y>sin?x=C 

cosy dx + siny(x—sinycosy)dy = 0 

x= cos y (In| sec y + tan y| — siny + C) 

yr dx + (3x*—2xy")dy =0 GD yi =ce”” 


yYrx yrx 


Poh es 
OO ea agg 


eee C 
x+3 x+y 


2x3yy'+3x°y+7=0 GB xy? +7x=C 


» y. aed 
(x—ycos%) dx + xcos “dy = 0 éDd sin = C—In |x} 
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2.159 


2 FIRST-ORDER AND SIMPLE HIGHER-ORDER DIFFERENTIAL EQUATIONS 
1 
x*(xdy—ydx)=(x+y)ydx GD nf +a[=2+C 
4 3142 x\? 
(y*+xy)dx+(xy?—x*)dy=0 GBD 2xy+(=) =C) y=0 
(+ 3ny) dx — “dy =0 GD <+iny=cx 
xy" =y'+x GD 4y =x? (2In\x|+C,) + 
ydxt(xy-x—-y?)dy=0 GB x=y(y-l)+Cye; y=0 
y+2y%y' = (x+4ylny) y’ CAns) 5 +9? —2dny)? =C 
y Inx Inydx +dy =0 GD xInx—x+In|Iny| =C 
QxJ/x+x*+y)dx+2yv/xdy=0 GB In?+y2)+2Vx=C 


[2x + ycos(xy)]dx+xcos(xy)\dy=0 GB x? +sin(xy)=C 


y 
y+C, 


2y+x=4/y GB QYVy-x)InlC2/y—-x)| =x 2/p=x 
2y%—3y24x=y GB yaHx-b 4x40)? =27(y+0) 


1 
yy" —y*y'’ —y* =0 ED vac nia 


=x+C 
CG : 


yl —6xe%—-1=0 GBD ee’ *=3x°+C 
(+y)y"+y" +y' =0 
—Cyy- +c) Inly—C,|=x+C3 y=C 


sin 2x 


(y sinx + cos’ x)dx — cosxdy =0 GBD — y cosx + = + me 
y(6y?—-x—1)dx+2xdy=0 GD ~ =64+Ce™; y=0 

y 
y'(x—-Iny’)) =1 GD x=Inp+p"', y=p—Inp+C 
(1+ cosx)y’ + sinx (sinx + sinx cosx — y) = 0 
4x — fsin2x + $sin?x +ycosx +y =C 

1 2 

xdx + sin’*(>) (ydx—xdy)=0 GD 2 — osin =In|x|+C 


(2xy*e” +2xy? +y) dx + (x’y*e” — x*y? — 3x)dy =0 


x 


oe 
GD re%+—4+5=C 
y 


2.160 


y 
(xy®-ldx+x*y*dy=0 GB 2x°y°-3x°=C 


Cy 
a0, 
> 
hg 
HJ 
i 
Ps 


Applications of First-Order and 
Simple Higher-Order Equations 


In this chapter, a number of examples are studied to illustrate the application of 
first-order and simple higher-order differential equations in various science and 
engineering disciplines. 


3.1 Heating and Cooling 


Problems involving heating and cooling follow Newton’s Law of Cooling. 


Newton’s Law of Cooling 


The rate of change in the temperature T(t), dT /dt, of a body in a medium of 


temperature T,,, is proportional to the temperature difference between the body 


and the medium, i.e., 
dT 


dt 
where k > 0 is a constant of proportionality. 


= Sila), 


| Example 3.1 — Body Cooling in Air 3.1 — Body Cooling in Air 


A body cools in air of constant temperature T,,,= 20°C. If the temperature of the 
body changes from 100°C to 60°C in 20 minutes, determine how much more time 
it will need for the temperature to fall to 30°C. 


Newton’s Law of Cooling requires that 


dT 
ao k(T—T,,). Variable separable 
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The general solution is 


[=> = -kfar+e => In|T-T,,|= —kt+InC 
T=T, +Ce*, 
At t=0, T=100°C: 
100 = 20+ Ce *®°=20+C = > C=80. 


At t=20 min, T=60°C: 


1 60 — 20 
60 = 20+ 80e*29 —-» k=-——In = 0.03466. 
20 80 
Hence 
1 T=20 
T = 20+ 80e7 9-03466¢ or t=-— In —— min. 
0.03466 80 
When T = 30°C: 
1 30—20 : 
t= In = 60 min. 


~ 0.03466 80 
Hence, it will need another 60 — 20 = 40 minutes for the temperature to fall to 30°C. 


Example 3.2 — Heating in a Building 


The rate of heat loss from a building is equal to K,[T,(t)—T,(t)], where T,(¢) 
and T,(t) are the temperatures of the building and the atmosphere at time f, 
respectively, and K, is a constant. The rate of heat supplied to the building by the 
heating system is given by Q+K,[T;—T,(t)|, where Ty is the “set” temperature 
of the building, and Q and K, are constants. The value of Q is such that the 
building is maintained at the “set” temperature when the atmosphere is at constant 
temperature T,. The thermal capacity of the building is c. 
1. Set up the differential equation governing the temperature of the building 
T(t). 
2. If the atmospheric temperature fluctuates sinusoidally about the mean value 
T, with an amplitude of T, (°C) anda period of 27/@ (hour), i.e., 


T, =T)+T, sinot, 
determine the amplitude of temperature variation of the building due to 


atmospheric temperature fluctuation. 


3. Suppose T, = 12°C, c/K, =4 hour, the atmospheric temperature fluctuates 
with a period of 24 hours, i.e, @=z/12. The temperature of the building 
is required to remain within 3°C of the set value, i.e., the amplitude of 
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temperature fluctuation is less than or equal to 3°C. Show that the value of 
the ratio K,/K, must satisfy 


1. Consider a time period from t to t+ At, the Principle of Conservation of 
Energy requires 


(Heat supply in time At) — (Heat loss in time At) = c AT,, 
where 
Heat supply in time At = {Q + K,[T; — Tp(t)]} At 
Heat loss in time At = K,|Tg(t) — T,(¢)| At. 
Hence, 
{Q+K,|T; — Tg(t)]} At — K,[Tg@) — Ty] At = c ATs. 


Dividing the equation by At and taking the limit as At 0 lead to 
dT, 
Q+ K,[T; — Tg(t)] —K,[Tg@) —T,@] =e ae 


or 
c dT,(t) 


K, de 


i (1 “ ZITO =§ = z af Ts POPC): 


2. Since T, =T,+T, sin wt, the differential equation becomes 


c aT, (t) Q K 
- + +(1+5 Te) Tl) = (E+ ATs + To) +N sinwt 
or 

dT,(t) Ky. Ky Rio ; 
+ (14+ 2) TE = (= —2T To) t 

dt ara iil ee eR ys gear 

—— ee 
k Qo aly 


The differential equation is linear first-order of the form 


dT, dT, (t) 


=a + P(t)-Tp(t) = Q(t), P(t)=k, Q(t)=ay +a, sinat, 


where 


K K. K K K,T. 
c 1 c K, c 
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It is easy to evaluate 


[rar = kt, ef Pitdt = elt, e /Piat =e, 


[ow ef POdtgy — [oe + a, sin ot) e* dt 


a a 

0 Jkt 1 kt : 
= =e" 4+ —— ee" (k sin wt — wcos wt) 
k k?+ a 


kt | 0 ba . a 
=e ee S11) t-— ; = tar — 
E as sin(o | y , 
#= See the Remarks on page 195 on finding the amplitude of A cos wt+B sin at. 


Hence, the general solution is 


T,(t) = PPO fame! Oar + c] 


— okt {e"| 4 Sinton) + c} 


k?+ w 
a ca : —kt 
=— 4+ —==— sin(wt—y)+Ce ; 
k Vk? +07 


ee 
Variation due to atmospheric temperature fluctuation 


The amplitude of temperature variation due to atmospheric temperature fluctua- 
tion is 


KT, rT 
= mal = c ae 1 
Vike +0" K(k a (1442) fn (ey 
mal aa ve K, K, 


3. That the amplitude of temperature fluctuation is less than or equal to 3°C means 
a3, 1Le., 


T; 
< 3, 
(+2) +(S) 
K, K, 
which gives 
T,\2 K,\2 cw\2 K, T,\2 cw\2 
(3) <G+2) +(e) — geyG) -(e) -+ 
3 K, K 3 K 
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3.2 Motion of a Particle in a Resisting Medium 


Newton’s Second Law and D’Alembert’s Principle 


Newton’s Second Law: The product of the mass of an object and its accelera- 
tion is equal to the sum of forces applied on the object, ie.,ma= >_> F. 
D’Alembert’s Principle: Rewrite Newton’s Second Law as }) F—ma=0. Treat 
—ma as a force, known as the inertia force. An object is in (dynamic) equi- 
librium under the action of all the forces applied, including the inertia force. 
This is known as D’Alembert’s Principle, which transforms a problem in dynamics 
into a problem of static equilibrium. 


| Impulse-Momentum Principle | Principle 


For a system of particles, the change in momentum of the system is equal to the 
total impulse on the system, i.e., 


(Momentum at time t,) — (Momentum at time t, ) = (Impulse during t, —t,). 


The momentum of a mass m moving at velocity v is equal to mv. The impulse of 
a force F during time interval At is equal to FAt. 


Consider the motion of a particle moving in a resisting medium, such as air or 
water. The medium exerts a resisting force R on the particle. In many applications, 
the resisting force R is proportional to v”, where v is the velocity of the particle 
and n> 0, and is opposite to the direction of the velocity. Hence, the resisting force 
can be expressed as R= fv", where f is a constant. For particles moving in an 
unbounded viscous medium at low speed, the resisting force is R= By, i.e. n=1. 


In the following, the case with R= Bv will be studied for motion in the vertical 
direction and specific initial conditions. 


Case I: Upward Motion 


Consider an object being launched vertically at time t=0 from x =0 with initial 
velocity v,) as shown in Figure 3.1. 

The displacement x, the velocity v =x, and the acceleration a=v =< are taken 
as positive in the upward direction. The particle is subjected to two forces: the 
downward gravity mg and the resisting force from the medium R= fv, which is 
opposite to the direction of the velocity and hence is downward. 


From Newton’s Second Law, the equation of motion is 
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R 


i v=x, a=b=X 
m 


mg 


Figure 3.1. Upward motion of a particle in a resisting medium. 


d 
— =-g(av+1), a= zZ >0, #& Variable separable 
w 
/ = / dt+C => SIn@v+t=—gt+c. (0) 
= — (o4 = A 
av+1 g a 7 


Constant C is determined from the initial condition t=0, v= vp: 
1 
—In(avy+1) =0+C. 
a 
Substituting into equation (1) yields 


1 1 
—In(av+1) = -—gt+ —In(avyy+1), 
a a 


a(S) 8! ast Oe eee 
a avy +1 


Solving for v leads to 
av=e “8'(av)+1)—1. (2) 


When the object reaches the maximum height at time t = t,,,,, v=0, and 


1 
a-O=e “8imx(avy+1)—-1 = > thx = ap or: 


dx 
To determine the displacement x(t), note that v= ae and use equation (2) 


dx 
dt 


Integrating with respect to x gives 


1 1 
=—(ay+ le 8 ——. #= Immediately integrable 
a a 


1 t 1 t 
x= =—(avy, + 1) [ercstat —-=—+D=-—-(ay + 1) e Ff _ 4D, 
a a ag a 
Constant D is determined from the initial condition t=0, x =0: 


1 1 
0=—-—-(ay,+1)-e°-0+D => D=—-@yH +). 
a*g os 
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Hence 
1 rye t 
x= ———(avy + lyfe —1)- =. 
arg a 


At time t=t 


max the object reaches the maximum height given by 


1 tT 
i Amma xO) or = = aag her le el SF oe 
1 
= —|avy — In(avy +1) }. 
a 


2g 


Case Il: Downward Motion 


t=0, v=0 


x ‘eae a eee, «4 
t, V=xX, A=V=X 
mg 


Figure 3.2. Downward motion of a particle in a resisting medium. 


Consider an object being released and dropped at time t=0 from x =0 with v=0 
as shown in Figure 3.2. In this case, it is more convenient to take x, v, and a as 
positive in the downward direction. Newton’s Second Law requires 


Loma >. Bs mo = mg —R, R= 6, mas, 


d 
— =g-—agvy, a= £ >0. # Variable separable 


The equation can be solved easily as 


/ a. / d+cCc == : In|1 v| t+cC 
= -_ —a = 5 
l-—av g a g 


where the constant C is determined from the initial condition t=0, v=0: 


1 
—-=<Inl=0+C =>} C=0, 
a 


1 1 
——In|1 — av| =gt => v=—(l—-e %'), (3) 
a a 
When time ¢ approaches infinity, the velocity approaches a constant, the so-called 
terminal velocity, 
1 
v=v mv=— 


; = li 
terminal i866 o 


The change of velocity with time is shown in Figure 3.3. 
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Figure 3.3 Velocity of a particle moving downward in a resisting medium. 


To find the displacement, rewrite equation (3) as 


d 1 
— =—(l1—e %8'), gf Immediately integrable 
a 


Integrating yields 


t 1 
x= —+—-e “8 + D, 
a arg 


where the constant D is determined by the initial condition t =0, x =0: 


1 1 
arg a7g 


Hence the displacement is given by 


t 1 
x=—t+ — (e *8'—1). 
a arg 


Example 3.3 — Bullet through a Plate 


A bullet is fired perpendicularly into a plate at an initial speed of v) = 100 m/sec. 
When the bullet exits the plate, its speed is v, =80 m/sec. It is known that the 
thickness of the plate is b= 0.1 m and the resistant force of the plate on the bullet is 
proportional to the square of the speed of the bullet, i.e, R= Bv?. Determine the 
time T that the bullet takes to pass through the plate. 


t=0 t=T 
Vo Vy 


3.2 MOTION OF A PARTICLE IN A RESISTING MEDIUM 


Applying Newton’s Second Law to the bullet as shown yields 


d 
—> ma=)-F: m— =-—fv?. Variable separable 
The general solution is given by 
d 
[- . = [fare ==> ==kt+C, ge. 
v m m 


where the constant C is determined from the initial condition t =0, v= v,: 


1 1 
—=k0+C = > C=-. 


v0 Yo 
Hence 
d 1 
SS ye Ss rT #= Immediately integrable 
Vo dt pear 
KO 


Integrating with respect to t leads to 
1 1 
x=- In(ke + —) + D, 
k Vo 
where the constant D is determined from the initial condition t=0, x =0: 
1 1 1 1 
0= = In(k-0+—)+D oat ee ees, 
k Vo kv 
H 
ence ; ; \ : 
x= = In(kt + —) —=-In—. 
k We kv 


From equation (1), 


1 1 
fo. PS —=kT+—. 
Lal Y% 
From equation (2), t=T, x=b: 
1 1 1 1 1 1 1 1 1 
b= cIn(kT+—)—oln Sige ee ae k=—In 
Val he De Re a ee i he 


1 1 1 1 
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(1) 


(2) 


(3) 
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| Example 3.4 — Object Falling in Air 3.4 — Object Falling in Air 


An object of mass m falls against air resistance which is proportional to the speed 
(i.e., R= Bv) and under gravity g. 


1. If vy and vz are the initial and final (terminal) speeds, and v is the speed at 
time t, show that 


v—v = B 
Bem ekt k=. 
Vo — Vp m 


2. The speed of the object is found to be 30, 40, 45 m/sec at times f=1, 2, and 
3 sec, respectively, after starting. Find v, and vp. 


3. At what time will the speed of the object be 49 m/sec? 


x, V, a 


mg 


1. The object is subjected to two forces as shown: the downward gravity mg and 
the upward air resistance Bv. Newton’s Second Law requires 


dv dv B 
| ma=)-F: m— = mg — By == ae ee ae 


Noting that g—kv > 0, the equation is variable separable and the solution is 


[=- dt+C => —zIn(g- kv) =t+C => v= S— ce, 


Constant C is determined from the initial condition t=0, v= vo: 


m= 3 -Ce! => c= 5-1, 


When t—00, v=Vg => Vp= ae Vg — Vo. Hence the velocity is given by 


k 
v—-vV 
v= vp —(vg—vye — —Lae™. (1) 
Vo—VE 
2. From equation (1), 
30-—v 
t=1, v=30: —E=e', (2) 
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t=—2, v=—40: —— =e 2k (3) 
Vy —Vp 
45—v 
t=—3, v—45: oo EE gee (4) 
Vy —Vp 
Since e~*-e~3* =e 4k = (e~ 2k)2, 
30—Vp\ (49—V 40—v,\2 
Eq(2) x Eq(4) = Eq(3)? : (——) (——£) = ( z) 
Vo—VE% SVQ VE Vy —Ve 


(30—vp)(45—vp) = (40—vg)? = > 1350 —75v_ + vi = 1600 — 80v, + vz, 


5Vp = 250 = > ve = 50 m/sec. 


(——) 
Eq(2)? — =o 30—v,)? 
Eq@2)". SMO Ee = eS =-1 => __G0=rz)" =:-'] 5 
Eq(3) 40—v, e— 2k (Vy —V_) (40—Vv,) 
Vo — VE 
_ G0-Vg)* _ 30-50)" 


v= Vp = 50 = 10 m/sec. 
o™  40-v, ° » 40-50 i / 


3. From equation (2), 


30-—v 30—50 1 
k= —ln/—£ = =n = Ing =In2, 
Vo —Vp 10—50 
“py V—Vp 49 —50 1 1 1 In 40 
e = oe SE — ES St = Ke Ine = = 5.32 SC. 
Vo —Vp 10—50 40 k 40 In2 


3.3 Hanging Cables 


3.3.1 The Suspension Bridge 


A typical suspension bridge consists of cables, piers (towers), anchors, hangers 
(suspenders), and deck (stiffening girder) as shown in Figure 3.4. Normally the 
self-weights of the cables are negligible compared with the load they carry. The 
load on the cables is from the load on the deck, which includes the self-weight of 
the deck and traffic load, and is transmitted by the hangers. 


Consider a cable supported at two supports A and B as shown in Figure 3.5(a). 
The load on the cable is modeled as a distributed load w(x). Set up the Cartesian 
coordinate system by placing the origin at the lowest point of the cable. 
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Pier Hanger Cable 


vl ital I 


by Anch Deck 
a 


Figure 3.4 A suspension bridge. 


Figure 3.5 A cable under distributed load. 


To establish the governing differential equation, consider the equilibrium of a 
segment of cable between 0 and x as shown in Figure 3.5(b). The cable is subjected 
to three forces: 


ea the horizontal tension force H at the left end, 
ea the tension force T(x) tangent to the cable at the right end, and 


ea the portion of the distributed load w(x) between 0 and x. It can be replaced 
by its resultant W(x) applied at the centroid of the area enclosed by the load 
intensity curve w(x) (the shaded area). 
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The equilibrium of the segment requires that 
> YF,=0: T(x)cos6-H=0, (1) 
+ as =0: T(x)sind—-—W(x)=0, W(x) = [ove dx. (2) 
Eliminating T(x) from these two equations yields 


T(x) sin@ 2 W(x) nig ie es We) 
T(x) cos@ H 


From geometry, one has 


ee => oe WO. 
dx dx H 


Differentiating with respect to x leads to 


d*y 1 dW(x) | w(x) dW(x) | ie 
dx? H dx 4H’ dx , 


Suppose that the load is uniformly distributed, i.e., w(x)=w. The differential 


equation becomes 
dy w Second-order DE 
a ey aay (3) 
dx2 H Immediately integrable 
: oe : dy 
Since the origin is taken at the lowest point, one has x=0, y=0, ae 0. 
S 
Integrating equation (3) once yields 
dy w 
aH Txt, 
dx H 
ae ins dy 
where the constant C is determined from the initial condition x =0, aa 0: 
x 
Integrating again leads to 
we 2 
= — D, 
y oH x" + 
where the constant D is determined from the initial condition x =0, y=0: 
0=0+D ==> D=0. 
Hence the shape of the cable is a parabola given by 
w 
2 
See x’. 4 
BT 
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The sags h, and hg can be determined from equation (4) 


w wl 
h =-lL,y=h: h=—U = H=—, 5 
when x Ar V A A= 5H VA 2h (5a) 
w wl? 
h =Lp, y=hp: h=—b = H=—2. 5b 
when xX B y B B 5H 8 2h, (Sb) 


From equations (5), one obtains the relationship among L,, Lp, h,, and hg: 
_ wl, wl li Lk 
=—_— = — Se = 
2h, 2hp h, hp 
To determine the tension at any point, use equations (1) and (2) 
T(x) cos0 = H, T(x) sin@ = W(x). 
Squaring both sides of these two equations and adding them lead to 
T* cos’6 + T? sin’?@ = H* + W(x) — > T? =H? + W(x). 
Since the load is uniformly distributed, w(x) = w, 
x x 
W(x) = i, w(x)dx = wf dx = wx. 
0 0 
Therefore, the tension at any point is given by 


T = VH?2 + W2(x) = VH2 4 w?x?2. (6) 


The tension T is maximum when |x| is maximum. Hence the tension is maximum 
at the higher support. 


Figure 3.6 A suspension bridge cable with supports at equal height. 


For a suspension bridge cable with supports at equal height h, = hz =h, one has 
L,=L,=L/2, where L is the span length, as shown in Figure 3.6. Then equations 
(5) give the relationship between the sag h and the horizontal tension H at the 
lowest point: 

wl? wl? 


h=— H=—e. / 
sot 8h ° 
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Example 3.5 — Cable of a Suspension Bridge 


Consider the main cable of a suspension bridge carrying a uniformly distributed 
load of intensity w. The two supports of the cable are at the same height. The span 
of the cable is L, the sag is h, and the axial rigidity is EA. 


1. Derive a formula for the elongation 6 of the cable. 

2. One of the main cables of the central span of the Golden Gate Bridge has the 
following properties: L=1,280m, h=143 m, w=200 kN/m, E=200 GPa. 
The cable consists of 27,572 parallel wires of diameter 5 mm. Determine the 
elongation of this cable. 


1. Consider a small segment of cable of length ds as shown. It is subjected to the 
axial tension forces: T at the left end and T+dT at the right end. 


where T is the axial force, L is the length of the member, E is the Young’s modulus, 


and A is the cross-sectional area, the elongation of the cable segment ds is 


Tds 


dé = —. 
EA 


Since the length of the cable segment is 


/ dy\2 | 2 
ds=,/1+ (=) =,/1+ (=x) dx, ££ Using equation (4), y= sox 


and the tension is given by equation (6) 


T =VH?2+4 w2x2, 


gj = SE fis (2x) ax= Ff + (42) Jae. 


one has 
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Integrating over the length of the span yields the elongation of the cable 
L/2 H w 2 
5 =i], —|1+ (=x) Jax 
> EA H 
2 


2H WP gt? JAE. we EP 
Sore ae aaa ae) 
EA 3H? 2), BH 8 


0 EA 
Using equation (5’) to express the horizontal tension in terms of the sag h, one 
obtains 
5 2 ©) L di w2 L3 _ wl ( ee) 
~ EA\ 8h /| 2 eS. 8 | 8hEA 32) 
8h 
2. The cross-sectional area of the cable is 
Iv 2 2 
A = 27,572 x (= x 0.005 ) = 0.5414 m”*. 
The elongation of the cable is 
_ wh? (1 a) _ 200, 000 x 1, 2807 (1 16 x 1437 ) 
~ 8hEA 3L2/ 8x 143 x 200-109 x 0.5414 3 x 1, 2802 
= 3.61 m. 


3.3.2 Cable under Self-Weight 


There are many applications, such as cloth lines and power transmission cables as 
shown in Figure 3.7, in which cables are suspended between two supports under 


own weights. 


A 
(| , 
at 


Figure 3.7 Power transmission cables. 


Consider a cable suspended between two supports as shown in Figure 3.8(a). 
The cable is hung under its own weight. Set up the Cartesian coordinate system by 
placing the origin under the lowest point of the cable. The length of the cable s is 
measured from the lowest point. 
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Figure 3.8 A cable under self-weight. 
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To establish the governing differential equation, consider the equilibrium of a 


segment of the cable of length s as shown in Figure 3.8(b). The cable segment is 


subjected to three forces: the self-weight W(s), the horizontal tension force H at 
the left end, and the tension force T tangent to the cable at the right end. The 


equilibrium of this cable segment requires 
—> \OF,=0: T(x)cosé —-H =0, 
4 Soh, =0: T(x)sind — W(s) =0. 


Dividing equation (2) by equation (1) yields 


T in 0 W 
(x) sin z W(s) ae Ws) 
T(x) cos@ H 
d 
Since tan@ = =, one obtains 
dx 
dy Ws) 
dx HH’ 


or, after differentiating the equation with respect to x, 


d’y _ 1 dW(s) 
dx? H dx — 


(1) 
(2) 


(3) 
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Since the length of a cable segment is 


then, if the cable is uniform, 


dW(s) 
ds 


= w = Weight density of the cable per unit length, 
and, using the chain rule, 


GW) 3 SOEs as 1+ (2), 


dx ds dx dx 

which leads to : 

d‘y ow dy \2 

—=-)/1 —). 4 

axe ( d ) (4) 
This is a second-order differential equation with both x and y absent. It is easier to 

; : dy du d* y ; 

solve the equation as the type of y absent. Letting u= Ae dat ae equation 


(4) becomes 


d 
= = = 14+ uv, # Variable separable 
du 


v1+u2 


=7 facto = sinh w= x+C, as | = sinh"'= 


dx 
w 
= sinh(=x+C). 
u=sin 7 x+ 
= Some properties of the hyperbolic functions are summarized on page 145. 


Constant C is determined from the initial condition x =0, = =0: 
x 


x WwW . 
0 = sinh(=-0+C) a= he ~— sO 6. 


Hence 
_ dy © inh (* ) ><, First-order DE 
ie vege se eer Immediately integrable 

Integrating leads to 

H 1 

a — cosh( =x) + D. LE. [sinh axax — cosh ax 

w A a 

When x =0, 


H H 
y=—coshh0+D=—+D. 
w w 
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To simplify the expression of y, choose the origin such that y= — when x=0, 
w 


which results in D=0. 
Hence, the shape of the cable as shown in Figure 3.9, which is called catenary, is 


p= = cosh (=x). (5) 


Lg 


O 
Figure 3.9 Shape of a cable under self-weight. 
The sag of the cable can be easily determined in terms of h, and hp 
H H E= 2) 
H > 


H 
at x= —Ly, yaa: Te a oe 


AH H H wL 
at x=Lp, ya ry: a +hz= — cosh( =), 


ty d a d 
pm pe a o 1 ll 


=" /L+ sinh? ( Jax = = in cosh (= ) ax @&% 1+ sinh*x = cosh*x 
Ly 


H Lp 
=— sinh(= yr 

Ww H _L 

‘A 


H wl wl 
=H [sn( 22) oon (2E4)] 
a sin a + sin 7 (7) 
To determine the tension at any point, use equations (1) and (2) 


Eq(1)?+Eq(2)?: T?cos?6 + T*sin?@ = H?+ W?(s) —> T = /H?2+W%(s), 


LE. 3 axdx = = Lah ax 
a 
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where s is the length of the cable between the point of interest and the lowest point, 
W(s) =ws is the weight of this segment of cable. Hence 

T = VH?2 + w’s?. (8) 


The tension T is maximum when s is maximum. Hence the tension is maximum 
at the higher support. 


For the special case when the two supports A and B are at the same height, one 
has L, =Lz= SL, where L is the span length, h, =hz=h. 


H wl 
h=— h( —)—- 1}. 6! 
w co in ) ie) 
The length of the cable is, from equation (7), 
2H . wl ; 
Pp = ae sinh (<=). (7 ) 


The tensions at the two supports are the same and are maximum given by 


1 
Tax = Aa zw’p’, Smax = 3 P- (8’) 


| Example 3.6 — Hanging Cable 3.6 — Hanging Cable 


A cable of weight density of 50 N/m is suspended at two supports of equal height. 
The supports are 10 m apart and the sag is 2 m. Determine the following: 


(1) the horizontal tension at the lowest point; 
(2) the tension at the support; 
(3) the length of the cable. 


The following parameters are known: w=50 N/m, L=10m, h=2m. 


From equation (6’), 
H L H 250 
h=— cosh (=) -l) = 2=— cosh(—) —1)]. 
w 2H 50 H 


This is a transcendental equation and a numerical method is required to determine 
its root. For example, use fsolve in Maple (see Example 12.19 for details on using 
fsolve for root-finding). It is found that H = 327.93 N. 


Using equation (7’), the length of the cable is given by 


2H, wl 2x 327.93, 50 x 10 
jp an (2) ae ies 
w 2H 50 2 x 327.93 


The tension at the support is, from equation (8’), 


Tmax = V H? + 4w?p? = [327.932 + 4 x 502 x 11.002 = 427.98 N. 
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| Example 3.7 — Float and Cable | 3.7 — Float and Cable 


A spherical float used to mark the course for a sailboat race is shown in Figure 
3.10(a). A water current from the left to right causes a horizontal drag on the float. 
The length of the cable between points A and B is 60 m, and the effective mass 
density of the cable is 2 kg /m when the buoyancy of the cable is accounted for. If 
the effect of the current on the cable can be neglected, determine the tensions at 
points A and B. 


Lowest point 
with zero slope 


Figure 3.10 A float and a cable. 


The weight density of the cable is w=2 x 9.8=19.6 N/m. In this problem, the 
lowest point with zero slope does not appear between points A and B. To apply 
the formulation established in this section, add an imaginary segment of cable CA 
as shown in Figure 3.10(b), and place the origin below the lowest point with zero 
slope a distance of H/w. 


Applying equation (5) to points A and B yields, denoting Hy) = H/w, 


H w x 
int A: =— h(=x,) => = H, cosh —4, 
poin YA a cos HA YA 0 Hy 
H w x,+30 
oint B: =— cosh (= x ) => +50 = H, cosh —4 . 
pol YB - HB YA 0 Hy 


Subtracting these two equations leads to 


X4 +30 


50= Ho cosh — cosh <A), («) 


H 


0 0 


Following the same procedure as in deriving equation (7), the length of the cable is 


x 
(= Ly 1+ (ZY a = — sinh(“ x) 


x x 
— Ho( sinh —8 _ sinh =A), 
H, H, 


xB 
XA 0 0 
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Hence 


x, +30 x 
60 = H( sinh s — sin =A), («) 
Ay A 
Equations (*) and (**) give two transcendental equations for two unknowns Hy 
and x,. The equations have to be solved numerically, e.g. using fsolve in Maple, 


to yield 


H 
x,=7.95m, H) = —=19.14 H = How = 19.14 19.6 = 375.14 N. 
A 0 w 0 


The length of curve CA is 


af ce BY ae Hal) 


= 19.14 sinh = 


XA x 
= H, sinh 

H 
0 0 


= 8.18 m, 
14 
and the length of curve CB is 
SCB => SCA + SAB = 8.18 + 60 = 68.18 m. 


Using equation (8), the tensions at points A and B are 


= /H2+w2s2,, = 375.142 + (19.6 x 8.18)? = 408 N, 
= \/H2+w2s2, = 375.142 + (19.6 x 68.18)? = 1,388 N. 


3.4 Electric Circuits 


There are three basic passive electric elements: resistors, capacitors, and inductors. 


Resistance R is the capacity of materials to impede the flow of current, which is 
modeled by a resistor. 


| Basic Laws | Laws 


iy 
Ohms Law: v=iR, or i= 7 where v is the voltage, i is the current. 
Kirchhoff’s Current Law (KCL): The algebraic sum of all the currents at any 
node in a circuit equals zero. 


Kirchhoff’s Voltage Law (KVL): The algebraic sum of all the voltages around 
any closed path in a circuit equals zero. 


A capacitor is an electrical component consisting of two conductors separated by 
an insulator or dielectric material. If the voltage varies with time, the electric field 
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varies with time, which produces a displacement current in the space occupied by 
the field. The circuit parameter capacitance C relates the displacement current to 
the voltage 


vo dv-(t) . 1 wine = 1 a 
Oe ee or vc(t)= = | iar= a i i(t)dt + vc (to). 
i C 
o— _|/ 
tV- 


A capacitor behaves as an open circuit in the presence of a constant voltage. 
Voltage cannot change abruptly across the terminals of a capacitor. 


An inductor is an electrical component that opposes any change in electrical 
current. It is composed of a coil of wire wound around a supporting core. If 
the current varies with time, the magnetic field varies with time, which induces a 
voltage in the conductor linked by the field. The circuit parameter inductance L 
relates the induced voltage to the current 


t t 
v(t) =10, or i(t)= al v,(t)dt = all v,(t) dt + i(to). 


i L 
|| 
+ V- 
An inductor behaves as a short circuit in the presence of a constant current. 
Current cannot change abruptly in an inductor. 


Four types of simple circuits (see Figures 3.11 and 3.12), a circuit comprising a 
resistor and a capacitor (RC circuit) and a circuit comprising a resistor and inductor 
(RL circuit), either in series or parallel connection, all lead to the first-order linear 
ordinary differential equation of the form 


 eee= 0) 
ce — 


The solution is given by, with P(t)=1/t, 
x(t) = PPO faye! ax +B = Bet 4 of Q@e'ds, 


where the constant B can be determined using the initial condition: x(t) =x) when 
t=0 = B=x,. Thus, the solution is 


x(t) =xye7/F e7 "7 [oweras 


110 3 APPLICATIONS OF FIRST-ORDER AND SIMPLE HIGHER-ORDER EQUATIONS 


a Vv 
(1) 
Vit) é 14) R C 
(a) Series RC Circuit (b) Parallel RC Circuit 


Figure 3.11 RC circuits. 


V(t) L 


(a) Series RL Circuit (b) Parallel RL Circuit 


Figure 3.12 RL circuits. 
If Q(t) = Q,, the solution becomes 
x(t) = Qot + (xy —Qyt)e {/*. 


Series RC Circuit 


Referring to Figure 3.11(a), applying Kirchhoff’s Voltage Law yields 


t 


—V(t)+Rit+ =| i(t)dt = 0. 


—0O 


Differentiating with respect to t gives 


di 1; 7 _. gi 1, rave 

dt C dt d¢ RC R dt ~ 
in which x(t) =i(t), T=RC, Q(t) = ss gv), 

R_ dt 

Parallel RC Circuit 
Referring to Figure 3.11(b), applying Kirchhoff’s Current Law at node 1 yields 

Te eh as ge Oe 

R dt dt RC C 

a asd I(t) 
in which x(t) =v(t), T=RC, Q(t) = ao 


Series RL Circuit 
Referring to Figure 3.12(a), applying Kirchhoff’s Voltage Law yields 
di di RR. V(t) 


PG eRin be 0) aa ee 
Oe RES ee aor oT 
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V(t) 


in which x(t) =i(t), T= =: Q(tH)= : 


Parallel RL Circuit 
Referring to Figure 3.12(b), applying Kirchhoff’s Current Law at node 1 yields 


t 
I(t) — - = - | v(t)dt =0. 


Differentiating with respect to t gives 


ldv 1. _ di(t) dv R pl 


— => — — 
Rae ae ap 


in which x(t)=v(t), T= =: Q(t)=R ma 


Example 3.8 — First-Order Circuit 


For the electric circuit shown in the following figure, determine v, for t >0. 


z@ For t <0, the switch is closed and the inductor behaves as a short circuit. 
v(0-) 


The three resistors of 12 Q, 20 Q, and 6 Q are in parallel connection and can be 


combined as an equivalent resistor 


Applying Kirchhoff’s Current Law at node 1 yields 


v0") v@)—-25 3v0°) vO") 7 
Roe eo Me eee Te 


4=i(0-) +i,0-) = 
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pO = HO je eek, 


za At t=0, the switch is open. Since the current in an inductor cannot change 
abruptly, i, (0~) =i, (0) =3 A. 


ta For t >0, the switch is open and the circuit becomes 


20 Q 


It is easy to evaluate that 


i, = 6 => v=6i,+v;; 


=_- _—, =! - >". 
1 30 20 ae : 
Applying Kirchhoff’s Current Law at node 1 yields 


6i,+¥, , Oi, ty, —25 


i titi, =0 == += 
pry, 0 5 L 
. di, ; ‘ di, di, 


1 
With t = Ti Q, =20, i, (0+) =3, the solution of the differential equation is 


in(t) = Qot + [i,(0T) — Qt]e*/* =24+e™, 


di, (t) 
dt 


| Example 3.9 — First-Order Circuit 3.9 — First-Order Circuit 


For the electric circuit shown in the following figure, determine i, for t >0. 


vy (t) = 1x = —10e" 1" (Vv); 
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t@ For t<0, the switch is open and the current source is disconnected. The 
capacitor behaves as an open circuit. Hence i,(0~)=0 and v,(0~)=0. 
R v,(0-) 


t<0” 


za At t=0, the switch is closed. Since the capacitor voltage cannot change abruptly, 
v,(0*) =v,(0) =0. Applying Kirchhoff’s Current Law at node 1 yields 


+ He gi + + 
Iy = i,(0*) + i,(0*) = a a 


1 R, R, R, 
R,R v, (OF R 
4,007) = —1, => Hoty ste? 2 J, 
R,+R R, R, +R, 
ewe 
« For t>0,1)=— vy, =Ry i, 
R, 
V,-v, Ri-v, : v ; dv, 
Lee FS | Ic = <x 
Ry R, R, dt 
Applying Kirchhoff’s Current Law at node 1 gives 
. : c 5 R, i; Vy . 
Hh=iyt+th = b=1]1-1=-— => v= (RF, +R,)i, — Rh. 
2 


Applying Kirchhoff’s Current Law at node 2 leads to 


Stes fd : dv, vy 
b=ict, => iS eee a. 
3 


di. (RPR i= BR 
lh -i, = C-(Ry + Ry) - ee 
die, Ws C(R,+R,)R3 R, +R, 
— + =i, = Q) = FO 
dt ' t R, +R, +R; C(R, +R) R3 
The solution is given by 
i(t) = Qot + [i,(0F) — Qot]e™"/" 
_ _ tk; Ry Ro tk; —t/t 
= [4 oo le. 
R, +R, +R; R, +R,  R,+R,+R; 


> 


Since these circuits are characterized by first-order differential equa- 
tions, they are called first-order circuits. They consist of resistors and the equiva- 
lent of one energy storage element, such as capacitors and inductors. 
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3.5 Natural Purification in a Stream 


In this section, the variation of water quality in a stream due to pollution is inves- 
tigated. The amount of pollutant is considered to be small enough such that the 
stream flow is not altered by its presence. 


When sewage and wastes are discharged into a stream, the stream water will be 
degraded in its physical quality (e.g., odor and color), its chemical contents, and 
the type and population of aquatic life. The criterion for determining the quality 
of the stream water depends on the uses the water is to serve. For many purposes, 
engineers use the concentration of Dissolved Oxygen (DO) and decomposable or- 
ganic matter in the water as indicators of its quality. The DO measures the capacity 
of the water to assimilate many polluting materials and to support aquatic life. The 
organic matter consumes oxygen in its decomposition. In sewage, the organic mat- 
ter includes a great variety of compounds, represented by the amount of oxygen 
required for its biological decomposition (Biochemical Oxygen Demand, or BOD). 


Clean stream water is usually saturated with DO. As sewage is added and flows 
in the stream, the DO in the polluted water is consumed as the organic matter 
is decomposed. In the meantime, oxygen from the atmosphere dissolves into the 
water, as it is now no longer saturated with DO. Finally, the organic matter is 
completely decomposed and the stream water becomes saturated with DO again. 
This natural process of purification takes place within a period of several days. It 
is necessary to ascertain the variation of DO and BOD along the flow to determine 
the effect of pollution on the stream. 


The BOD added to the stream is assumed to spread across the stream over a 
distance that is very short in comparison with the length of the stream where 
deoxygenation by the BOD and reoxygenation by the atmosphere take place, so that 
the problem can be considered to be one dimensional with DO and BOD assumed 
to be uniform at a cross-section. 


To derive the governing equations, consider the mass balance of BOD during dt 
ina volume Adx bounded by two cross-sections dx apart, as shown in Figure 3.13, 
in which A is the cross-sectional area of the stream, x is the distance measured 
along the stream, and tf is time. 


Employ the following notations: 


Q = the discharge, 
b = the concentration of BOD in mass per unit volume of water, 
c = the concentration of DO in mass per unit volume of water, 
M = the mass of BOD added per unit time per unit discharge along the flow, 


N = the mass of oxygen added per unit time per unit discharge along the 
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Q'dx 
= mummers «time (£+d2) 


x dx 


Figure 3.13 Natural purification in a stream. 


stream from sources other than the atmosphere (e.g., from 
photosynthesis of green plants in the stream), 
r, = the mass of BOD decomposed per unit volume per unit time, 
r, = the rate of atmospheric reoxygenation in mass per unit volume per 
unit time. 
Any difference between inflow and outflow and between addition and subtrac- 


tion will cause a change in the mass of BOD contained between these two cross- 
sections. Thus, during dt, 


IQ ab __ a(bA) 
Qbdt — (Q+ dx) (b+ dx) dt + Mdxdt — 1, Adxdt = —Sdedr. 


a a ee ee —— 
mass mass added mass increase mass 


inflow outflow mass decomposed involume 
Simplifying this equation by dividing (Adx dt) yields 

db db Q'b M 

A, pce aT a 1 

Ter Alen ag () 


Q. : F 
where V = ee the mean velocity at a cross-section, and 


V=—+— 


is the discharge added per unit length of stream. Similarly, from a mass balance for 
the DO, one has 


a a 
Qcdt — (Q+ ~ax) (c+ dx) dt —r,Adxdt + 1,Adxdt + Ndxdt 
ee SS eS ee ee eee 


mass other 
mass mass mass from 
inflow outflow eonsumnes atmosphere added 
by BOD P mass 
_ d(cA) 


rr dxdt. increase mass in volume 
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Simplifying the equation by dividing (Adxdt) leads to 


dc dc Q'c N 
Se yy, ee a a, 2 
BE Bee re ae 2) 


Generally, the rate r, of oxygen consumption depends on, among other factors, 
the DO concentration c and the BOD concentration b. In practical cases, the 
BOD concentration is usually sufficiently low, so that r, can be assumed to be 
proportional to the BOD concentration and independent of the DO concentration 
as long as it is greater than a very small value; that is 


ty =k yD; for 6=0"; (3) 


where the coefficient k, depends on the composition of the sewage and its tem- 
perature. For a given sewage, the numerical value of k, can be determined in the 
laboratory. 


The rate r, of atmospheric reoxygenation is usually assumed to be proportional 
to the DO deficit (c,—c): 


tr =k, (c,—c), for 0<c<c,, (4) 


where c, is the saturation concentration of DO, which depends on the water tem- 
perature. The coefficient k, depends on the temperature, the area of the air-water 
interface per unit volume of the stream, and the turbulence of the air and water. 


With hydrographical data and sources of BOD and DO of the stream, equation 
(1) can be solved independently for the BOD distribution b(x, t). The DO distri- 
bution c(x, t) can then be obtained from equation (2), as r, =k,b is now a known 
function of x and f. 

For simplicity of analysis, the steady-state case is considered, in which the vari- 
ables, such as b(x,t) and c(x,t), do not change with time t. Hence, equations (1) 
and (2) become 


db ledQe ky M 
fail hie (eeiec Sales lh |W Hee 5 
dx ie dx cs >) Q ©) 
dc 1 dQ k, > _N 
i oa pa ye Oa 
which can be rewritten as 
d(c,—c) 1dQ_ k, es 1 dQ N 
a Gee ea a 


In the following, various special cases are studied. 
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1. Consider b(x) as BOD concentration in a stream of constant Q and V. De- 
termine b(x) for the case with b=b, at x=0 and M=0. Determine the steady 
distribution of DO along the stream with c=c, at x=0 and N=0. 


d 
Since M=0, Q and V are constants, = = 0, equation (5) becomes 
x 


b=0, #= Variable separable 
the solution of which is 


k 
[F=-[ Pere => Inb= —x +InD. 


Hence 
b(x) = De "7/V, 


in which the constant D is determined by the initial condition b= b, at x =0: 


by = De? D=b = dix) =be h*", 
For N =0, equation (6) becomes 


d(c,— k k 
aa + rE -(¢,-—c) = TE by eaHy, =. Linear first-order DE 


in which the dependent variable is (c, —c). It is easy to evaluate 
k k 23 
PR) = Qe) = TH bge NY, 


[Po dx = she, ol Pix)dx = ekox/V oJ Pix)dx = en knx/V. 


[aelP*ae = [bbe bel eb ax = ky bo elk, —ky)x/V_ 
2 


The general solution of the differential equation is 


(c, -—c) = Seana [ew el PO dx gy + C] 


_ acd | ky bo elk —kyx/V c), 


2k, 


in which the constant C is determined by the initial condition c=cy at x =0: 


ky bg 


ky bo 
(Cc, —¢y)) = a tC = C= (C.-C) - : 
k,—k, 


k, a ky 
Hence 
ky by 


2 1 


c, — e(4) = (6, ego Bel” 4 SEL (eel _ grhs/V), 


118 3 APPLICATIONS OF FIRST-ORDER AND SIMPLE HIGHER-ORDER EQUATIONS 


2. Determine the BOD distribution b(x) for the case with Q= Q)(1+ yx), constant 
V, M and k,, and b=b, at x=0. Determine the DO distribution in the stream 
with a constant N and c=c, at x=0. From the solution, find the value of c far 
downstream for the case of a uniform stream (y =0). 


d 
Since V, M and k, are constants, Q= Q)(I1+yx) = = =Q)y, equation (5) 


becomes 
db y k, M 
a +)b=———,__ 2 Linear first-order DE 
dx cs Cres +) Q(t yx) = Linear first-order 


db 
which is of the form ae + P(x)-b = Q(x), where 
x 


P(x) ae Ki Q(x) iy 
x)= —, =", 
I-yx  V Q,(1+yx) 
[Pcoax= | ( » + Shae =Ind+yx) +x 
Ityx V gata 
el Pde _ gn tym) ghix/V — (i+yxye"*/", eI Po ds pe ehx/V 
1+yx 
P(x) dx M k x/V MV k x/V 
Q¢xe! dx= [oa tyne dx = ——eli*/V 
i QU + yx) Qyky 


The general solution of the differential equation is 


b(x) = gt OE | yeas + c| 


aeot hel (Ochs! 4 c) a Aa a 
l+yx Qok, Qyk, ltyx 1+yx 


in which the constant C is determined by the initial condition b= b, at x =0: 


2 ee Gaya 
Oak ne nk 


bo 


Hence 


peje 1 Ee: £ (5- MV ee 


1+yx LQok, Qk, 
a MV 1 (eb) 4 Po keV, 
Qoky l+yx l+yx 


Equation (6) becomes 


d(c,—c) +( y 


k, 
dx yet FH) G9 
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= a2 : (Ise bY) ee] pe 
Qyk, l+yx l+yx lt+yx Qj (+yx)’ 


which is a linear first-order differential equation with dependent variable being 
(c,—c), and 


Y k, a Bs fg x/V 
P(x) = +=, x)= -——e Vl", 
@) Ityx V oe) Iltyx Il1+yx 
where 
ky la prey MEN pki _M 
VC, =yc¢-—, =-_—_—_—. 
meas Qk, Qo Qo Vv Qo 
Referring to the differential equation for b(x), one has 
oJ P(x) dx = (It yx)eb*/V, oe / Pax ae J eo knx/V. 
l+yx 
[omel ax = | 5 B ehelV) Lt yayebeX!¥ dx 
Iltyx I1+yx 


= flee” ra pel —k)x/V) dx = < eb! rn BV ky —k)e/V 


2 2k 


The general solution of the differential equation is 


(c,-c= | [ael*ae + c| 


Lev | OV eboxlV BV ele —kV 4 Of, 
ky 2 ky 


= l+yx 


in which the constant C is determined by the initial condition c=c, at x =0: 


_ aVv BV _ aVv BV 
(C—=ty)s & ete = — C= (c,—C) & a 
Hence 
—k,x/V 
e aV 25 BV Spy 
c,—c(x) = or — fe ~60) +(e Be aera a ky) vl]. 


For a uniform stream, y =0, and for far downstream, x— oo. By taking the limit 
as x > 00, one obtains, 


: 7 an av —k 
Jim, [c, — c(x)] = Jim, [ieee 2x/V i 7 (1 a1V) 
V V V 
peel (ence — ehx/V) 2 Bk: ies c(x) =c¢,— lal 
ky —ky k, pe k, 
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Procedure for Solving an Application Problem 


1. Establish the governing differential equations based on physical principles 
and geometrical properties underlying the problem. 
2. Identify the type of these differential equations and then solve them. 


3. Determine the arbitrary constants in the general solutions using the initial 
or boundary conditions. 


3.6 Various Application Problems 


| Example 3.10 — Ferry Boat 3.10 — Ferry Boat 


A ferry boat is crossing a river of width a from point A to point O as shown in the 
following figure. The boat is always aiming toward the destination O. The speed of 
the river flow is constant vp and the speed of the boat is constant vz. Determine 
the equation of the path traced by the boat. 


Suppose that, at time tf, the boat is at point P with coordinates (x, y). The velocity 
of the boat has two components: the velocity of the boat v, relative to the river flow 
(as if the river is not flowing), which is pointing toward the origin O or along line 
PO, and the velocity of the river vp in the y direction. 


Decompose the velocity components v, and vp in the x- and y-directions 


y 


x = —Vp cos 6, V, = Vp — vgsing. 


y 
From AOHP, it is easy to see 


x PH 
cs6=— = —_— GiGi ee 


OP /x2 Hy?” OP /x24y2 
Hence, the equations of motion are given by 


dx bs dy y 


">, == = -_) ——, ==—=,-)_,—. 
~ dt "B [xX y2 I ap RB eee +y 
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Since only the equation between x and y is sought, variable t can be eliminated by 
dividing these two equations 


d Vp —v Z 
R 
dy _ dt _ Vx2+y? _ _kyxt+y?-y ~ — UR 
dx dx vp x x . Vp 
at Very 
= —k,/1+ (=) +2. Homogeneous DE 
x x 
d d 
Let u=e or y=Xu, = supa. Hence, the equation becomes 


d 
ux SAR aap eae 
Xi 


d 
x = =-ky1l+u*. ££ Variable separable 
x 
The general solution is 


du dx 
= fF 40 = > In(ut+-vV1+u7) = —klnx+1nC, 
V1+u? x ( ) 


u+V1+u2 = Cx*. 
Replacing u by the original variables yields 


2 
ze 1+ (4) =Cx* — > J/x24y2 = Cxl*— y, 
x x 


Squaring both sides leads to 
xp y? = C2x20-® _ acyl hy 4 y2 ap x? = C2x20-# _ 2Cyl ky, 
The constant C is determined by the initial condition t=0, x=a, y=0: 
e=CAH)_9 => CHa. 
Hence, the equation of the path is 


[o2x20-® — 42] = s(akx! ~ ante), 


foal) =a) | 


ae 2Cx1-k 
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Example 3.11 — Bar with Variable Cross-Section 


A bar with circular cross-sections is supported at the top end and is subjected to a 
load of P as shown in Figure 3.14(a). The length of the bar is L. The weight density 
of the materials is p per unit volume. It is required that the stress at every point is 
constant o,. Determine the equation for the cross-section of the bar. 


(a) (b) (c) 


Figure 3.14 A bar under axial load. 


Consider a cross-section at level x as shown in Figure 3.14(b). The corresponding 
radius is y. The volume of a circular disk of thickness dx is dV=zy7dx. The 
volume of the segment of bar between 0 and x is 


x 
V(x) = / mydx, 
0 
and the weight of this segment is 
x 
W(x) = pV(x) = of mydx. 
0 


The load applied on cross-section at level x is equal to the sum of the externally 
applied load P and the weight of the segment between 0 and x, i.e., 


x 
F(x) = W(x) + P= of my’dx + P. 
0 


The normal stress is 
F(x) 1 [ ‘ [ 2 2 
cee ee d P)= d P= r 
6) = 75 sale jmydx + )=o, — p | Tydx + P= ory 


Differentiating with respect to x yields 


d 
pmy* = Oy 2. 


—_ #2 Variable separable 
x 
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Since y £0, the equation can be written as 


1 
dx = —dy, 
y 


a 


and the general solution is given by 


p 1 p 
20, is [- al 20," a 
or , 5 

= es pot ane ua 
y=C exp(5— x) == Ax) =n7y =1C exp(= x). 


The constant C is determined by the initial condition: x =0, W(0) =0, F(0) =P, 


(0) Ey, eh Se 
o0(0) = — = —————————— = — = 0 — ; 
AO) C2 exp(+-0) ab ; TO, 
Og 

Hence 

P p P p 
A(x) =a: . exp(x) =— exp(—x), O0<x<L. 

IO, om 0, om 


| Example 3.12 — Chain Moving | 3.12 — Chain Moving 


A uniform chain of length L with mass density per unit length p is laid on asmooth 
horizontal table with an initial hang of length / as shown in Figure 3.15(a). The 
chain is released from rest at time t = 0. Show that the time it takes for the chain to 


Ee Lear eer 
TS het 
g 


leave the table is given by 


I 


At time t, the length of the chain hanging off the table is y(t) as shown in Figure 
3.15(b). The chain is subjected to a downward force F(t) =(py)g, which is the 
weight of the segment of the chain hanging off the table. Apply Newton’s Second 
Law to the chain 


Lma=SF: (y= (yg —> j-Sy=0, 


2 Sy & 
y—ky=0, k= 


The initial conditions are t=0, y=1, y=0. 


or 


Since the problem is equivalent to the entire chain moving in the 
vertical direction under gravity (oy)g as shown in Figure 3.15(c), the mass m is 
for the entire chain, not just the segment that is hanging off the table. 
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L 
; Moyo 
y(t) y 
time t=0 time t (py)g 
(b) (c) 


(a) 


Figure 3.15 A chain moving off a smooth table. 


The equation of motion is a second-order differential equation with the inde- 


d 
pendent variable t absent. Let y be the new independent variable and u= ~ be 


d? d 
the new dependent variable, <* = y—. Hence 
dt? dy 


d 
u — —k’y=0. @£ Variable separable 
x 


The general solution is given by 


1 k? 
[udu = [eyay +c —>> SSS Ee, 


The constant of integration C is determined by the initial condition t=0, y=1, 
u=y=0: 

1 k? k? 
-(7?=—P4+C = C=--—!P. 
2 2 2 


Hence, 


d 
w=hPoy’-P) => u= = =k,/y*—I?. ££ Variable separable 


The general solution is 


ere = [rae +D = > In(yt+Vy?-P) =kt+D. 
y _— 
Using the initial condition t=0, y=1, one obtains 


InlJ=k-0+D == DelInl. 
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The solution of the equation of motion is 


In(yt+/y?-F) =kt+Inl, 
or 
map 
t= : [ in(y+ VPP) - In] = : ne 


When the chain leaves the table, t= T, y=L: 


L L+VJVL*—-P 
T= ao 
Vg 


| Example 3.13 — Chain Moving | 3.13 — Chain Moving 


One end of a pile of uniform chain falls through a hole in its support and pulls the 
remaining links after it as shown. The links, which are initially at rest, acquire the 
velocity of the chain suddenly without any frictional resistance or interference from 
the support and adjacent links. At t=0, y(t) =0 and v(t) = y(t) =0. Determine 
the length y(t) and the velocity v(t) of the chain. 


At time f, the length of the chain hanging off the support is y(t) and the velocity of 
the chain is v(t) = y(t). The chain is subjected to a downward force F(t) = (py)g, 
which is the weight of the segment of the chain hanging off the support. 


Very 


y(t) 
boone y(t+At)h=y+Ay 


ae 


Time t 


y(t+At)=v+Av 

Time t+At 
To set up the equation of motion, apply the Impulse-Momentum Principle: 

(Momentum at time t) + (Impulse during At) = (Momentum at time f+ At), 
where 
Momentum at time t = (py)v, p = mass density of the chain, 
Momentum at time t+ At = [p (y+ Ay)| (v+ Ay), 
Impulse during At = [(oy)g] At. 
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Hence, 


pyv+ pgyAt = p(y+Ay)vt+Ay). 


Dividing the equation by At and taking the limit as At—0 result in the equation 
of motion 


dv dy _ d(yv) | 
Map de ea 
dy dy 


Noting that v= apt dt= re and letting V=yv, one has 
r 


Multiplying the equation by y yields 
VdV =gy’dy. | @£ Variable separable 


Integrating both sides gives 


1 1 
5V= sey +Cy. 


Using the initial conditions y=0 and v=0 when t =0, one has C, =0. Hence 


$V? = roy = 2 == , # Variable separable 


Using the initial conditions again gives C, =0. Thus 


dy g 
e th=— =. 
: fs ae 


O° 


yt) = 


| Example 3.14 — Water Leaking 3.14 — Water Leaking 


A hemispherical bow] of radius R is filled with water. There is a small hole of radius 
r at the bottom of the convex surface as shown in Figure 3.16(a). Assume that the 
velocity of efflux of the water when the water level is at height h is v=c,/2gh, 
where c is the discharge coefficient. The volume of the cap of the sphere of height 
h, shown as shaded volume in Figure 3.16(a), is given by 


v= = MGR hy: 


Determine the time taken for the bowl to empty. 
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(a) (b) 


Figure 3.16 A hemispherical bowl with a hole. 


At time f, the water level is h(t) and the volume of the water is 
V = =1GR—h). 
Considering a small time interval dt, the water level drops dh as shown in Figure 
3.16(b). The water lost is 
dV 


dV = dh = = [2hR—h) + W(—D)]dh = mw 2RH—H?)dh. 


The water lost is leaked from the hole at the bottom. The water level drops, i.e., 
dh <0, which leads to a negative volume change, i.e., dV <0. 


Since the velocity of efflux of water is v, the amount of water leaked during time 
dt is 
dU = xr?-vdt = mr? -c,/2gh dt, 
which is indicated by the small shaded cylinder at the bottom of the bowl. 
From the conservation of water volume, dV + dU =0, ice., 


m(2Rh—h’)dh + mr -c,/2gh dt=0 => (2R—h)Vh dh — —r’c./2g dt. 


The equation is variable separable and the general solution is 


[exnt— nia = —r'c,/2g fareo, 


ntl 


n+1 


hi hi 
wR - = = Ae 2gt+D. az | x"dx = 
2 2 
The constant D is determined from the initial condition t=0, h=R: 


4.3 2 ee 
SRI-ZRI=D => D= Ri. 

When the bowl is empty, t= T, h=0: 

14 R? 14 ey R 


14 5 
0= —r’c,/2¢T + —R? =—_— eS = =. 
ee 15 2c fag 15¢ 2g 


r 
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| Example 3.15 — Reservoir Pollution | 3.15 — Reservoir Pollution 


A reservoir initially contains polluted water of volume V, (m>) with a pollutant 
concentration in percentage being cy. In order to reduce c(t), which is the pollutant 
concentration in the reservoir at time f, it is arranged to have inflow and outflow of 
water at the rates of Q. and Q,,, (m°/day), respectively, as shown in the following 
figure. Unfortunately, the inflowing water is also polluted, but to a lower extent of 
c;,- Assume that the outflowing water is perfectly mixed. 


Inflow 
Qin >» Cin 


Volume V(t) 
Concentration c(f) 


Outflow 
Qout > c( t) 


1. Set up the differential equation governing the pollutant c(t). 
2. Considering the case with the following parameters 
V)=500 m®, Q,=200 m®, Qy4=195 m*, cy=0.05%, c,,=0.01%, 


find the time (in days) it will take to reduce the pollutant concentration to the 
acceptable level of 0.02%. 


1. Attime f, 
Volume V(t) = Vo + (Qi, — Qout) t 
Pollutant concentration c(t), 


Amount of pollutant = V(t) c(t) = [Vy + (Qin — Qout) tJ ¢- 
At time t+ At, 


Volume V (t+ At) = Vo + (Qi, — Qout) E+ At), 
Pollutant concentration c(t-+ At) = c(t)+Ac, 
Amount of pollutant = V(t+ At)c(t+ At) 
= [Vo t+ (Qin — Qour)(E+ At)] (c+ Ac), 
Inflow pollutant = Q,, At-c;,5 


Outflow pollutant = Q,,,At-c. 
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Since 
(Amount of pollutant at t+ At) = (Amount of pollutant at f) 


+ | (Inflow pollutant) — (Outflow pollutant) ], 


[Vo + (Qin — Qout) (t+ At) ](C+ Ac) = [Vo + (Qin — Qout) t] 
t+ Qin At Cig — QourAt-¢ 
expanding yields 
[Vo + (Qin — Qourdt ]e + [Vo + (Qin — Qourdt Ac + (Qin — QourAt-¢ 
+ (Qi, —Qout) At-Ac = [Vp + (Q.,—Qourt]e + Qa At Cin — QourAt-c. 


Neglecting higher order term At-Ac, dividing by At, and simplifying lead to 


Ac 
[Yo + (Qin Oot) t| At at Qin€ = Qin Cin: 


Taking the limit At— 0 results in the differential equation 


dc 
[Vo + (O07 = Qout) Jr + Qne = Qin Cin: 


2. For the parameters 
Vy) = 500, Q,,=200, Qy,=195, cy =0.05, ¢,, = 0.01, 
the differential equation becomes 
[500 + (200-195) I< + 200c = 200x 0.01 —> (100+) <= = 0.4 — 40c. 


The equation is variable separable and the general solution is 


d dt 1 
l<-/ +C = > ——I1n(0.4—40c) = 1n(100+4) + InD, 
0.4—40c 100+t 40 


(0.4—40c)-® =D(100+t). @eC=InD 
The constant D is determined from the initial condition t =0, c=cy=0.05: 


(0.4—40c,)~ 


(0.4—40c))"® =D-100 => D= 
100 


The solution becomes 
(0.4—40c))~™ 
100 
When the pollutant concentration is reduced to c= 0.02, the time required is 


0.4—40 x 0.02\-% 
t = 100 (~~) —1] = 3.53 days. 
0.4—40 x 0.05 


(0.4—40c)"® = 


0.4—40c \-% 
(100+t) —> t=100 ( ) =|; 


0.4—40c, 
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Problems 


3.1 Ata crime scene, a forensic technician found the body temperature of the 
victim was 33°C at 6:00 p.m. One hour later, the coroner arrived and found the 
body temperature of the victim fell to 31.5°C. The forensic technician determined 
that the change in the atmospheric temperature could be modeled satisfactorily as 
20e~°-°2! in the time window of +3 hours starting at 6:00 p.m. It is known that 
the body temperature of a live person is 37°C. When was the victim murdered? 


[Wy 3:42 p.m. 
GD 3:42p 


3.2 The value of proportionality of cooling of a large workshop is k (1/hr) due to 
its ventilating system. The atmospheric temperature fluctuates sinusoidally with a 
period of 24 hours, reaching a minimum of 15°C at 2:00 a.m. and a maximum of 
35°C at 2:00 p.m. Let t denote the time in hours starting with t =0 at 8:00 a.m. 


1. By applying Newton’s Law of Cooling, set up the differential equation gov- 
erning the temperature of the workshop T(t). 


dT _ at 
& — +kT = k(25+10sin =) 


2. Determine the steady-state solution of the differential equation, which is 
solution for time t large or the solution due to the atmospherical temperature 
change. 


PAs steady-state or Viddeeane sin Is — tan oF 


3. If k=0.2 (1/hr), what are the maximum and minimum temperatures that 
the workshop will reach? GYD Ty3,=18-9°C, Tina =31-1°C 


3.3. Suppose that the air resistance on a parachute is proportional to the effec- 
tive area A of the parachute, which is the area of the parachute projected in the 
horizontal plane, and to the square of its velocity v, ie., R=kAv?, where k isa 
constant. A parachute of mass m falls with zero initial velocity, ie., x(t) =0 and 
v(t) =0 when t=0. 
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1. Show that the terminal velocity v,. of the parachute is 


. |m 
Vr = Jim, v(t) = ~~. 


2. Show that the velocity and the displacement of the mass are given by 


2 Zz Zz 
t Vv t = 
v(t) = v; tanh (=), x(t) = In cosh (=). & tanhz = a 
Vr g Vr eae * 
3.4 A mass m falls from a height of H =3200 km with zero initial velocity as 
shown in the following figure. The gravity on the mass changes as 


__mgR* 
~ (R+H =x)?’ 


where R = 6400 km is the radius of the earth. Neglect the air resistance. Determine 
the time it takes for the mass to reach the ground and the velocity of the mass. 


(we) t=0, x=0, v=0 
Vins 


dv = dv dx _ dv 
dt dx dt dx 


Use the formulas a= 


i — dx = /x(k—x)+ ksin J 4 C. 


2gRH 
GD v= = 6.47 km/sec 
R+H 


1 /R+H H 
t= Hors | VR + (R+H) sin”! | = 1,141 sec 


3.5 An undersea explorer traveling along a straight line in a horizontal direction 
is propelled by a constant force T. Suppose the resistant force is R=a+bv?, where 
0<a<T and b>0are constants, and v is the velocity of the explorer. 
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1. If the explorer is at rest at time t = 0, show that the velocity of the explorer is 


T-a 
b 


b 
v(t) = a tanh Bt, a= ; p=—= 


(04 
2. Determine the distance x(t) traveledattimet. GQ x= B In cosh Bt 


3.6 A boat starting from rest at time t =0 is propelled by a constant force F. The 
resistance from air is proportional to the velocity, i.e., Rair = —av,and the resistance 
from water is proportional to the square of the velocity, ie., Rwater = — Bv’,in which 
a, B are positive constants. Assume that F > av+ Bv?. 


1. Show that the velocity of the boat is given by 
a? a 


t b F 
ee + tanh”! -) —b, where @=—+—, b=— 
a 


v(t) = atanh (— Bt ape Th 


2. What is the maximum velocity that the boat can reach? @ v,,.,=4a—5 


3.7 Amass m moves up a slope with an initial velocity of 10 m/sec as shown in 
the following figure. Suppose the coefficient of friction between the mass and slope 
is 0.25. 


1. Determine the largest displacement x,,,,, that the mass can reach and the time 


max 


ittakes. GYD x,,.,=7.12 m, t=1.42 sec 


2. Determine the time it takes for the mass to return to its original position and 
the corresponding velocity. GY v=6.29 m/sec, t=3.69 sec 


3.8 Askier skis from rest on a slope with 6 = 30° from point A at t=0 as shown 
in the following figure. The skier is clocked t, =3.61 sec at the 25-m checkpoint 
and t, =5.30 sec at the 50-m checkpoint. The length of the slope is AB=L=100 
m. The wind resistance is proportional to the speed of the skier, ie., R=kv. 


1. Find the coefficient of wind resistance k and the coefficient of kinetic friction 
ut between the snow and the skis. @YB k= 10.395 N-sec/m, 4 =0.041 


2. Determine the time ft, that it takes for the skier to reach the bottom of the slope 
B and the corresponding speed v,. @¥B t;=7.92 sec, v3=21.20 m/sec 
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3.9 A uniform chain of length 2L with mass density per unit length p is laid ona 
rough inclined surface with y= L at t =0 as shown in the following figure. 


The coefficients of static and kinetic friction between the chain and the surface 
have inclined the same value yz. The chain starts to drop from rest at time t =0. 
Show that the relationship between the velocity of the chain v and y is given by 


1+sin6 6 
— CME (y2 12) — 2(sind + cos) ¢(y—D). 


Vy 
(a) y(t) 
Time t 


3.10 A uniform chain of length L with mass density per unit length ¢ is laid on 
a rough inclined surface with y=0 at t=0 as shown in the following figure. 


L 


L 
Time t=0 


L-y 


y(t) IWS 


The coefficients of static and kinetic friction between the chain and the surface 
have the same value jz. The chain is release from rest at time t=0. Show that the 
relationship between the velocity of the chain v and y is given by 


; 1—sinO+jc0s0 
t= | 2gy| (sin @ — cos) + ———]. 
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3.11 One end of a pile of uniform chain is hung on a small smooth pulley of 
negligible size with y(t) =0 and v(t) = y(t) =0 when t =0, as shown here. 


y(t) Voyoy 


The chain starts to fall at time t=0 and pulls the remaining links. The links on 
the support, which are initially at rest, acquire the velocity of the chain suddenly 
without any resistance or interference. Show that the velocity v as a function of y 


ve rae 2g(h+2). 


is given by 


3.12 Shown in the following figure is an experimental race car propelled by a 
rocket motor. The drag force (air resistance) is given by R = Bv?. The initial mass 
of the car, which includes fuel of mass m,, is m). The rocket motor is burning fuel 
at the rate of q with an exhaust velocity of u relative to the car. The car is at rest at 
t = 0. Show that the velocity of the car is given by, for 0<t<T, 


For my =900 kg, mp =450 kg, q=15 kg/sec, u=500 m/sec, B =0.3, what is 
the burnout velocity of the car? QB vp =555.2 km/hr 
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3.13. Cable OA supports a structure of length L as shown in the following figure. 
The structure applies a trapezoidally distributed load on the cable through the 
hangers. The load intensity is wy at the left end and w, at the right end. Cable OA 
has zero slope at its lowest point O and has sag h. Determine the tensions Ty) = H 
at O and T, at A. 


ey Wotw 
GD H= Smt), Ta=VH+WO?, WL) =? 5-41 


3.14 As a structural engineer, you are asked to design a footbridge across the 
Magnificent Gorge, which is 50 m across. The configuration of the bridge is shown 
in the following figure; the lowest point of the cable is 20 m below the left support 
and 10 m below the right support. Both supports are anchored on the cliffs. The ef- 
fective load of the footbridge is assumed to be uniform with an intensity of 500 N/m. 
Determine the maximum and minimum tensions in the cable, and the length of the 
cable. GD T,,;, =H =10723 N, Ty,a,=T4= 18151 N, Length = 60.36 m 


3.15 Consider the moving cable AB of a ski lift between two supporting towers as 
shown in Figure 3.17. The cable has a mass of 10 kg/m and carries equally spaced 
chairs and passengers, which result in an added mass of 20 kg/m when averaged 
over the length of the cable. The cable leads horizontally from the supporting guide 
wheel at A. Determine the tensions in the cable at A and B, and the length of the 
cable between A and B. 


GD 1, =H =27387 N, Tg=33267N, s=64.24m 
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vv vy 
XDI 


vv 
As 


Figure 3.17 Ski lift. 


3.16 For the circuit in Figure 3.18(a), determine v(t) for t >0. 
CRB 


a Ri Vo ss At/t 
BD O= TR! e ); On, 


3.17 For the circuit in Figure 3.18(b), find i(t) fort >0. GBD i(t) =e '/* (A) 


3.18 For the circuit in Figure 3.18(c), find i, (t) for t >0. 
GD i,(t) =6+e77 (A) 
Vo 


3.19 For the circuit in Figure 3.18(d), find i, (t) fort >0. GB i,(t) = a 
1 


40 Q 


(a) (b) 


(c) (d) 


Figure 3.18 First-order circuits. 
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3.20 Consider b(x) as the concentration of an inert pollutant (k, =0) which is 
added to the stream at an outfall such that b= b, at x =0 and M=0. Due to the in- 
crease of drainage area, the discharge increases along the stream as Q= Q,(1+ yx), 
where Q) and y are constants. Determine the BOD distribution b(x) and the DO 
distribution c(x) in the stream with c=c, at x=0 and N=0. 


b 
K b — 0 
GD d(x) eae 
1 k,-yV 
c(x) = aa | Ae (1 eh) sop bal? 4 ves 


3.21 Inastream of constant Q and V, BOD is added uniformly along the stream, 
starting at x =0 where b=0. Determine the BOD distribution b(x) and the DO 
distribution c(x) in the stream with c=c, at x=0 and N=0. 


MV 
CAN b(x) = On! = ene 


= —k,x/V 
c(x) =c,+ (Cg—c,)e ate a 
(x) (Cy—¢,) a 2 BoE 


MV (= es — 
3.22 A drop of liquid of initial mass of mp falls vertically in air from rest. The 
liquid evaporates uniformly, losing mass m, in unit time. Suppose the resistance 
from air is proportional to the velocity of the drop, i.e, R=kv. Show that the 
velocity of the drop v(t) is 
m, \k/m m 
v(t) = —s_ [ omg =m) 7 mo(1 -— t) ‘|; pa 2, 
k—m, Mo m, 

3.23 Asanengineer, you are asked to design a bridge pier with circular horizontal 
cross-sections as shown in the following figure. 


Ao 


Ay 


The height of the pier is 12 m. The top cross-section is subjected to a uniformly 
distributed pressure with a resultant P = 3 x 10° N. It is known that the material of 
the pier has a density p =2.5 x 10* N/m? and an allowable pressure P,, =3 x 10° 
N/m/?. Design the bridge pier with a minimum amount of material and include the 
weight of the bridge pier in the calculations. 
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1. Note that the surface of the pier is obtained by rotating curve AB about the 
x-axis. Determine the equation of curve AB. 


2. Determine the areas of the top and bottom cross-sections A, and A,. 
&D y= op(=) Ay=1m?*, A, =2.718 m’ 
SE gape 8 oak 


3.24 A tank in the form of a right circular cone of height H, radius R, with 
its vertex below the base is filled with water as shown in the following figure. A 
hole, having a cross-sectional area a at the vertex, causes the water to leak out. 
Assume that the leaking flow velocity is v(t) = c,/2gh(t), where c is the discharge 
coefficient. 


1. Show that the differential equation governing the height of water level h(t) is 


3 dh H? 
p= = J2g, A=nR*. 


2A /H 
2. Show that the time for the cone to empty is T = —_/—. 


Sac\ 2g 


Ss 


h(t) 


3.25. A conical tank with an open top of radius R has a depth H (Figure 3.19) 
is initially empty. Water is added at a rate of q (volume per unit time). Water 
evaporates from the tank at a rate proportional to the surface area with the constant 
of proportionality being k. The volume of water in the tank is V= s017h, where 
h is the depth of the water as shown. Show that the depth of water h(t) is given by 


mw, [eth 2 Hq 
— ily |— —h=kt, — ‘ 
2 ‘ p—h a mkR? 


3.26 A water tank in the form of a right circular cylinder of cross-sectional area 
A and height H is filled with water at a rate of Q (volume per unit time) as shown 
in Figure 3.20. A hole, having a cross-sectional area a at the base, causes the water 
to leak out. The leaking flow velocity is v(t) = c,/2gh(t), where c is the discharge 
coefficient. The tank is initially empty. Show that the time T to fill the tank is 


a(- Pee — b = ac,/2g. 
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A(t) 


: h(t) 


Figure 3.19 Figure 3.20 


3.27. Lake Ontario has a volume of approximately V = 1600 km’. It is heavily 
polluted by a certain pollutant with a concentration of cy) =0.1%. As a part of pol- 
lution control, the pollutant concentration of the inflow is reduced to c,,, =0.02%. 
The inflow and outflow rates are Q., = Qout = Q= 500 kim? per year. Suppose that 


pollutant from the inflow is well mixed with the lake water before leaving the lake. 
How long will it take for the pollutant concentration in the lake to reduce to 0.05%? 


GD 1 = 3.14 years 


3.28 A mouse Q runs along the positive y-axis at the constant speed v, starting 
at the origin. A cat P chases the mouse along curve C at the constant speed v, 
starting at point (1, 0) as shown in the following figure. At any time instance, line 
PQ is tangent to curve C. Determine the equation of curve C. 


Linear Differential Equations 


4.1 General Linear Ordinary Differential Equations 


In general, an nth-order linear ordinary differential equation is of the form 


d"y lias dy 
A(T + Oy OTT to Fay OS + ayy = FX), (1) 


in which the dependent variable y and its derivatives of various orders 


dy d’y d"y 
dx? dx?’ “°°? dxn 
appear linearly in the differential equation. The coefficients a, (x), a, (x),..., a, (x) 


and the right-hand side F (x) are functions of x only. 
If the coefficients a), a,, ..., a, are constants, then equation (1) is a linear 


ordinary differential equation with constant coefficients. 


The D-Operator 


The D-operator is defined as 


Dy= #= Dy is taking first-order derivative of y w.rt. x. 
d2 
D’y = D(Dy)=—5, &t D’y is taking second-order derivative of y w.r.t. x. 
x 
d” 


dx” 


D"y is taking nth-order derivative of y 
w.r.t. x. 


, nisapositive integer. 2T 
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Hence the D-operator is a differential operator; applying the D-operator on func- 
tion f(x) means differentiating f(x) with respect to x, i.e., 


- 


Properties of the D-Operator 
The following properties of the D-operator can be easily verified: 


ai wd 
S14 22 = Dy, + Dy 


(1) Diy, @&)+y2(x)] = <1 +92) = dx 


d d 
(2) D[cy(x)] = a = co =cDy, c=constant; 


(3) Dleyj)+Qy(«)]=c,Dy,+e,Dy2, cy, c, = constants. 


Hence, D is a linear operator. Using the D-operator, the general nth-order linear 
differential equation (1) can be rewritten as 


[a,(x)D" +.a,_,(x)D" | +--+ +a,(x)D +a 9(x)|y = F(x) => O(D)y=F(x), 


where $(D) is an operator given by 
n 
P(D) = a, (x)D" + a,_()D" +--+ +4, (x)D + ag(x) = Ya, (x)D". 


The operator #(D) isa linear operator, since 
@(D)(cy) =cd(D)y, c= constant, 
$(D) (Cy ¥, +O ¥2) = €, O(D) y, +0, ¢(D) 2, Cy, Cy = constants. 


| Example 4.1 | 4.1 


Rewrite the following differential equations using the D-operator: 


side d 
(1) 6x? wat ix et —3yax? e*; 
d>x d’x dx . 
(2) Se + 2——— — —— 4+ 7x = 3 sin Bt. 


de dt? dt 


d 
(1) (6x?D*+2xD — 3)y= ee D= Ae = The independent variable is x. 
x 


d 
(2) (5D?+2D?—D+7)x=3sin8t, D= ae # The independent variable is t. 
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Fundamental Theorem 
Let y= u(x) be any solution of the differential equation 


o(D)y = F(x), (2) 


where $(D) =a,,(x)D"+a,_,(x)D" 1+ ---+a,(x)D +ao(x), and y=v(x) be 
a solution of the complementary differential equation, or the homogeneous differ- 


ential equation, 


o(D)y = 0, (3) 


which is obtained by setting the right-hand side of equation (2) to zero. Then 


y=u(x)+v(x) is also a solution of equation (2). 
Proof: Since u(x) and v(x) are solutions of differential equations (2) and (3), 
respectively, 
o(D)u(x) = F(x), = o(D)v(x) = 0. 
Adding these two equations yields 
p(D)u(x) + 6(D)v(x) = F(x) + 0. 
Since @(D) isa linear operator, one has 
p(D)|[ u(x) +v(x)] = o(D)u(x) + oD) v(x). 


Hence, 
o(D)[u(x) +v(x)| = F(x), 


ie, y=u(x)+ v(x) isa solution of differential equation (2). a 


Procedure for Finding the General Solution 


1. Find a particular solution yp(x) of the original equation (2), i.e., 
$(D) yp = F(x), 2 Particular solution 


where the subscript “P” stands for particular solution. 
2. Find the general solution y,(x) of the complementary differential equation 
(3), i.e., 
d(D) yc = 9, = Complementary solution 
where the subscript “C” stands for complementary solution. 


3, Add yp(x) and y,(x) to obtain the general solution y(x), ie., 


y(X) = Vo(x) + yp(x). = General solution 
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In the following sections, various methods for determining complementary so- 
lutions and particular solutions for linear differential equations with constant coef- 
ficients are studied in detail. 


4.2 Complementary Solutions 


The complementary differential equation is obtained by setting the right-hand side 
of the differential equation to zero, i.e., 


o(D)y = 0, o(D)=a,D"+a,_,;D" 1+ +» +a,D+ay, 


where dp, a), ..., @, are constants. 


4.2.1 Characteristic Equation Having Real Distinct Roots 


| Motivating Example Example 


Consider a linear first-order differential equation of the form 


d 
= +ay =0 or (D+a)y=0, a = constant. 
x 


The equation is of the form 


dy 
dx 


and, using the result in Section 2.4.1, the solution is 


— eel [ow ef Pde gy, + c] =Ce™, 


+ P(x): y=Q(x), P(x)=a, Q(x) =0, 


i.e., the solution is of the form e’** with A= —a. 


Since the solution of the linear first-order differential equation in the above example 
is y=Ce 
stant to be determined, for the general nth-order differential equation ¢@(D) y =0. 


~4x, one is tempted to try a solution of the form y= e’*, where A is a con- 


It is easy to verify that 
Dy = De** = cre — rer 
dx i 


D’y = De4* = D(De’*) a Ve, 


D"y = D"e* = ater. 
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Substituting into the differential equation ¢(D) y=0 results in 
(a,A" +a, ja" | ++--+a,A +a) e** =0. 
Since e** £0, one must have 
Ayr” + aya” 1 +--+ +ajk+a)=0.  &e Characteristic equation 


This algebraic equation, called the characteristic equation or auxiliary equation, 
will give n roots A,, 44, ...; A,» Which are called characteristic numbers and can be 
real or complex. 

If the roots A,,A,, ..., A, are distinct, there will be n solutions of the form 


Aix AgX XX 
> > # 


e e e 


Since ¢(D) y=0 isa linear differential equation, the sum of two solutions is also a 
solution. Hence 

y —_ C,e* + Gye feeet Cen 
is also a solution, where C,, C,, ..., C,, are arbitrary constants. 


It is known that the general solution of an nth-order differential equation 
¢(D)y=0 should contain n arbitrary constants. Since the equation above con- 
tains n arbitrary constants, the solution is therefore the general solution of the 
complementary equation ¢(D) y=0, ie., 


Yc = CG enix + G; eh 2* + Sad + C,,e*"*, 


where 4,,4,, ...,A,, are distinct. 


Procedure for Finding the Complementary Solution 


1. For the nth-order linear differential equation 
o(D)y = F(x) or (a,D"+a,_,)D" '+---+a,;D+a9) y = F(x), 
set the right-hand side to zero to obtain the complementary equation 
o(D)y=0 or (a,D"+a,_,D"'+---+a,D+ay)y =0. 
2. Replace D by A to obtain the characteristic equation 
o(A)=0 or a,A"+a,_,A" 1 +---+a,A+ a) =0. 


3. Solve the characteristic equation, which is an algebraic equation, to find the 
characteristic numbers (roots) 44, Az ..-» An: 
4, Write the complementary solution y, using the characteristic numbers 1, 


ene 


n 
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Hyperbolic Functions 


The hyperbolic functions are defined as 


ea aes 


: e~—e p e+e * 
sinh x = Eames sinh(—x), coshx = aoe a cosh(—x), 
sinh x cosh x 1 
tanhx = ———=, cothx = — , eschx = = » sechx = : 
cosh x sinh x sinh x cosh x 


Analogous to the trigonometric identities, the hyperbolic functions satisfy many 
identities 


cosh? x — sinh? x = 1, sinh 2x = 2 sinhx coshx, 
cosh 2x = cosh? x + sinh? x = 2cosh?x — 1 = 1+ 2:sinh? x, 
cosh x + sinhx = e%, coshx — sinhx =e *. 


The derivatives and the integrals of hyperbolic sine and cosine functions are 


d d 
— (sinh x) = cosh x, — (cosh x) = sinh x, 
dx dx 


[ sishxax = cosh x, [oshixae = sinhx. 


Animportant application of hyperbolic functions is in the complementary solutions 
of linear ordinary differential equations. If the characteristic equation has roots 
A= +8, the corresponding complementary solution is 


yo = Cie * + C,e’* = C, (cosh Bx— sinh Bx) + C, (cosh Bx+ sinh Bx) 
= (C; + C,) cosh Bx + (C, —C,) sinh Bx, 
A=t+B == yo=Acosh Bx + Bsinh Bx. 
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| Example 4.2 4.2 


Solve (D4 — 13D? + 36)y = 0. 
The characteristic equation is #(A) =0, i-e., 

At — 1307 +36 =0, 
which is a quadratic equation in 4? and can be factorized as 

(A> — 4)(7 — 9) =0. 
The roots are 47 = 4, 9 = A = +2, +3. The complementary solution is 

Yo = Ce ™ +C,e-* + Cze** + Cye™. 
The complementary solution can also be written as 
Yc = A, cosh 2x + B, sinh 2x + A, cosh 3x + B, sinh 3x. 

| Example 4.3 | 4.3 
Solve (D?+4D*+D—6)y=0. 
The characteristic equation is #(A) =0, i-e., 

+44? 4+2-6=0. 
By trial-and-error, find a root of the characteristic equation 

P+4x?+1-6=0 => A=1 isaroot => (A—1) isa factor. 

Use long division to find the other factor as follows 


JP ede SI. AG 
A-1 Wo+ 407 + A -— 6 
Ae eo (— 
St ae Se aera 
542 = 5A (— 


6A — 6 
6A — 6 (— 
0 


The characteristic equation becomes 
(A—-1Q74+5A+6)=0 = (A-)DA+2)A43) =0. 
The three roots are 4 = —3, —2, +1, and the complementary solution is 


yo = Cpe + Cpe + Ce*. 
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4.2.2 Characteristic Equation Having Complex Roots 
The following example is considered to derive the general result. 


| Example 4.4 4.4 


Solve (D?+2D+3)y=0. 


The characteristic equation is 6(A) =0, i-e., A7-+22+3=0, and its roots are 


—24 /2—4x1x3 
Seay =-1+iv2. LTi=V—-1 


2 


The complementary solution is 
yo =C ec liv2)x 4 CG e(—H+iv2x _ e*(C, eiv2x C; ei V2) 
Using Euler’s formula 
elf — cosd +i sind, e!9 — cos6 — i sind, 
the solution y~ can be written as 
Yo =e *[C, (cos V2x — i sin V2x) + C, (cos V2x + i sin V2x)] 
= e*[(C, +C,) cos V2x + i (—C, + Cy) sin V2x]. 


Since the differential equation is real, its solution must be real. Hence the coefficients 
of (cos /2x) and (sin /2x) must be real: 


C,+C,=2a, i(—C,+C,)=2b =» —C,+C,=~—i2b, a,b real constants, 


or 


ie, C, and C, are complex conjugate, C, = C). 
The complementary solution becomes 
yo =e *[2acos V2x + 2bsin V2x] 
= e*(Acos V2x + Bsin V2x), A=2a, B=2b, 
where A and B are real constants. 


In general, if the characteristic equation has a pair of complex roots A=a+if, 
where q@ and f are real, then the complementary solution is 


A=atip => yc(x) =e (Acos Bx + Bsin Bx), 


where A and B are real constants. 
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| Example 4.5 4.5 
Solve (D?+2D?7+9D+18)y =0. 
The characteristic equation is f(A) =0, ice. 
AP +207 +924 18 = 0. 
Try to find a root of the characteristic equation 


(—2)3 +2 x (—2)? +9x (-2) + 18 = -8 + 8— 18+ 18 = 0, 


A=-—2 isaroot = = (A+2) isa factor. 


Use long division to find the other factor 


wv? + 9 
A+2 | AP + 2A? + 9A + 18 
Wo + 21 (— 
9X + 18 
9A + 18 (— 
0 
The characteristic equation becomes 
(A+ 2)Q? +9) =0. 
The three roots are A = —2, +i3, and the complementary solution is 


Yo = Ce™ + e9 *(A cos 3x + Bsin 3x) 
= Ce ** + Acos 3x + Bsin 3x. 


Before more challenging problems can be studied, the following formula for 
evaluating the nth roots of complex numbers is reviewed. 


Review of Complex Numbers 


Given that A” =a + ib, n is a positive integer, it is required to find A. The complex 
numbers can be converted from the rectangular form to the polar form: 


A” =a+tib #& Rectangular form of complex numbers 


aolaee ( 


a b 
ee 
Nae +b? ree) 
en ee —— 


r cos 0 sin 0 
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b 
=r(cos@+isind), r=Va2+b2, 0=tan !— f=. Polar form 
a 
= ret? 2 Euler's formula 


Since cos 6@ and sin @ are periodic functions of period 27, 


MS r[ cos(2k +0) ti sin(2k2+6)| — retikr+@) 


Hence 
ete ap etiGkr+6)/n 
or 
2k +0 2k +0 
d= afr (cos ze epi siti a ), Or el 
n n 


It can be easily shown that when k= pn+q, where p and q are positive integers, 
the value of 1 repeats that when k=q. Therefore only n values of k=0,1,..., 
n—1 are taken. 


| Example 4.6 | 4.6 


Solve (D° — 1l)y =0. 
The characteristic equation is #(A) =0, i-e., 


P-1=0 = = 2 =1=14+i0 =cos0+i sind. 


The five roots are given by 


2kx+0 . . 2kx+0 
+1 


A = cos sin mae k= 0/54 eaa5-4s 
k=0: AX =cos0+isin0 = 1, 
2x  . , 2a 
k=l X. =cos—-+isin—, 
5 5 


4n | . An IU AS TU 
k= 2: d= cos +i sin =cos(x——) +i sin(x-<) 
5 5 5 5 
DD ass _ 
=—cos—=+isin=, 
5 5 
6m =| gs «C6 TU ae 1s 
k=3: h = cos +i sin = cos (7 +—) +i sin(x+—) 
5 5 5 5 
wT . . 
= —cos——isin—, 
5 5 
8x. «. O8x Qn . 20 
k=4: h = cos — +i sin — = cos (27——) +i sin (27- =) 
5 5 5 5 


2x | , 20 
= cos — —isin—. 
5 5 
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Hence, the five roots are 
2 2 
A= 1, Gia isin =: pee sie 
2 5 5 5 
The complementary solution is 
: 20 oe 20, . (.. 20 
Yo=HCet+ exp(cos = -x) ES cos (sin a -x) + B, sin (sin = -x) 
a . ‘ . 
+e exp(- COs +x) [42 cos (sin S -x) + B, sin (sin = -x)]. 
| Example 4.7 | 4.7 
Solve (D* — 16D? + 100)y = 0. 


The characteristic equation is #(A) =0, i.e., A*-16A7 +100 =0, a quadratic equa- 
tion in 47. Hence 


fan 16+ /16*—4x1x100 | 16+ /—-144 
————— 


2 


ae 
=8+i6=10(< +i+) 


oo 4 : 3 
= 10(cos@ +i sin@), cosb= =z, sind= =. 


The roots are given by 
2kn +0 2kn +0 
2 = V10 (cos = +i sin = ); k= 0; 1, 
Oo ae 
k=0: 2 = VI0( cos = tisin =), 


k=1: a= VI0[ cos (x +5) +i sin (x +5)| = V0 (—cos 5 +i sin 5). 


2 


The four roots are Q 9 
A= V0 ( cos 5 tisins). 


Using the half-angle formula, one obtains 


0 1+cos0é 1+ 3 
cos = =,/——$— = =—, 
2 V 2 2 10 

sate 1—cos6 1-4 1 
sin = =, —— — a 
2 2 2 J10 


a= V10( 


The complementary solution is 


on SS 


and hence 


3 1 
+—= +i) meee ro 
Vio. J10 


Yo = &*(A, cosx + B, sinx) + e~**(A, cos x + By sinx). 
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4.2.3 Characteristic Equation Having Repeated Roots 


| Example 4.8 | 4.8 


Solve (D? 4D +4)y =0. 
The characteristic equation is #(A) =0, i-e., 
W-4444=0 = (A-2)?=0 => A=2, 2. Bt A double root 
If the complementary solution is written as 
y =Cye* + Cye* = (C, +C,)e* = Ce”, C=C,+C,, 


then there is only one arbitrary constant. But for a second-order differential equa- 
tion, the solution must contain two arbitrary constants. The problem is due to the 
fact that the two solutions C, e** and C, e** are linearly dependent. 

Hence, one must seek a second linearly independent solution. Try a solution of 
the form y(x) = v(x)e?*. Since 


Dy = Dive) = e* Dv 4 2ve*, 
D?y = D(e* Dv + 2ve*) = e*(D*v + 4Dv +49), 


substituting in the original equation yields 


e*[(D*v +4 Dv + 4v) —4(Dv + 2v) + 4v] =0 — > e* Dv =0. 


2 


; ; v F 
Hence v(x) satisfies the differential equation D?v = 0 or eo 0. Integrating 
x 
the equation twice leads to 


v(x) = Cy + Cy x. 
The solution is then 


y(x) = v(x)e** = (Cy + C,x) e*, 
—— = 
polynomial of degree 1 


in which there are two arbitrary constants. 


It is seen that, when the characteristic equation has a double root A =2, the 
coefficient of e?* is a polynomial of degree 1 instead of a constant. In general, the 
following results can be obtained. 
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Summary on the Forms of Complementary Solution 
Having obtained the roots of the characteristic equation or the characteristic 


numbers, the complementary solution can be easily written. 


1. If the characteristic equation ¢(A)=0 has a p-fold root 4 =a, the corre- 
sponding solution is 


LS ay Were (Cie Oh eaene Chane eae 
Soy Gee —_—_ = 
p times polynomial of degree p—1 


2. If the characteristic equation #(A)=0 has a pair of complex roots 
X=axif of p-fold, the corresponding solution is 


Asatif, ..., a+iB = yo =e [(Ap +A, xt... +A,_1x? *) cos Bx 
+ (By +B x+ ...+B,_,x?"') sin Bx] 
—$ 


—— 
p times polynomials of degree p—1 


| Example 4.9 | 4.9 


Given that the characteristic equations have the following roots, write the comple- 
mentary solutions: 

1. —3+12, —1, 0, 2; 

2: By, By) 39 O50, V1 35 

3, 2415, 215, 1, 1, 1, 1, 3. 


l. yc(x) = e °*(A cos 2x + Bsin 2x) + C,e* + C, + Cye”. 

2. yo(x) = (Cy + Cyx + Cyx*)e** Le Corresponding to 4=3, 3, 3 
+D)+D,x ££ Corresponding to A=0, 0 
+ e* (Acos 3x + Bsin3x). @£ Corresponding to A=1+i3 


Corresponding to 


32k ; 7 
3. Yo(x) = e*[(Ap +A, x) cos 5x+ (By + By x) sin 5x] RE, a Fis, a4i5 


+ (Cy +O, x+-O°+6,0°)6 22 Corresponding to }=1,1,1,1 
+De*, @& Corresponding to 4 =3 


| Example 4.10 4.10 


Solve (D8 + 18D° + 81D*)y = 0. 
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The characteristic equation is f(A) =0, ie., 
aS + 182° +8144 =0, 
which can be factorized as A* (A? +9)? =0. Hence the roots are 
A= 0, 0, 0, 0, +13, +13, 
and the complementary solution is 
ye(x) = (Cy + Cyx + Cyx? + C;x*)e°* Bt Corresponding to A=0, 0, 0, 0 


Corresponding to 


0-x i f 
+ e?'*[(Ay +A, x) cos 3x + (By +B, x) sin 3x] Re 453 ey 


= Cy + Cyx + C,x? +C,x? + (Ay +A, x) cos 3x + (By +B, x) sin 3x. 
| Example 4.11 | 4.11 
Solve (D? —3D° +4D° — 4D4+ 3D? — D?)y=0. 
The characteristic equation is #(A) =0, i-e., 
r7 — 308 442° — 4044302 -17 =0. 
Factorizing the left-hand side yields 
a7 —32%442°— 4044325 -17 

SI SB A A 3 A) 

= 17 [0° — 3044309 — 42) + (03 - 327 434-1)] 

= [72a-D?+Aa-—17] =V7Aa-—YIA74)D. 
The roots are A = 0, 0, 1, 1, 1, +i, and the complementary solution is 

Yc(xX) = Co +C,x LL Corresponding to 1=0, 0 
+ (Dy) + D,x+D,x*)e* @ Correspondingto 4=1, 1, 1 


+Acosx+Bsinx. #£ Corresponding to A= +i 


4.3. Particular Solutions 


In this section, three methods, ie., the method of undetermined coefficients, the 
D-operator method, and the method of variation of parameters, will be introduced 
for finding particular solutions of linear ordinary differential equations. 


4.3.1. Method of Undetermined Coefficients 


The method is illustrated through specific examples. 
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| Example 4.12 4.12 


Solve (D? + 9)y = 3e*. 


The characteristic equation is A7+9 = 0 = > ) = +i3. The complementary 
solution is 
Vo = Acos 3x + Bsin 3x. 


To find a particular solution yp, look at the right-hand side of the differential 
equation, i.e., F(x) =3e?*. Since the derivatives of an exponential function are 
exponential functions, one is tempted to try 


w= Cet == Dy Hie Dypace 


where C is a constant to be determined. 


Substituting into the equation yields 
ACOA +9-Ce* =3e™ = 13Ce* = Se, 


Comparing the coefficients of e** leads to 


= — 2 = ae 2x 
13C =3 C=5 =— wp=Re: 
The general solution is 


y(xX) = Vo + yp = Acos 3x + Bsin 3x + ae 


Table 4.1. Method of undetermined coefficients. 


a Corresponding to Right-hand Side F(x) Assumed Form of yp 
B Polynomial of ee k Polynomial of degree k 
a 


e** (ay ta,xt--- +a,x*) cos Bx, e%*[(A)+A,x+ --- +A, x*) cos Bx 
e** (by +b, x+ --» +b, x*) sin Bx +(By+B,x+ ---+B,x*) sin Bx] 


a TT SN 
Polynomial of degree k Polynomial of degree k 


ta The essence of the method of undetermined coefficients is to assume a form for a 
particular solution, with coefficients to be determined, according to the form of the 
right-hand side of the differential equation. The coefficients are then determined 
by substituting the assumed particular solution into the differential equation. In 
general, one uses the results given in Table 4.1 to assume the form of a particular 
solution. 
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For Cases (3) and (4), even if the right-hand side has only sine or 
cosine function, the assumed form of a particular solution must contain both the 
sine and cosine functions. 


| Example 4.13 4.13 


Solve (D? + 3D + 2)y = 42e* + 390 sin 3x + 8x? — 2. 
The characteristic equation is A +3+2 = 0. Factorizing the left-hand side gives 


A+tDA+2)=0 = > A= -2, -1. 


The complementary solution is 
jesse Wt Ce. 
Use the method of undetermined coefficients to find yp 


Corresponding to right-hand side F(x) Assumed form for y, 


e* Cer 
390 sin 3x Acos 3x + Bsin 3x 
8x? — 2 D,x*? + Dix +Dy 


Hence, assume a particular solution of the form 


yp = Ce™* + Acos 3x + Bsin 3x + D,x* + D,x + Dy. 
Differentiating y, yields 


Dyp = 5Ce™* — 3Asin3x + 3Bcos 3x +2D,x +D,, 
D*yp = 25Ce™ — 9A cos 3x — 9Bsin 3x + 2D). 


Substituting into the differential equation leads to 


(D* +. 3D 2)¥p = (25Ce* — 9A cos 3x — 9Bsin3x + 2D,) EZ D’yp 
+ 3(5Ce* — 3Asin3x + 3Bcos3x +2D,x+D,) 22 3Dyp 
+ 2(Ce™* + Acos3x + Bsin3x+D,x*+D,x+D)) @22yp 
= 42Ce* + (-7A + 9B) cos 3x + (—9A — 7B) sin 3x 


Collecting 


2 
+ 2D)x° + (2D, + 6Dy)x + (2D + 3D, + 2D2) are terms 


= 42e°* + 390sin3x + 8x* —2. @ Right-hand side of the DE 
. 
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Equating coefficients of corresponding terms results in 


er: 42C=42 => C=1, 
cos 3x: —-7A+9B=0 A = -—27, 
sin 3x: eee, | = —21, 
os 2D,=8 = > D,=4, 
x: 2D,+6D,=0 => D,=-3D,=-12, 
1: 2Dy +3D,+2D,=—-2 => Dy = $(-2—3D,—2D)) = 13. 


Hence, a particular solution is 

yp = e&* — 27 cos3x — 21 sin 3x + 4x* — 12x +13. 
| Example 4.14 | 4.14 
Solve (D? + 2D + 3)y = 34e* cos 2x + 1331x7e*. 


The characteristic equation is 


2+ J —4x1x3 
aaa Na = -1 tiv. 


742443=0 = A= 5 


The complementary solution is 
Yo =e *(C, cos V2x + Cy sin V2x). 


Use the method of undetermined coefficients to find yp 


Corresponding to right-hand side F(x) Assumed form for yp 
34e* cos 2x e*(A cos 2x + B sin 2x) 
1331x7e** (D,x* + Dx + Dy)e* 


Hence, assume a particular solution of the form 


yp = e*(Acos 2x + Bsin 2x) + (D,x* + D,x + Dy)e”. 


Differentiating yp with respect to x yields 


+ [2D,x? + (2D, +2D,)x + (2D) + D,)Je™, 


Dyp = e*[(A + 2B) cos2x + (—2A + B) sin 2x] 
D?yp = e*[(—3A + 4B) cos 2x + (—4A — 3B) sin 2x] 


+ [4D,x? + (4D, + 8D,)x + (4D) + 4D, + 2D,)]e. 
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Substituting into the differential equation leads to 
(D? + 2D +3)yp 
= e*|(—3A + 4B) cos2x + (—4A — 3B) sin 2x] 
+ [4D,x? + (4D, + 8D,)x + (4D) +4D,+2D,)|e* t D*yp 
+2 {e*[(A + 2B) cos 2x + (—2A + B) sin 2x] 
+ [2D,x* + (2D, +2D,)x+(2D)+D,)]e*} 2 2Dyp 
+ 3{e*(A cos 2x + Bsin2x) +(D,x?+D,x+Dy))e*} 22 3yp 
= e*|(2A + 8B) cos2x + (—8A + 2B) sin 2x] #= Collecting similar terms 
+ [11D,x* + (11D, + 12D,)x + (11D) + 6D, + 2D,)]e™* 
= 34e* cos2x + 1331x°e"*. @& Right-hand side of the DE 
Equating coefficients of corresponding terms results in 


e* cos2x: 2A+ 8B = 34 A=1, 
e* sin2x: —8A+2B=0 B=4, 


Ceres TPS 135h == Dp, Sh 


xe*: 11D, +12D,=0 => D,=—-FD, = -132, 


e*: 11D9+ 6D, +2D,=0 => Dy =-Z(6D,+2D,) = 50. 
Hence, a particular solution is 
Yp = e*(cos2x + 4sin 2x) + (121x? — 132x + 50)e?*. 


| Example 4.15 4.15 


Solve (D? + 8D + 25)y = 4cos? 2x. 


The characteristic equation is A? +8A+25 = 0. The roots are 


—8+ /84—4x1x25 : 
ee 


The complementary solution is 
yo =e **(A cos 3x + Bsin 3x). 


The right-hand side of the equation is converted to the standard form using 
trigonometric identities: 


Acos* 2x = 4cos2x cos*2x 
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1+ cos2A 
2 
= 2c0s 2x + cos 6x + cos 2x 5. 2.cos A cos B = cos(A+B) + cos(A—B) 


= 2cos2x(1 + cos 4x) = 2cos2x +2cos2xcos4x 22 cos’A= 


= cos 6x + 3 cos 2x. 


Use the method of undetermined coefficients to find yp 


Corresponding to right-hand side F(x) Assumed form for yp 
cos 6x A, cos 6x + B, sin 6x 
3 cos 2x A, cos 2x + B, sin2x 


Hence, assume a particular solution of the form 


Vp = A, cos 6x + B, sin 6x + A, cos 2x + B, sin 2x. 
Differentiating y, with respect to x yields 


Dyp = —6A, sin 6x + 6B, cos 6x — 2A, sin 2x + 2B, cos 2x 
D?yp = —36A, cos 6x — 36B, sin 6x — 4.A, cos 2x — 4B, sin 2x. 
Substituting into the differential equation leads to 
(D? +8D +25) yp 
= —36A, cos 6x — 36B, sin6x —4A,cos2x —4B,sin2x  @t D’yp 
+ 8(—6A, sin 6x + 6B, cos 6x — 2A, sin2x + 2B, cos2x) LZ 8D yp 
+ 25(A, cos6x + B, sin6x + A,cos2x+B,sin2x) #225yp 


= (—11A, +48B,) cos 6x + (—48A,—11B,) sin 6x 


Collecting 


= i 7. 
+ (21A,+16B,) cos2x + (—16A,+21B,) sin 2x # «ilar ee 


= cos6x + 3cos2x. & Right-hand side of the DE 


Equating coefficients of corresponding terms results in 


COs 6x: —11A, + 48B, =1 Ay = S555 
—— 
sin6x: —48A,—11B, =0 ae 
1 2425’ 
cos 2x: 21A, +16B, =3 Aa Bo 
z = ae> 697 * 
sin 2x: —16A 21B, =0 = to. 
Bea By = $7: 


Hence, a particular solution is 


23 eels 88. 3 £3, 48 
Yp = — FARE COS Ox + FAFz sin 6x + Hq cos 2x + Be sin 2x. 
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Exceptions in the Method of Undetermined Coefficients 


The method fails if the right-hand side of the differential equation is already con- 
tained in the complementary solution yc. 


| Example 4.16 4.16 


Solve (D? +2D)y = 4x7 + 2x +3. 


The characteristic equation is A7+22 =0 => A =0, —2. Thecomplementary 
solution is 
Ve => C + Cc) e7 2%, 


Apply the method of undetermined coefficients to find a particular solution yp. 
Corresponding to the right-hand side 4x” +2x +3, the form of yp would normally 
be assumed as D, x?+D,x+D,. However 


(D? + 2D)(D,x* + D, x + Dp) = 2D, +2(2D,x + D,) 44x? + 2x43. 


This is because the constant “3” in the right-hand side is already contained in the 
complementary solution C). Hence, one has to assume the form of a particular 
solution to be 

Y= x(D,x? + D,x+ Dp). 


Differentiating yp, with respect to x yields 
Dyp = 3D,x* + 2D,x+Do, D?yp = 6D,x +2D,. 
Substituting into the differential equation leads to 
(D? +2D) yp = 6D,x + 2D, +2(3D,x* +2D,x + Dp) 
= 6D,x* + (4D, + 6D,)x + (2D) + 2D,) 
=4x*4+2x+3. @ Right-hand side of the DE 


Equating coefficients of corresponding terms results in 


x: 4D,+6D,=2 => D,=4(2-6D,)=-3, 


1: 2Dj+2D,=3 => Dy=4@-2D,) =2. 
Hence, a particular solution is 


yp =x ($x? - 5x +2). 
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Exceptions in the Method of Undetermined Coefficients 


In general, if any of the normally assumed terms of a particular solution occurs 
in the complementary solution, one must multiply these assumed terms by a 
power of x which is sufficiently high, but not higher, so that none of these 


assumed terms occur in the complementary solution. 


| Example 4.17 4.17 


Given the complementary solution y, and the right-hand side F(x) of the differ- 
ential equation, specify the form of a particular solution yp using the method of 
undetermined coefficients. 


(1) yo=cje* +c, + (dytd,x+d,x”)e™*, 
F(x) = 3e-* + 6e?* — 4e™*; 

(2) yo = e*(acos3x + bsin 3x) + cy+c,x+c,x’, 
F(x) = 5xe** cos 3x + 3x + e?*; 

(3) Vo = (Cg te,x)e* + dy + asin2x+bcos 2x, 
F(x) = 2xe* + 3x? + cos 3x. 


1 
” Normally Assumed Contained in 
F(x) Form for yp Vc Modification 


Pe [oe | —— | —— 


Yp =x-Cye* + Cye* +x°-C,e™. 


2) 
Normally Assumed Contained in 
F(x) Form for yp Vc Modification 


( 


5xe** cos 3x | e**[(A)+A,x) cos 3x e* (a cos 3x x -e*[(A,+A,x) cos 3x 
+(B,+B,x) sin 3x] +b sin 3x) +(B,+B,x) sin 3x] 


See ee ee 


Ve x-e*[(Ay +A,x) cos 3x + (By +B,x) sin 3x] + x? + (Cy+C,x) + De*. 
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3 
(3) Normally Assumed Contained in 
F(x) Form for yp Vc Modification 


(Cy + Cx) e* (Cg +, x) e* 502 “(Cy +C,x) e* 


Dyt Det De DD tD tO) 


Yp =x? + (Cot C,x)e* +. x- (Dy +D,x+D,x*) + Acos 3x + Bsin 3x. 


| Example 4.18 4.18 


Solve (D4 — 4D*)y = sinh 2x + 2x’. 


The characteristic equation is f(A) =0, ice. 


M417 = 1707-4) =0 — > 1= 42,0, 0. 


The complementary solution is y.=c,e** +c,e ** +d) +d,x, which can be ex- 
pressed using hyperbolic functions: 


Yc = acosh2x + bsinh 2x + dy + d,x. 


When using the method of undetermined coefficients to find a par- 
ticular solution, the hyperbolic functions (cosh 6x) and (sinh Bx) can be treated 


similar to the sinusoidal functions (cos Bx) and (sin Bx). 


Normally Assumed Contained in 
F(x) Form for yp Ve Modification 


Acosh2x+Bsinh2x | acosh2x+bsinh2x | x -(Acosh2x+Bsinh 2x) 


Hence, assume a particular solution of the form 


Vp = x-(Acosh2x+B sinh 2x) + x?. (Do +D,x+D,x’). 
Differentiating yp with respect to x yields 


Dyp = (Acosh 2x+B sinh 2x) + 2x(A sinh 2x+B cosh 2x) 
+ 2D )x+3D,\x +4D,x°, 
D’yp = 4(A sinh 2x+B cosh 2x) + 4x (A cosh 2x +B sinh 2x) 
+ 2D) +6D,x+12D,x’, 
Dy3 = 12(Acosh2x+B sinh 2x) + 8x (A sinh 2x+ Bcosh 2x) + 6D, +24D,x, 
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D* yp = 32(A sinh 2x+ Bcosh2x) + 16x (A cosh 2x+B sinh 2x) + 24D). 
Substituting into the differential equation leads to 
(D* —4D*)yp 
= 32(A sinh 2x+Bcosh2x) + 16x (A cosh 2x+Bsinh2x) + 24D, 2& D‘yp 


—4 [4 (A sinh 2x+ B cosh 2x) + 4x (A cosh 2x+B sinh 2x) 
+2D)+6D,x+12D,x"] 22 4D*yp 


16(A sinh 2x + Bcosh 2x) + (24D, —8D )) —24D, x —48D, x? 
= sinh 2x + 2x’. #= Right-hand side of the DE 


Equating coefficients of corresponding terms results in 


cosh 2x: 16B=0 = > B=0, 
sinh 2x: 16A=1 = A= = 
ie —48D,=2 => D,=-%, 
Xe —24D,=0 ==> D,=90, 
1: 24D,-8D,=0 —> Dy =3D,=-% 


Hence, a particular solution is 


2 x4 


ae 
= — cosh2x —- — — —. 
ceo ae 8 24 


4.3.2 Method of Operators 


In Section 4.1, the D-operator is defined as the differential operator, i.e., 


Define the inverse operator of D, denoted as D~!, by (D~!D) y = y. Hence 
Dy = Fos fas 
=50= ; 


ie., the inverse operator D~! is the integral operator. 


Similarly, for differential equation ¢(D) y= F(x), define the inverse operator 
o (D) by 


1 
[6 (D) gD) ]y = yor 010) | pa 
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For the operator ¢(D) of the form 
o(D) = a,D" +.a,_,D"" +--+ + a,D + a9; 


where dp, 4),...,4, are constant coefficients, a solution of the differential equation 
o(D) y= F(x) can be rewritten using the inverse operator 


1 
o(D)y= Fax) = y= aD) 
where 
1 


e 2 = 5D) p(D) GD? +a, De f= ha, Day, 


The inverse operator ¢~ (D) has the following properties: 


1 1 1 1 1 
ee eee ey eee eee er 
ADD). a CD lm | $D) Fs | 
2. F F. —F, 
aol ee Ol = AO + oh be 


For the given differential equation ¢(D) y = F(x), the operator @(D) 
and function F(x) are unique. However, the function ¢~(D)F(x) is not uniquely 
determined. The difference between any two results is a solution of the comple- 
mentary equation ¢(D)y =0. But this is not important because only one partic- 
ular solution is to be determined. In fact, one always tries to find a simple result 


of 6 \D)F(x). 


[= If f(a) =0, use Theorem 4. 
Proof: Since De** =ae**, D7e** =a*e™, ..., D"e** =a"e, then 
o(D)e** = (a,D" +a,_,D"” | +---+a,D +a,)e™* 
= (a,a" +a,_\a"|+---+aja+ay)e** = $(ae™. 
Applying ¢~(D) on both sides yields: 
g'(D) p(Dye** = o (D)[da@e"*] => e™* = da) g'(D)e™, 


1 1 
a ae ax 0. ia 
@D) bay MONT 
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| Theorem 2 (Shift Theorem) 2 (Shift Theorem) 


Move e®* out of dD), 


1 ax Bee: : 
TTT) [e i (x)] madly HO): shift the operator D by a. 


p(D) o(D +a) 


Proof: Consider the differential equation ¢(D) y = F(x). Since 


(D+a)(e**y) = D(e“**y) +ae“*y =e “Dy, 
(D+a)*(e~**y) = (D+a)(e"* Dy) =e D*y, 


one obtains 


[a,,(D +a)" +a,_,(D aye base a,(D +a) + ao| (e-**y) 
=e ""(4,D" + a4,_,D7 14+. +4,D+a))y, 


—ax _ 4-ax ax 1 —ax 
a aE aa ere rr a 
Using #(D) y=e™ f(x) and y= (D)[e* f(x) | leads to 
ax ax 1 
AO ON gone 5 


| Example 4.19 4.19 


Solve (D?+5D+4)y=e% + x72, 
The characteristic equation is 
W+5A4+4=0 = A+44 04) =0 = A=-4,-1. 


The complementary solution is y. = C,e~** + C,e~™. Fora particular solution 


z= 1 2x 2 .—2x 
Yo= DeasDia’ +x*e “*), 
1 2x 1 2x 1 2x y 
ae = Th 1: a=2 
py Dia5Dq4° REE RI is Te 2% Theorem 1: a 
1 2 ,—2x - . ax 
= ——__ fy Apply Shift Th t : 
Yp2 DnsDia e ““) £& Apply Shi eorem o tpl f(x)] 
-2 
_ Sa 1 2 Take e~** out of the operator 


oe 5 ey. 4 and shift operator D by —2. 
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1 en 2s 1 Write the operator in 
—2x 2 2 
=e 0 = ascending order of D. 
2 = 2 
Desi 2 1— D Ss ae Set the constant to 1. 
2 2 


Use long division to expand 


25 
the operator and stop at D?. 


3 
=-S (@+x+540+---) we Dkx? =0, for k>2 


NS} iw) 
wo 
: 


+_— = Stop at D?. 


| 
wd 
| 
Si) 
i) 
= 


a es = 
D D? 
71 7 
D D2 D3 
puoi caer eG 

3D? D3 
ar Fae 


Alternatively, one can use the series expansion 


1 
— =14+utv+.--+uk 


=a +... 


to expand the operator 


1 1 
— 2° —-=1 Uu u uw see 
ETE ai Mt — = ltutw + + 
I-s->  1- (S45) 
2 y) 


M10 (BB) (Be By (GiB) en. 


2 
Dp Dp? 
+=) +(—+---) +--+. & Keep terms up to D?. 


iy ee 3 
Ye =Jrityr= se 5 (x +x+5). 
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Technique for Evaluating a Polynomial 


a D"+ n= + + k 
EE GC C; eens (GC x 
n ay D a aD as tae a 


Polynomial of degree k 
pa Es ee (Co+Cyxt --- +C,x*) 
Life (es tag acres Pal aes Mae 
Ay AQ AQ 


Rewrite the operator in ascending order of D. 
Set the constant to 1. 


- (1+b,D+b,D?+---+b,D*+---)(Cgt+Cyxt +> +C,x%), 
Expand the operator and stop at De 
which can be easily evaluated using 
Dxt=@qxt, D'xt=q@—1)xt?, 2... Det=aq—l)--=1, 
D?x1=0, for p>q. 
Expansion of the operator can be obtained using 
1. Long division, or 
1 


2. Series ae oe aa 
—u 


t= This method of expanding operators using long division or series is applica- 


ble only when evaluating polynomials. 


1 C 
Special Cases.- ———_—_—__________.C, = —2._ 2% Constant 
“i a,D"+a,_,D"1+--»+a,D+a, ° ay : 


| Example 4.20 4.20 


Find a particular solution of (D?+6D+49)y = (x3+2x)e. 


Using the method of operators, a particular solution is given by 


1 3 =3 , ; 
i DiveD ys +2x)e a = Shift Theorem: a= —3. 
1 
— e3* 8 x) et 
(D—3)* +6 (D—3) +9 


Take e~3* out of the operator 
and shift operator D by —3. 


2 1 
e ey (x? +2). 
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Since D~! is the integral operator, D~? f(x) means integrating f(x) twice: 


Integrate Integrate 
xP +4+2x aes fxt tx? as Sealey eter’. 


Hence, 


| Example 4.21 | 4.21 


Find a particular solution of (D? —-2D +2)y = x7e* cos 2x. 
From Euler’s formula 

e'? = cosO+isind —> cos2x=Re(ei*) and e*cos2x= Reel +1) 
Applying the method of operators, a particular solution is 


1 2 a) px theorem 2: a=1+i2. Take ell +i2)x 


ae Re D?—2D+2 Fe out of the operator, shift D by (1+i2). 


1 


el +i2)s “ea ian 
[fea 2[D+(1+i2)] +2 


= Re 


using series. Stop at D?. 


1 14 1 2 
ee (> D D*) + (=D =D") |x? 
-5 te +5 =D+5D*) +--- |x 


1 1 
“ e(lti2)x : 7 yo Expand the operator 


:| Fe ce ( oy44 Dx a sD +] 


i8 =) ; Apply Euler's 
9 


1 
iS S 2 2 ( ee ee 
a a (cos 2x + i sin 2x) (x* + ria formulato etl tide 


Expand the product 
and take the real part. 


| Example 4.22 4.22 


Find a particular solution of (D? +3D —4)y = 6sin 3x. 


1 8 26 
= ae (x? cos 2x _ 3 sin 2x — = 60s 2x). LE 


Using the method of operators, a particular solution is given by 


6 ; 
p= D243D_4 sin 3x. 
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In order to use Theorem 1, sin 3x must be converted to an exponential function 
using Euler’s formula e'? = cosO+i sind => cos =Re(e'”), sind = In(e'”): 
6 6 Theorem 1: a=i3 
=7 (———— Br [_—— | a ; ) 
YP é D?+3D—4. 7 (3)-4303)—4° replace D by i3. 
= 1m 6 ci) = | 6(—13—19) oi] 
—13+i9 (—13+i9)(—13—i9) 
= Multiply both the numerator and denominator by (—13—i9). 
6(—13—i9) 
132492 


i3x 


Expand e 


(cos 3x-+i sin 3x)| Lr: 
using Euler's formula. 


= = Im| (—13 cos 3x+9 sin 3x) + i(—13 sin 3x —9 cos 3x) | 
ee Sea —_—_—_——— 


Real part Imaginary part 
— oe = (13 sin 3x+9 cos 3x). 


Remarks: 


te This approach involves manipulations of complex numbers, which could be 
tedious. Note that i? = —1, i4=1, if = —1, .... When one deals with only the 
even power terms of D, one can avoid complex numbers. 


* Since cos Bx and sin Bx are related to e!’*, when applying Theorem 1, a=if 
and a” =(iB)* = — B*. Hence, by dealing with only even power terms of D, a 
simpler method can be devised as follows. 


as oO . sin 3x fps heorem 1: sin3x= Im(e3*); 
yp = D2 +3D-—4 replace D2 by (13)? = a 
6 : 6 . 
SS in 3X = Sin 3X 
(—37) +3D-4 —13+3D 
Osh) 
= ——__.» nae TO ay Multiply both the numerator 


- (-34+3) aaa and denominator by (—13—3D). 


—6(13+3D ; 2 
2 (13+3D) Bia set Apply Theorem 1. Replace D 


169—9 D2 in the denominator by — 37. 
6 ; ‘ E h ; 
= —-————_ (13 sin 3x+3Dsin3x) 22 xpand t Seon 
169 —9(—32) Dsin3x = (sin3x)' = 3 cos3x. 


=— = (13 sin 3x+9 cos 3x). 


This procedure can be summarized as Theorem 3. Note that ¢(D) can always 
be written as $,(D”)+,(D’)D, e.g. 


$(D) = 3D? +2D?+D+1= (2D*41) + BD?241)D. 
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Theorem 3 


1 sin Bx z 1 sin Bx ie sin Bx and cos Bx 
(D) | cos Bx ~ $(D2)+¢,(D2)D are related to e'*. 


cos Bx 


1 sin Bx : 
$B) + 6,-B)D | # Replace D* by (if)” =—B*. 
I 2 


cos Bx 


7 [¢,—B?) —¢,(—B?)D] sin Bx 
[¢,B?) + 6,(—B?)D | [¢(—A?) — 6,(- 6?) D | 
#2 Multiply both numerator and denominator by [o(- Cy (—B 2) Bi 
_ _ $6?) — (6?) D | sie 

[$-62)]° — [4-6] D? 


cos Bx 


cos Bx 


= (a—b)(a+b)=a°—b* 


_ 1 | ,(—B?) sin Bx — $,(—B”) D sin Bx | 
[¢(-B2)] —[¢-B2)}° B2) (6-8?) cos Bx—$,(—B2) D cos Bx 
f& Replace D? in the denominator by — 6”; expand the numerator. 


_ 1 ee sin Bx — B p,(—B) cos | 
[¢—B2)] +62[¢,(-B2)]° |B) cos Bx +B 6,(—B2) sin Bx} 


iS If [o,-B?)|° + B?[¢(-B2]° =0, use Theorem 4. 


It is not advisable to memorize the result of Theorem 3, but to treat the theorem as 
a technique for finding a particular solution corresponding to a sinusoidal function. 


| Example 4.23 4.23 


1 


Evaluate Ye = Dinapa3 [e*(2 sin 3x —3 cos 2x)]. 


1 
ee 
es pa 


#& Theorem 2: take e* out of operator and shift D by +1. 


1 
= eo ———— (2 sin 3x — 3 cos 2x) 
D>) -—2D 


= e| —___ rn sin3x) © Replace D? by —3?. 
oe —2D 
1 


+ ————(—3 cos 2x) = Replace D? by —2?. 
2 —2D 
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| me) 3 (4-2D) 
=e —___—_—_— SIN DX + —_—__—_—_—__: x 
(9+2D) (9-2D) (44+2D) (4—2D) 


i 3(4—2D) 
=e | ——\— sin 3x + ——— cos 2x 
81—4 D? 16—4 D? 
9 2h 22 
= ¢|_———« sin 3x — 2D sin 3x) ger Replace D'by -3", 
81—4 (—3) expand the numerator. 
3 2hy 92 
4+ ——(4cos2x — 2D cos 2%)| ar Replace D' by 2", 
16—4 (—22) expand the numerator. 


= | - < (3 sin 3x — 2cos3x) + 3 (cos 2x + sin 2x)]. 


| Example 4.24 4.24 


Solve (DP 6D + 9)y = 72 sin’ 3x. 


The characteristic equation is A*7+6A+9=0 = (A+3)*=0 > A= —3, —3. 


The complementary solution is 
Yo = (Cot Cyxye™™. 


The right-hand side of the differential equation can be converted to the standard 
form using trigonometric identities: 


1— cos 6x\ 2 
72sin’3x = 72(sin23x)? = 72 (——) = 18(1—2 cos 6x + cos? 6x) 


1+ cos12x 
——) = 27—36cos6x+9cos12x. 


= 18 (1-2cos6x+ 


1 


= D?46D +01 ED 27 £& Special case of a polynomial: constant 
+6D+ 


Yp 


=3 cos6x 2 Theorem 3: replace D* by —67. 


1 
—— 
D2+6D+4+9 
1 
+ 9 D246D19 cos 12x LE Theorem 3: replace D2 by in 
1 1 
BF 36 6058 60 605 12% 
(—67)+6D+9 (—127)+6D+9 
2D+9 2D+45 
= 33> Gm ne Ge) ee 
(2D —9)(2D+9) (2D —45)(2D +45) 
12(2D+9) 3(2D+45) 
“apie aDe—30S 
12 


~ 4(—62)—81 


Replace D? by — 67, 


(—12 sin 6x+9 cos 6x) LE 
expand the numerator. 


= 3 
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3 2 492 
fe (— 24 sin 12% + 45 cos 12x) Pe a Mg cre 
4(—127) — 2025 expand the numerator. 
16 
=3- 5 sin 6x +3 = cos 6x + 585 = sin 12x — = cos 12x. 


| Theorem 4 4 


If d(a)=0, '(a)=0, $(a)=0, ..., GP Y(a)=0, 6? (a) 40, ie, a isa 
p-fold root of the characteristic equation (A) =0, then 


ge ree es he: Take pth-order derivative of ¢(D); 
o(D) ae $'P)(a) : replace D by a; multiply the result by x?. 


Proof: Since a is a p-fold root of the characteristic equation @(A)=0, @(D) can 
be written as #(D) =(D —a)? $,(D), $,(a) £0. Hence 
1 1 


AX eearel | R it ax ax 1). 
FD)° DaaraiD)* ) 5 Rewrite e*” as (e ) 
1 Apply Theorem 2. Take e® out of 
_ ef* (1) LE pply 
DP ¢,(D+a) <T the operator and shift D by a. 
1 1 
=e —| OED &= Rewrite 1 ase? * 


1 1 
= e* ————(1).  @t Apply Theorem 1 on the shaded part, a=0. 
D? oa) pply P 


1 1 ; : : 
Since D is the integral operator, Dp means integrating 1 with respect to x for p 
times, which gives 


1 1 


ax _ P pdx 


—<—< e SF ——— 
o(D) p!o,(@) 
On the other hand, differentiating ¢(D) yields 


1 1 
_— = — ,?P 
pe) = 5% and 


¢(D) = p(D—a)?'$(D) + (D—a)? o(D), 
o'(D) = p(p—1)(D—a)?* $,(D) +2p(D—a)?! $(D)+(D—a)? 6{(D), 


¢'"(D) = p(p—1)(p—2)(D—a)P 7 6D) + 3p(p—1)(D—a)?* ¢\(D) 
+ 3p(D—a)?"! ¢(D) + (D—a)? $(D), 
From the shaded terms, it can be easily seen that Pa) = p! (a). Hence, 
1 1 


ax _ P pax 
D)  @P@ - . 
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| Example 4.25 | 4.25 


Evaluate ip a 
Use Theorem 4: o(D) = (D-2)’, p(2) = 0, 
¢(D) =3(D-2),, #2) =0, 
¢'(D) = 6(D—2), o'(2) = 0, 
oD) =6, $2) =6 £0. 
yp = = 2x Sx 2%, 


| Example 4.26 4.26 


Solve (D?+4D +13)y =e ** sin 3x. 


The characteristic equation is A* +.42-+13=0, which gives 
- —44+ /4 —4x 13 
7 2 

Hence the complementary solution is y~ = e7*(A cos 3x + B sin 3x). 

Note that the right-hand side of the differential equation is contained 


in the complementary solution. Using the method of undetermined coefficient, 
the assumed form of a particular solution is x-e~** (a cos 3x +b sin 3x). 


Xr = —2+13. 


A particular solution is given by 


5 = eae area (sin sx) =e eens eeeeeeeer Te: 
D?+4D +13 (D—2)?+4(D—2)+13 


= Theorem 2: take e~ 7* out of the operator, shift D by —2. 


1 Pa 
D219" ‘ 


1 

—2x : —2x 

=e sin 3x =e Im 
D*+9 


This can be evaluated using Theorem 4: 


$(D) = D*+4+9, (i3) = (13)? +9 = 0, 


¢(D) =2D, ¢'(i3) = 2743) =i6 £0. 
Hence, 
1 : 
yp =e * In| x aad = Theorem 4 


#'(i3) 

; ; 

=e Ty |= x (cos 3x +isin 3x)| =e Tm| —- =x (cos 3x + isin 3x) 
1 


=— z xe ?* cos 3x. 
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4.3.3 Method of Variation of Parameters 


When the right-hand side of a linear ordinary differential equation with constant 
coefficients is a combination of polynomials, exponential functions, and sinusoidal 
functions in the following form 


e*| (ay SE Gee ee a,x*) COCR Uae (4 termi pee b, xk) sin Bx], 


the method of undetermined coefficients or the method of D-operator can be applied 
to find a particular solution. Otherwise, the method of variation of parameters must 
be employed, which is the most general method. 


The method of variation of parameters is illustrated using specific examples. 


| Example 4.27 | 4,27 


Solve the differential equation y" +y =cscrx, (1) 


The characteristic equation is 47 +1=0, which gives 4 = +i. The complementary 
solution is 
Yo =Acosx + Bsinx. (2a) 


Differentiating y~ with respect to x yields 
Yo = —Asinx + Bcosx. (2b) 
Note that in equations (2), A and B are constants. 


In general, for an nth-order linear differential equation, the com- 


plementary solution y, is differentiated (n—1) times to obtain equations for 


(n—1) 
VEGI ea Non a 


To find a particular solution yp, vary the constants A and B in equations (2) to 
make them functions of x, i.e., A> a(x), B=» b(x). Thus the expressions for yp 
and y» are obtained 


Yp = a(x) cosx + b(x) sin x, (3a) 
yp = —a(x) sinx + b(x) cos x. (3b) 
Differentiating equation (3a) with respect to x yields 


Differentiate using 


— = : / : 
Yp = a(x) cosx — a(x) sinx + b(x) sinx + b(x) cosx ae pioduct ctile 
= —a(x) sinx + b(x)cosx, £ Compare with equation (3b). 


which leads to 
a'(x) cosx + b'(x) sinx = 0. (4a) 
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Differentiating equation (3b) with respect to x and substituting into equation (1) 


result in 


yp +. yp = [—a'(x) sin x — a(x) cosx + b'(x) cos x — b(x) sin x] 


+ [a(x) cos x + b(x) sin x] 


= csc>x, 


which yields 
—a'(x) sinx + b'(x) cosx = csc?x. (4b) 


Equations (4) give two linear algebraic equations for two unknowns a’(x) and b’‘(x), 
which can be solved easily 


Eq(4a) x cosx: a'(x) cos*x + b/(x) sin x cos x = 0, 


Eq(4b) x sin x: —a'(x) sin?x + b/(x) sin x cos x = csc?x. 
Subtracting these two equations leads to 
a'(x) = —csc?x. 2 sin’x + cos*x =1. (5a) 
Similarly, 
Eq(4a) x sin x + Eq(4b) x cos x: b'(x) = csc?x cosx. (5b) 


Integrating equation (5a) yields 
a(x) = — / csc*x dx = cot x, 


and integrating equation (5b) gives 


i 1 
b(x) = [ cse°x cos xa -| eo) = 


sin?x 2 sin 


aa 
The general solution is then given by 
Y=JYcotyp = Acosx + Bsinx + a(x) cosx + b(x) sinx 


- sinx 


= Acosx + Bsinx + cotx- cosx — — 5 
2sin*x 


cos?x 1 


= Acosx+ Bsinx+ — —. 
sin x 2sinx 


| Example 4.28 4.28 


Solve the differential equation y” —2y'’+y =Inx. (1) 
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The characteristic equation is 47—24+1=0 = A=1, 1. The complementary 
solution is 
Yo = (Co t+ Cyxe*, (2a) 


where Cy and C, are constants. Differentiating y, with respect to x yields 
Vo = Cye* + (Cy + Cyx)e* = [(Ch+C,) + Cx] e*. (2b) 


To find a particular solution yp, vary the constants C) and C, in equations (2) to 
make them functions of x, i.e., Cy => cy (x), C, => c,(x), to obtain the expressions 
for yp and yp 
Yp = [cg(x) +c (x)-x]e*, (3a) 
Vp = {lo +e, (x) | + ¢,(x) -x} e. (3b) 
Differentiating equation (3a) with respect to x yields: 


Differentiate using 


Vp = [eg(x) Fey (x) -x +(x) ]e* + [co(x) +e, (x)-x]Je* AE producetule. 
= {[co@x) +c, (x) | + ¢,(x) -x} e*, £& Compare with equation (3b). 


which leads to 
co(x) + ch(x)-x = 0. (4a) 
Differentiating equation (3b) with respect to x and substituting into equation (1) 
result in 
yp —2yp + yp 
= {[cp(x) + e}(x)] + cp(x)-x + cy (x) } e* + { [co (oe) +e, (x)] + cy (x) x} e* 
— 2{[eg(x) +e (x)] + (x) -x} e* + [eg (x) + c,(x)-x]e* 
= [co(x) + cx) + cj(x)-x]e* =Inx. @£ Right-hand side of equation (1) 
Hence, 
cox) + c\(x) + cy(x)-x =e *Inx. (4b) 


Equations (4) give two linear algebraic equations for two unknowns co(x) and c}(x). 
Subtracting equation (4a) from (4b) yields 


anya ein: (5a) 
From equation (4a), one has 


co(x) = —cy(x)-x = —xe*Inx. (5b) 
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Integrating equations (5) yields 
Re fe Inxdx = — ice d(e"*) £ Integration by parts 
—x 
— [e*Inx - [ax]. 
% 


Cy(x) = — / xe *Inxdx = i xInxd(e*) ££ Integration by parts 


xe ~Inx - fe*dnx+1)dx =xe “Inx+e* - fe*inzax 


—Xx 
- 2 _ e 
=xe *Inxte*+te*Inx — | —dx, 
x 


A particular solution is then given by 
Yp = [co(x) + cy (x) -x]e* 
e* e * 
= {xer* Inx +e *+e ~Inx— | —dx+ | -e*Inx + [ax] fe 
x 


=X 


=14+lnx+e*(x-1) © ax. 
x 


| Example 4.29 | 4.29 


Solve the differential equation yl y= Tw (1) 
The characteristic equation is A7—A=0 = A(A+1)(A-1) =0 = A=~-1,1,0. 
The complementary solution is 

Yo = +Cye™* + Cye* + C;, (2a) 


where C,, C,, and C; are constants. Differentiating y, with respect to x yields 
Yc = Ger + Ce, (2b) 
yo = +Cye™* + Cye*. (2c) 


Apply the method of variation of parameters and vary the constants C, = c, (x), 
C, = c,(x), C; => c;(x) to express a particular solution and its first- and second- 
order derivatives as 


= +c,(x)e ~ + c,(x)e* + ¢3(x), (3a) 


S 
) 
| 


Yp = —C,(x)e™* + cy (x) e%, (3b) 


yp = +c,(x)e* + 65(x)e*. (3c) 
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Differentiating equation (3a) with respect to x yields: 
yp = G(xje™ —c,(x)e* + G(xe* +c,(x)e* 4+ c5(x) 
= —c,(x)e ~+c,(x)e*, @£ Compare with equation (3b). 
which leads to 
cy(x)e* + ch(x)e* + c5(x) = 0. (4a) 


Differentiating equation (3b) with respect to x yields: 


yp = —ci(xjye™* +c,(x)e* + (xe* +c,(x)e* 
= ¢,(x)e * + ¢,(x)e*, 2 Compare with equation (3c). 


which leads to 
—cy(x)e* + ch(x)e* = 0. (4b) 


Differentiating equation (3c) and substituting into equation (1) result in 


Yp —Yp = [ ex)e* —c(x)e* + A(xe* +0 (x)e*] —[—qy (xe +(x) e*] 


x 


= Taree’ #& Right-hand side of equation (1) 


which leads to 


x 


cy(x)e* + (x)e* = (4c) 


e 
1+e*" 
Equations (4) give three linear algebraic equations for three unknowns c}(x), ¢5(x), 
and c3(x), which can be solved using Cramer’s Rule or Gaussian elimination: 


x 2x 
Eq(4c) —Eq(4b): _2e/(x)e"* = = = d= a) 
tg 1 
Eq(4c) + Eq(4b): 2ch(x)e* = er = 40= pay) 
Eq(4a) — Eq(4c): c3(x) = — — (5c) 


Integrating equations (5) yields 


e 1 
C3(x) = - [= - f aaate = —In(1+e’). 


1 2x 1 Peery = 1 
aw=5f de= 5 [PO eas 
2) 1+e 2 1+e* 


alee = 1 x th x x 
7 5/( me) Sager ee 
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1 1 1 e* 1 
=— | —dx=-- d(e*+1 
C(x) = > fe > |e -|= ae (e ~+1) 


= —$n(e*+1) = $[-In( +e*) + x], 


A particular solution is then given by 


ye *~ +c,(x)e* + ¢3(x) 


C(x 

Cy 

s[e* —In(1+e* )]-e7 5 [-In(. te*) + x] -e* — In te*) 
1 

val 


1 + xe* — (e* + e* + 2) In(1+e*)]. 


4.4 Euler Differential Equations 


An Euler differential equation isa linear ordinary differential equation with variable 
coefficients of the form 


n n—1 
= y dy 
Ay X" 5 + a,x" 73 re Saar + ayy = f(x), 
where dp, 4), ..., 4, are constants. Using the D-operator, D(-) =d(-)/dx, an 


Euler differential equation can be written as 
(a,x"D" +a,_,x" "DD"! +---+a,xD + ao) y = f(x). 
To solve the equation, use the substitution x = e” to convert it to one with constant 


coefficients. 


Assuming the independent variable x >0, let x=e* or z=I1nx and adopt the 
script Y notation, Y(-)=d(-)/dz, to denote differentiation with respect to z. 
Hence, using the chain rule, 


dy dydz dyl dz d 
—_—S_— — —-, p — — = (| =_—_ 
dx dz dx dz x = dx ao 
which yields 
d d 
dx dz 
Similarly, 


fy _ 4 (dt). (hy 


dx? dx \dx dx \x dz 
Ldy 1 2 \2 dz ildy 1 dy 
~ x2 dz | x dz\dz/ dx x2. dz. x2 dz?’ 


leading to 


dy dy d ae poe 
Poe SS PD) = (P-D() = DI-). 
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It can be proved, by mathematical induction, that 
x"D"(-) = D(D-1)(P-2)---(PW—-n+1)(-), n=positive integer. 


Hence, in terms of the script Y operator, Y(-)=d(-)/dz, an Euler’s equation 
becomes an equation with constant coefficients. 


For example, consider 
(a,x? D? +.a,xD +ay)y = f(x), — D(-) = d(-)/dx. 
Applying the variable substitution x = e’, the differential equation becomes 
[a, D(.D-1)+a,D+aly=fe), D-)=d(-)/dz, 


or 
[a, P+ (a,—a,) D+ ag|y = f(e’). 


| Example 4.30 4.30 

Solve (x*D* — xD + 2)y = x(Inx)’, D(-) = d(-)/dx. 

Letting x =e’, z=Inx, and Y(-)=d(-)/dz, the differential equation becomes 
[D(D-1)-D+2]y= e = > (D-2P+2y=e2’. 

The characteristic equation is 4* —24-+2=0, which gives 


ea a 
= 


A 1+i. 
The complementary solution is 
Vo =e (Acosz + Bsinz). 
A particular solution is given by 
1 3 Theorem 2: take e* out of the operator 
Y= mn) eee 
PG? -~2F +2 and shift operator D by +1. 
1 3 Zz 1 3 


a 

~ (+P —-2AD+Y+2° G41 

: : _. Expand the operator in series 

= (1 -—-G* + (g*)* —...]2 fe ; : 
ae le ee at D°. 


= e*(z> — 6z). 
Hence, the general solution is 
Y=Votyp =e (Acosz + Bsinz) + e7(z> — 6z) 


Change back to 


= : oP. P 
=x [A cos(Inx) + Bsin(Inx) + (nx)° — 6In xl. Pay onipnalyanabicse 
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| Example 4.31 | 4.31 


Solve (3D3+xD—-—Dy=4x, D(-) =d(-)/dx. 
Let x =e*, z=Inx, and Y(-)=d(-)/dz. The differential equation becomes 
[D(D-1I(D-2)+ D-1ly= 4e” => (P-1)y = 4e”. 


The characteristic equation is (A—1)>=0 = A=1, 1,1. The complementary 
solution is 

Yo = (Cy + Cyz + Cyz”)e*. 
A particular solution is given by 


1 eZ 


= ‘cape => 16 = Theorem 1: a=5 


1 


_ 5z 
Ye = “Ga 


The general solution is 


1 
Y= IJotYp = (Cyt Cz + Cyz*)e* + Gee” 
Change back to 


2 15 
= [Co + C; Inx + C,(Inx) |x na Ta Ran. original variable x. 


4.5 Summary 


Consider an nth-order ordinary differential equation with constant coefficients 
o(D)y=F(x), $(D)=a,D"+a,_;D" '+--++a,D+a9, D(-)=d(-)/dx. 
General solution y(x) = yc(x) + yp(x). 


Complementary Solution 
Complementary differential equation: ¢(D)y=0. #& R.HS. set to 0. 
Characteristic equation: $(A) = 0 == characteristic numbers i,, 4, ..., A 


za f(A) =0 hasa real root A =a of p-fold 


n° 


Yo = (Cot Cyx+... +C,_1 x?!) 
a / 
polynomial of degree p—1 
za =(A) =0 has a pair of complex roots A=a+if of p-fold 
yo =e**[(AgtAlxt... +A,_,x?~1) cos Bx 


+ (Bo +B,x+...+B 


pl xP!) sin Bx] 


polynomials of degree p—1 


4.5 SUMMARY 181 


Particular Solution 


1. The method of variation of parameters is the most general method that can be 
used for any functions on the right-hand side. 


2. When the right-hand side of the differential equation is not of the form 
e*| (dg tayxt-- + a,x*) cos Bx + (by + bx +---+ b,x*) sin Bx], 


the method of variation of parameters must be applied. 


3. When the right-hand side is of this form, the method of undetermined co- 
efficients, the method of D-operator, or the general method of variation of 
parameters can be applied. The method of D-operator is usually the easiest 
and the most efficient; hence it is the preferred method. 


1. Method of Undetermined Coefficients 


La Corresponding to Right-hand Side F(x) Assumed Form of yp 
(1) a of degree k Polynomial of — k 
a 


ORT ETE - +4,x*) eM [(AptAyxt --- +A, x*) 
as - +b, x*) si +(By+B,x+ +--+ +B,x*) si 


ae ee 
Polynomial of degree k Polynomial of degree k 


If a normally assumed term of a particular solution occurs in the complementary 
solution, it must be multiplied by a power of x, which is sufficiently high but not 
higher, so that it does not occur in the complementary solution. 


2. Method of D-Operator 
«® Polynomial: Used when ¢~'(D) operates on a polynomial. 


1 


———— (oe ore reer 
a,D"+a,_,D" 1+ ena ee 


Polynomial of degree k 


1 1 
re et anal a a (CotCyxt + +C,x*) 
2 Ee aly ey ye a 
Ao Ay A, 


Rewrite the operator in ascending order of D. Set the constant to 1. 
1 
= —(1+b,D+b,D?+---+b,D*) (Cy +Cyxt --- +C,x*). 
a 


Ay ~ 
0 
Expand the operator using series or long division. Stop at D*. 
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« Shift Theorem (Theorem 2): Used when ¢~'(D) operates on e“* f(x). The 
Theorem takes the exponential function e* out of the operation 
1 
p(D) 


Take e™ out of the operator 


ax _ ax 1 
[e* fe] =e TO): Naa shift operator D by a. 


(D+a) 


*® Theorem 1: Used when ¢~\(D) operates on exponential function e”. 


Tn = ia PA z0: ten Replace D bya. 


[= If ¢(a)=0, use Theorem 4. 


% Theorem 3: Used when ¢~'(D) operates on sin Bx or cos Bx. 


awe une 1 sin Bx = Replace D* b 2 
AD) ssl GOD EOD |aoal 


1 sin Bx 
 O(—B2)+,(—B2)D oe 


$(—B’) = $,(—B7)D sin Bx 3 Replace D2 by eae 
[o(- p2)|’ ~[¢,(-p? ))D? Expand the numerator. 


4 1 nae sin Bx — 6 b,(—B”) cos | 
[$B] + B7[4,-B2)] (4-8?) cos Bx + B$,(—B?) sin Bx} 


is If [o—62)] + B[b(-B2)] = 0, use Theorem 4. 


cos Bx 


ta Theorem 4: Used when the denominator is 0 when Theorem 1 or 3 is applied. 


Me ax __ 1 Pax o(a)=¢'(a)=--- =o") (a) =0, 
oD) ~ GPay > g(a) A0. 


Euler’s Formula: e!* = cos Bx +i sin Bx, 
cos Bx = Re(ei®*), sin Bx = Im(eiF*). 
3. Method of Variation of Parameters 


1. For an nth-order linear differential equation ¢(D)y = F(x), determine the 
complementary solution 


Vo = F063 Gos04 Gs 


where C,, C,, ..., C,, are n arbitrary constants. 


2. Differentiate y~ with respect to x to yield the equations y., yd, ..., 5 aes 
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3. Vary the constants C,, C,, ..., C,, to make them functions of x, and obtain 
n equations y®, k=0,1,...,n—1, 


C,=c.(x) 

k k 

Co OFM Chere Ow) a ye citi CEO ioe); 
$=1,25 00050 


4. Differentiating y with respect to x and comparing with the expressions 
G iaueer k=0,1,...,n—2, and substituting yp and the derivatives into the 
original differential equation yield n linear algebraic equations for cj(x), 
rh Ca aperer em a 

5. Solve these equations for c\(x), c(x), ...5 ¢)(x). 


6. Integrate to obtain the functions c, (x), c,(x), ..., ¢,(x). A particular solu- 
tion yp (x; CS herd Co Maan (x)) is then obtained. 


Euler Differential Equations 
(G,x"D" 4a, )x" (D1! 4-4 4axD +a) y =f), D(-)=d(-)/dx. 
Letting x=e* or z=Inx, x>0, D(-) =d(-)/dz, then 
x"D"(.) = D(D-1)(Y—-2)---(D—n+1)(-), n=positive integer. 
The Euler differential equation is converted to a differential equation with constant 


coefficients. 


Problems 
Complementary Solutions 
41 (D?-2D?+D—-2)y=0 GB yo =Acosx +Bsinx + Ce” 
42 (D?+D?+9D+9)y=0 GB yo =Acos3x + Bsin3x +Ce™* 
43 (D?+D?—-D-1y=0 GB yo=(QytQxe*+Ce* 
44 (D?+8)y=0 GB yo=e" [A cos(V3x) + Bsin(V3x)] Ge 
45 (D>—8)y=0 G@ yc= e*[A cos(V/3x) + B sin(V3x)] ie 
46 (D*+4)y=0 ED yo =e (A, cosx+B, sinx)+e*(A, cos x+ B, sin x) 
4.7 (D*+18D?+81)y=0 GB yo=(Ay +4 x) cos 3x+ (By +B, x) sin 3x 
48 (D*—4D?+16)y=0 

G@ yc= e¥3*(A, cosx + B, sinx) +e7¥°*(A, cosx + By sin x) 
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49 (D*—2D°+2D?—2D +1) y=0 GB yo=(Cot+ Cyx)e* +A cosx+B sinx 
410 (D*—5D°+5D?+5D—6)y=0 
GD yo = Cye™ + Cye* + Cye** + Cye* 
411 (D> —6D*+9D*)y=0 GB yoHCotC,x+C,x?+ (Dy +D,x)e* 
4.12 (D°—64)y=0 GB yoH= Qe + Coe” 
+ e*[A, cos(V3x) + B, sin(V3x)] + e*[A, cos(V3x) + B, sin(V3x) | 
Particular Solutions — Method of Undetermined Coefficients 


For the following differential equations, specify the form of a particular solution 
using the method of undetermined coefficients. 


413 (D?+6D+4+10)y = 3xe * — 2e* cosx 

414 (D?—8D+4+17)y =e (x* — 3xsinx) 

415 (D*—2D+4+2)y=(x+e*)sinx 

416 (D?+ 4) y = sinhx sin 2x 

417 (D?+2D+ 2)y = coshx sinx 

418 (D?+D)y =sinx +xcosx 

419 (D>? —2D*+4D — 8)y = e** sin2x + 2x* 

4.20 (D?—4D?+3D)y =x? +xe* 

421 (D*+D?)y =7x —3cosx 

4.22 (D*+5D* +4)y = sinxcos2x 

Particular Solutions — D-Operator Method 

4.23 (D?—3D°+1)y=9e* GB yp=e* 

4.24 (D—1)y=48xe* GB yp = 2x*e* 

4.25 (D?—3D)y=9x* GB yp =-x - 2x 

4.26 (D?+4D°*)y=7+x GBD yp = $x (28+x) 
4.27 (D?-D—2)y=36xe* GYD yp = 207*(3x?—2x) 
4.28 (D*+16)y=64cos2x GYD yp = 2cos2x 


4.29 (D*+4D?—l)y=44sin3x GBD yp =sin3x 
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4.30 (D?+D?+5D+5)y=5cos2x GBD yp =2sin2x +cos2x 
4.31 (D?+3D+5)y=5e*sin2x GD yp = —e-*(2cos 2x + sin 2x) 
4.32 (D*-l)y=4e* GB yp=-xe~* 

4.33 (D?+4)y=8sin*x GBD yp=1—xsin2x 

4.34 (D?—-D?+D—-ly=4sinx GB yp =x(cosx —sinx) 

4.35 (D*—D?)y=2e GB yp=xe* 


General Solutions 
436 y" —4y'’+4y = (14+x)e* +2e* + 3e* 
GD vy = (Cot Cx) ec + (x +3)e* + x7e* + 30% 
437 (D?—2D +5)y = 4e* cos2x 
GD vy =e (Acos 2x + Bsin 2x) + xe* sin 2x 
4,38 (D?+4)y=4sin2x GYD y=Acos2x+ Bsin2x — xcos2x 
4.39 (D*—1)y = 12x7e* + 3e* + 10 cos 3x 
GD yp = Cie * + Coe® + €%(2x° — 3x7 43x) + e?* — cos 3x 
440 y"+y=2sinx—3cos2x GB y=Acosx+Bsinx—xcosx+ cos 2x 
AAL y"—y'=e%X(104+x°) GB y=, + Cye* + e* ($29 -x?+12x) 
442 (D*—4)y = 96x7e* + 4e°** 
GD vy = Ce + Coe + e?* (8x? — 6x? + 3x) — xe * 
443 (D*?+2D+4+2)y =5cosx + 10sin2x 
CAns) y=e *(Acosx+Bsinx)+cosx+2sinx—2cos2x— sin 2x 
444 (D*?—2D42)y = 4x —24 2e* sinx 
CAN y =e*(Acosx + Bsinx) + 2x +1 —xe* cosx 
445 (D?—4D+4)y = 4xe” sin2x 
GD y = (C,4+C,x) e** — e?* (x sin 2x + cos 2x) 
446 (D?—D?+D—1)y=15sin2x 
GD y = Ce* + Acosx + Bsinx + 2 cos2x + sin 2x 
447 (D°+3D*—4)y = 40sin2x 
GD y= (C+ Cre + Cye* + cos 2x — 2 sin 2x 
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448 yl” —y"+y'—y=2e% +5e™* 

GD y = Acosx + Bsinx + Ce* +xe* + e* 
449 (D°?—6D*+11D — 6)y = 10e* sinx 

GD y =Cye™ + Cye** + Cye* + e*(3 sin x — cos x) 
450 (D> —2D —4)y =50(sinx + e”*) 

GD y = Ce** +e *(Acosx+Bsinx)+6cosx—8sinx + 5xe™* 
4.51 yl” —3y"+4y = 12e* +4e™ 

GD y= (Cy + Cyx)e* + Cye™* + 2x7e7* + e* 
452 (D*—8D*+16)y = 32e* + 16x° 

GD y= (C+ C,x)e-7* + (Dy) + Dx) e** + x7e?* + x7 + 3x 
4.53 (D*—18D*+81)y = 72e* +729x* 

GD y= (C+ Cxye* + (Dy + Dx) e* + x7e** + 9x7 44 


Method of Variation of Parameters 
454 y"—-y=x!—2x% GB y=Cye*+Ce*—- x7! 


1 


—- CAns y=Cye*+Cye*—xe*+ sinh xIn|1—e™*| 
sinh x 


455 y"-y= 


x 


456 y"—2y'+y= — GD y = (Cy +C,x + xIn|x|) e* 

4.57 y"+3y'+2y=sine”’ GB y=Ce%+Cie*—e sine” 
458 y"—3y'+2y=sine* GB y=Ce*+Cye* —e* sine 

459 y"+y=secx GB y = Acosx + Bsinx + + secx 

460 y"—y= (1—e2*)-7 (Ans) y=Cye*+Cye*-Se™* sin-te*—4./1—e2* 
461 y"-y=e**sine* GD y=Cye~+Cye*—sine*—e* cose * 
4.62 y"+2y'+y=15e*Vx+1 GD yoo [Cot Cx+ 4x43] 
4.63 y"”+4y=2tanx 


GD y=Acos2x + Bsin2x + sin 2xIn|cosx| — x cos 2x 


2x 


(eX + 1)? PAns Nim (Cy +C,x)e* +e Inq +e") 


4.64 y"—2y'+y= 


465 y"+y'= 


1+e* GD y=C,4+Ce*-In(e* +1) —e * In(e* +1) 
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Euler Differential Equations 
466 (x°D?-xD+)Dy=Inx GB y=(C)4+C,Inx)x+2+Inx 
5 

467 x*y"43xy'4+5y= =a nx 

GD y =x '[Acos(2Inx) + Bsin(2Inx)] + x7? (2 + Inx) 
4.68 (x°D>+2x’D* —xD 4+ ly = 9x7 Inx 

GD yo =Cyx 1+ (C, 4+ C,lnx)x + Blnx—7)x? 
4.69 [(x—2)’D* —3(x-2)D + 4] y =x 

3 
ED yo = &—2)°(Cy + C In|x—2|) +x- 5 


470) xey" 43x7y" 4+ xy! —y=x? 
v3 _ (v3 x 
éDd y = Cx+ | Acos (> Inx) + Bsin (Inx)] +> 


Applications of 
Linear Differential Equations 


5.1 Vibration of a Single Degree-of-Freedom System 


5.1.1 Formulation— Equation of Motion 


In this section, the vibration of a single story shear building as shown in Figure 
5.1, which is considered as a model of a single degree-of-freedom (DOF) system, is 
studied. 


A single story shear building consists of a rigid girder with mass m, which is 
supported by columns with combined stiffness k. The columns are assumed to 
be weightless, inextensible in the axial (vertical) direction, and they can only take 
shear forces but not bending moments. In the horizontal direction, the columns 
act as a spring of stiffness k. As a result, the girder can only move in the horizontal 
direction, and its motion can be described by a single variable x(t); hence the 
system is called a single degree-of-freedom (DOF) system. The number of degrees- 
of-freedom is the total number of variables required to describe the motion of a 
system. 


F(t) Rigid girder x(t) 


Weightless columns k 


—— x(t) Ground displacement 


a Figure 5.1 A single-story shear building. 
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The combined stiffness k of the columns can be determined as follows. Apply 
a horizontal static force P on the girder. If the displacement of the girder is A as 
shown in Figure 5.2, then the combined stiffness of the columns is k= P/A. 


- 
ved P 


Figure 5.2 Determination of column stiffness. 


The internal friction between the girder and the columns is described by a 
viscous dashpot damper with damping coefficient c. A dashpot damper is shown 
schematically in Figure 5.3 and provides a damping force —c(vg—v,), where v, 
and vp are the velocities of points A and B, respectively, and (vg—v,) is the 
relative velocity between points B and A. The damping force is opposite to the 
direction of the relative velocity. 


va(t) Vp(t) 


A Cc B 


Figure 5.3 A dashpot damper. 


1. Vibration of a Shear Building under Externally Applied Force F(t) 


In this case, the girder is subjected to an externally applied force F(t), which can be 
a model of wind load. Consider the vibration of the girder; its free-body diagram 
is drawn in Figure 5.4. 


x(t) m F(t) 


Figure 5.4 Free-body diagram of the building under externally applied force. 


The girder is subjected to the shear force (elastic force) kx(t), the viscous damp- 
ing force cx(t), and the externally applied load F(t). The equation of motion is 
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governed by Newton’s Second Law 
> ma=) °F => mx(t) = —kx(t) -—cx(t)+FO, 
or 
mx(t) + cx(t) + kx(t) = F(t). (1) 
2. Vibration of a Shear Building under Base Excitation x,(t) 


In this case, the base (foundation) of the building is subjected to a dynamic dis- 
placement x,(t), which can be a model of an earthquake and is a known function. 
The free-body diagram of the girder is shown in Figure 5.5. The shear (elastic) 
force and the damping force applied on the girder are given by 


Shear force = k- (Relative displacement between girder and base) = k(x—xp), 
Damping force = c - (Relative velocity between girder and base) = c(x—Xq). 
Newton’s Second Law requires that 


> ma= SF = > mkt) = —k[x(@)—xy(] -c[xO-x(O].- 


Reference position x(t) m 
I 1C(X—Xp) 1k(x—x9) 
I e | 


xo(t) | y(t) 


Figure 5.5 Free-body diagram of the building under base excitation. 


Let y(t) =x(t)—x,(t), which is the relative displacement between the girder 
and the base, be the new dependent variable. Then differentiating with respect 
to t results in y(t)=x(t)—x)(t), y(t) =x(t)—X,(t). In terms of the relative 
displacement y(t), the equation of motion is given by 

m (ji +X) = —ky — cp, 
Le., 
my(t) + cH(t) + ky(t) = —m%,(t), (2) 
where X,(t) is the base or ground acceleration. The loading on the girder created 


from ground excitation (earthquake) is F(t) = — mx (t), which is proportional to 
the mass of the girder and the ground acceleration. 


5.1 VIBRATION OF A SINGLE DEGREE-OF-FREEDOM SYSTEM 191 


Both systems (1) and (2) are second-order linear ordinary differential equations 
with constant coefficients. 

In general, a linear single degree-of-freedom system can be modeled by a me- 
chanical mass-damper-spring system. The example of a single story shear building 
under externally applied load or base excitation can be described using the follow- 
ing equivalent mass-damper-spring system. 


1. Single Degree-of-Freedom System under Externally Applied Force 


x(t) 
te 


Figure 5.6 A mass-damper-spring system under externally applied force. 


2. Single Degree-of-Freedom System under Base Excitation 


Xo(t) x(t) 
ee 


i 


m 
aoe 


Figure 5.7 A mass-damper-spring system under base excitation. 
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(b) 


Figure 5.8 Mathematical modeling of jet engine and landing gear. 


In order to obtain the main dynamic characteristics and behavior, many engi- 
neering systems can be idealized as single degree-of-freedom systems. For example, 
consider the airplane shown in 5.8(a). 


ea Jet engines are supported by the wings of the airplane, which can be modeled 
as cantilevers with variable cross-sections. Vibration of a jet engine in the 
vertical direction can be modeled as a single degree-of-freedom system as 
shown in Figure 5.8(b). 


ta The landing gear of the airplane can be modeled as a mass m connected to 
the airplane by a spring of stiffness K and a damper of damping coefficient c. 
A spring of stiffness k is used to model the forces on the tires. The airplane 
moves at a constant speed U ona rough surface with profile y)(x). Assuming 
that the airplane moves in the horizontal direction only, the landing gear is 
modeled as a single degree-of-freedom system as shown in Figure 5.8(c). 
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5.1.2 Response of a Single Degree-of-Freedom System 


From Section 5.1.1, the equation of motion of a single degree-of-freedom system is 
given by 

mx +cx+kx = F(t), 
where F(t) is a known forcing function. It is a second-order linear differential 


equation with constant coefficients, and can be rewritten in the standard form in 
the theory of vibration by dividing both sides by m 


ae ree F(t) 
Xxt+—<—x+-=—-x=—. 
m m 


m 
Denoting 
k 2 ‘ 
— =a; @®y = natural circular frequency, 
m 
c : ; : : 
— = 260; € = nondimensional damping coefficient, 
m 
the equation of motion becomes 
Hs re: F(t) 
X+26W@)xX +ajx=—. 
m 


The solution of the system x(t) consists of two parts: complementary solution and 
particular solution. 


«# The complementary solution x,(t) is obtained when the right-hand side of 
the equation is set to zero, i.e., F(t)=0, implying that the system is not 
subjected to loading. In the terminology of vibration, the system is in free 
(not forced) vibration, and the solution of the equation is the response of free 
vibration. 


«The particular solution xp(t) corresponds to the right-hand side of the equa- 
tion or the forcing term F(t), hence the response of forced vibration. 


5.1.2.1 Free Vibration—Complementary Solution 
The equation of motion is the complementary differential equation given by 
K+ 2layx + wpx =0. 


The characteristic equation is 47 +2 a, A+ =0, which gives 


—2 fa, £,/(26a,)? —4x1x a 
+ =) (—$ £V¢?-1). 


2 


A= 


Whether the characteristic equation has distinct real roots, double roots, or com- 
plex roots depends on the value of the nondimensional damping coefficient ¢. 
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Case 1: Underdamped System 0< ¢ <1 


Most engineering structures fall in this category with damping coefficient ¢ usually 
less than 10%. The roots of the characteristic equation are 


A=a(-6 tiV1-¢2) = —lay tio, 


where @;=@)V/1—¢? is the damped natural circular frequency. The comple- 
mentary solution is 


Xc(t) = e $0" (A cos wt + Bsinw,t), 


where constants A and B are determined from the initial conditions x(0) =x, and 
x(0) = vp. Since 


X(t) = —Ca@pe $%0'(A cos wjt + Bsinw,t) 
+ e $%'(-Aw, sin w yt + Ba, cos wt) 
=e $%0'l(—fa@)A+a,B) cos wgt + (—f@)B—@,A) sin wt], 
substituting in the initial conditions yields 
xc (0) =A =X, 


Vo tS WX 
O74 


Hence the response of free vibration is 


Vo tf WpXo 
wo 


Xc(t) = e705 cosco,t + sinw,t), 0<¢<l. 


d 
Special Case: Undamped System ¢=0, ©, = 
The response becomes 


Yo . 
XC(t) = Xp COs Wot + — sin wot 
w, 
0 


Vy \2 x v,/@, . 
— xo+ (+) ———_2 ——. (0s Wot + Yoo sin Wot 
w 
0 V xp + (Vy /@9)? 4 X6 + (Vp /@)? 
wee OL _—_—_—_—_—_———_—_—_———— 
a cos sin 


= a COS(@pt— 9), 


which is a harmonic function shown in Figure 5.9 with amplitude a and phase 
angle g given by 
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Figure 5.9 Response of undamped free vibration. 


The harmonic solution has period T=2z77/w ; hence wy is called the natu- 
ral circular frequency of the system, with unit rad/sec. The natural frequency is 
f =@,/(2m)=1/T, in cycles/sec or Hz. The maximum displacement is 


V,\2 
maxx((t) =a= x4 + (+) = amplitude of the motion. 
0 


Using the trigonometric identities 
sin(a+ 8) = sinacos 8+ cosasinB, cos(a—f) = cosacos B+ sina sin p, 


the amplitude of 
x(t) =Acoswt + Bsinwt 


can be determined as follows. 


Rewrite the expression of x(t) 


A B 
x(t) = VPP ( cos ot + —=—=== sin or) 
/ A2 + B2 / A? + B2 
—— ——s— 
cos ~ sin 


= ¥ A?+B?(coswt cosy + sin wt sin ¢) 


= VA*+B? cos(wt— 9), er ead pia. 
A A 


which gives the amplitude a= VA? + B?. 
Alternatively, 


B 
(t) = VA? B(—— 


- ) 
————_ cos wt 
Vv A? + B? 
—_—_ —S—— 


cos w sin y 


sin wt + 
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— Bee 2 _A = -1A 
= VA‘*+B sin(wot+y), Bi w=tan “—, 


= /A?+B?(sinwt cos y + cos wt sin y) 
; B 


which also gives the amplitude a= y A? + B?. 


Underdamped Free Vibration 


The response of damped free vibration can be written as 


t 


xc(t) = ae~5%o' cos(wjt—¢), 


| Vo +O MX, \2 Vo +S WX, 
a= x3 + (ee So 2) ; g = tan! (2 ee $0o 2). 


To sketch the response of damped free vibration, compare it with the response of 


where 


undamped free vibration. The difference lies in the amplitude: instead of having a 
constant amplitude a, the amplitude ae~ 5“o' decays exponentially with time. The 
following steps are followed in sketching the response x(t) (Figure 5.10). 


1. Sketch the sinusoidal function cos(w,t—@), in which w, is the damped 
natural circular frequency (rad/sec) and ¢ is the phase angle. The period 
is T;=22/w, and f,=@,/(21)=1/T, is the damped natural frequency in 
cycles/sec or Hz. 


2. Sketch the amplitude ae~°“o" and its mirror image —ae~*“o' in dashed 
lines. These two lines form the envelope of the response. 


3. Fit the sinusoidal function cos(w,t—@) inside the envelope to obtain the 
response of damped free vibration. 


The response of damped free vibration can be used to determine the damping 
coefficient ¢ as follows: 
At time f, the response is 


xc(t) = e §%' cos(wyt—¢). 
After a period T ,, the response becomes 
xc(t+T4) =e 5008+ T) cos [w4(t+T,)—g] =e 50% +70 cos(wgt— 9), 


which leads to 


boa ae iy de Sat + Ty) cos(w jt —¢) 


= e $l a. 
X(t) e $“o! cos(w jt — 9) 
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- 
27 ae $0" (Envelope) 


Figure 5.10 Response of underdamped free vibration. 


Taking logarithm yields 
Xot+T 
In Hele rg). 
XC (t) 
in which ¢@)T,, is called the logarithmic decrement 6. For lightly damped struc- 
tures with 0<¢ <1, 


$= toT ¢ 20 ¢ 20 20C ont 
= CW =o ,—_-- ODOM ——_— = ~Y 2TC. 
Od 0 @, 0 am £2 —¢2 


Hence, the nondimensional damping coefficient ¢ is given by 


aah ee 


In ——. 
X(t) 2x X-(t+T)) 
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Figure 5.11. Determination of nondimensional damping coefficient. 


In practice, it is advantageous to select the time ¢ such that x(t) reaches the 


maximum value. If tf), t, ..., ¢, are the n+1 consecutive times when x_(t) takes 
maximum values as shown in Figure 5.11, then 


x(t, X(t, ~ § oto 
ln clo) _ ee ip eS ai ogee 
Xc(ty) Xc(ty+nT,) e $o(tg FT 4) 
= 1 X(t) 


nm” Xc(ty+nT,) 
On the other hand, let 
1 X(t) 


cM = — In —Ot_. i=0,1,...,n-1, 
2x XC (t, + Ty) 
be the n estimated values of the nondimensional damping coefficient estimated 


using the response values at times ft; and t; + T,. The average of these n values is 
given by 


Palys eae 
n ee 2x Xc(t;+Ty) 
_ 1 i Xo(ty) X(t) aastete Xc(t,_1) 
2n1 Xc(ty+T,) Xc(t, +T,) Xo(t,_, +T 4) 
_— l In Xo (to) . X(t) — Xc(t,_1) 
2nn Xc(ty+T,) xc +Ty) Xc(t,-,+T 4) 
1 K X(t) 


= 2nw = Xc(ty) ; 


From the Central Limit Theorem in the theory of probability, it is known that ¢ 
approaches the true value of the nondimensional damping coefficient when n— oo. 


Hence, by using a larger value of n in the above equation, a better estimation of ¢ 
is achieved. 
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Case 2: Critically Damped System ¢ =1 


When ¢ = 1, the system is called critically damped. The characteristic equation has 
a double root A= — wp), —@,. The complementary solution is given by 


xc) = (Qa+CipHe ', 


in which the constants C, and C, are determined from the initial conditions 
x(0) =x9; X(0) =vp. Since 

Xc(t) = Cpe" — (Cy + Cyt) age” °'," 
one has 


Hence, the response is 
Xe (Ei Retna ea ka elem ecole 


A typical response of the free vibration of a critically damped system is shown in 
Figure 5.12, which is not oscillatory and decays exponentially. 


xf) Slope=vp at t=0 


Figure 5.12 Response of critically damped free vibration. 


Case 3: Overdamped System ¢ >1 


The system is called overdamped when the nondimensional damping coefficient 
¢ >1. The characteristic equation has two distinct real roots 4 = @, (- c+ /¢2—-1). 
The complementary solution is given by 


Xc(t) = Cie 205 — eeSDe + Cre ob + VPHDt, 


in which the constants C, and C, are determined from the initial conditions 
x(0) =X, x(0) = vp. Since 


X(t) = — a [o(¢-ve?=1) eW M06 —V5P—Dt 
+ Cy( + VFI) eve VED), 
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one obtains 
xc (0) =C, + C, =X, 


(0) = — oy | (6 - V@=1) + C,(¢ + V/F7=1) | = v5 


1 
eae 


1 
o> See sari + (6 -V 67-1) exo], 


205 


C, = 


Hence, the response of free vibration of an overdamped system is 


xc) = = {[% ao (¢ +./€?=1) wy xpfe7 0S — V o°—t 


DES ON | 


=O Sele sae, g>l1. 


A typical plot of the response is shown in Figure 5.13, which is not oscillatory and 
decays exponentially. 


Figure 5.13 Response of overdamped free vibration. 


5.1.2.2 Forced Vibration—Particular Solution 


For an underdamped system with 0<¢ <1, the complementary solution or the 
response of free vibration is given by 


Voto MX, . 
“yt SPr"9 sin o,t), 
(60) 


xe(t) =e £9t (x cos wat + 
which decays exponentially and approaches zero as t—> 00, as shown in Figure 
5.10. Hence the complementary solution is called the transient solution. Because 
its value becomes negligible after some time, its effect is small and is not important 
in practice. 

The particular solution xp(t) is associated with the right-hand side of the differ- 
ential equation and hence corresponds to forced vibration. The particular solution 
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is called the steady-state solution, because it is the solution that persists when time 
is large. Suppose F(t) is periodic and of the form F(t)= Fy sin Qt. Then the 
particular solution satisfies 


- . 2 Fy Fi 
Xp +26@9Xp + WoxXp = — sin Qt, 
m 
or, in the D-operator notation, 


es 
(D? + 2¢a@)D + wo) xp = 2 sin Qt. 
m 


Hence 
F 1 
Xp = — a sin Qt 
m D*+2fa,D +5 
= Fo 1 sin Qt 2 Theorem 3 of Chapter 4: 
m —2?+2¢a,D +a replace D? by —Q?. 
Fo (@, —Q7) —26@)D 


sin 

m [(@p—-@) + 2fa,D]|(@—-®)—2a,D] 
_ Fy _@=M=2mHD_ oo, 
m (wp —?)? — (26a, D)? 


2 2 
F (wp — 27) sin Qt—2f@)QcosQt Replace p bye 

-_-- Ee) i 25. in denominator, and 
ie (a9 — 2° )° + (26 982) evaluate numerator. 


Defining angle gy by 


_ ws 30? Poe: 2Ga@2 
SF ———————, eS, 
y (@p - 27)? + 26@)2) y (@ — 27)? + (2602)? 
the response of forced vibration becomes 
Fy 1 
xp(—)»_= ——————— Sin (Nt — 9). 
Mf (@R —22)2 4 260,27 
The applied force F(t) is maximum at Qt= 4a, $n, ...3 the response xp(t) is 
maximum at Qt—g= Sn, Sm, .... Hence the response xp(t) lags behind the 


forcing by atime g/ 2. The angle ¢ is called a phase angle or phase lag. 
The amplitude of the response of forced vibration is 


F 1 
Ixp(t)| max =< 


mM [2-24 Qta,2" 
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Denoting 
Q Excitation frequency ; 
r= = = Oo Frequency ratio, 
@) | Undamped natural frequency 
one has 
=i ei 
= ——— ma 
xp | max = Taaaeaie: 


Pee 2 
wp = Lay eee 


(1 Treen fa 


If dynamic effect is not considered, i.e., if only static terms are considered and the 
shaded dynamic terms in the following equation are dropped, one obtains 


F 
ot 5 5 0 
mx, + fee + kx =FOt)=F, SMM — Xai = ae 
4 — a — =a 
Dynamic Dynamic _ Static Dynamic 
inertia damping _ elastic variation 
force force force 
which is the static displacement of the system under the static force Fp. 
Define 
xp) | max 1 ’ ited 
a ee = Dynamic Magnification Factor. 
static d =1? 2b (264)? 


The Dynamic Magnification Factor (DMF) is plotted in Figure 5.14 for various 
values of the nondimensional damping coefficient ¢. It is one of the most important 
quantities describing the dynamic behavior of an underdamped single degree-of- 
freedom system under sinusoidal excitation. 


za When r—>0, i.e., when the excitation frequency Q-0, DMF—1. In this 
case, the dynamic excitation approaches a static force and the amplitude of 
dynamic response approaches the static displacement. 

za When r—ov, ie., when the excitation frequency Q is large compared to 
the natural frequency w), DMF — 0, which means that the dynamic response 
approaches zero. This result can be understood intuitively as follows: the 
system is excited (pushed and pulled) at such a high frequency that it does 
not “know” which way to move so that it just “stands” still or there is no 
response. 


za When r*~1 or the excitation frequency Q is close to the natural frequency 
Wy, 82% Wy, DMF tends to large values for small damping. 
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7 


Dynamic Magnification Factor (DMF) 


Figure 5.14 Dynamic magnification factor (DMF). 


ze Maximum value of DMF occurs when d(DMF)/dr =0, or 


d(DMF’) _ = 1 _ _20—p)(-1) +407 | 5 
dir?) dplL(l—p)?+4¢?pJ— [(1—p)?+4¢2pP? 


p—-14+2¢7=0 = r7=1-2¢7, 


r=V1l-202e1-¢7 1, if ¢«1. 


The maximum value of DMF is approximately 


1 1 
DMEF 0 ——————— So 
max Pa /(1—r2)? + (2¢r)? yes 2 


Hence, the smaller the damping coefficient, the larger the DMF values or the 
amplitudes of dynamic response. When ¢=0 and Q=@p, a response of 
unbound amplitude occurs and the system is in resonance. 
Resonance 
When ¢ =0 and =p, the equation of motion becomes 
és o2 F, Oo - 
Xp + Wo Xp = A SIN Wof, 


and the particular solution is given by 


F, 1 F 1 . 
xp(t) = sinw,t = —2 Tm(——— elo"). 
: m D?+a om D?+a5 
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Applying Theorem 4 of Chapter 4, 


o(D) =D? +a, (iws) = (iwt)* + wo = 0, 


¢'(D) = 2D, (iw) = 2iwy) #0, 
*. Xp(t) = fh Tm] : reio'] = Theorem 4 of Chapter 4 
i m p'(i@) 
F F, 
-— Tm ——t(cos@pt +1 sin wot) | = — —+ coswpft. 
m i@ Mo 


~, 


Figure 5.15 Response of a system in resonance. 


To sketch the response, Fyt/(2ma,), which is a straight line, is regarded as the 
amplitude of the response. This straight line and its mirror image — F)t/(2ma ) 
form the envelop of the sinusoidal function — cos wt. Fitting the sinusoidal func- 
tion —cos wot inside the envelop results in the response as shown in Figure 5.15. 


Hence, when the system is undamped and the excitation frequency is equal to 
the natural frequency, the system is in resonance and the amplitude of the response 
of the system grows linearly with time. 


Undamped System under Sinusoidal Excitation 


For a damped system, the complementary solution or the response of free vibration 
(due to initial conditions) decays exponentially to zero; hence its effect diminishes 
when time increases. It is therefore important to focus on the particular solution or 
the response of forced vibration (due to externally applied forcing). 


However, for an undamped system, the effect of response due to free vibration is 
significant. Furthermore, it interacts with the response due to forced vibration to 
produce a response that is different from either the complementary solution or the 
particular solution alone. 
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The equation of motion of an undamped system under sinusoidal excitation is 
as 2 Fy 7 
X+a9x = — sin Qt, 
m 


and the complementary solution and a particular solution are 


(t)=A PoP anes Gyn E 
Xc(t) = Acos a, sin Wot, xp(t) = ; 
e . 7 # m wi —2? 


Hence, the general solution is given by 


x(t) = xC(t) + xp(t) = Acos@pt + Bsin wot + sin Qt, 
m 


—__2_ 

(w —Q?) 
where the constants A and B are determined by the initial conditions x(0) = x, 
and x(0) = vo. Since 


X(t) = —Awy sin Wot + Bay cos wot + os cos Qt, 
one has x(0) =A =X, and 
ee ee ee — a= —|y-— 
m (wp — 22) Wp m (wp — 22) 
The response of the system is 
x(t) = Xg COS Wot + ea E — ra sin Wot + ease = sin Qt 
an m (ap —Q?) m (wp — 2?) 


1 
= X) COS Mpt + — 
@ 


| F —Q | F..(sin w,t — sin Qt 
(Mp ) image 9 (Sin Wy 1 ) 
0 


m (wp — 2?) 


F,(sin @pt — sin Qt) 
m (wp — 22) 


SS 
X(t) 


> 


1 Mei ; 
= Xy COS Wot + — E oe — | SIN Wot — 
0 


in which the first two terms are sinusoidal functions of frequency ,. The last term 
can be written as 


F. (si t — sin Qt 2F —Q Q 
(o2 See at sin (“8 ) cos (“0 ). 
m (wp — Q?) m (ap — Q?) 2 2 
A 
a(t) 
A+B A-—B 


sin A— sin B=2cos 5) sin = 


It has been shown that the response due to forced vibration is of large amplitude 
when the excitation frequency is close to the natural frequency. 
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Amplitude a(t) 
da > , N y N 


/ 
\_7-a(t) NUZ NUZ 


2+0o 
2 


CE 


cos t 


Figure 5.16 Plotting of X(t). 
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In the following, the behavior of X(t) when the excitation frequency Q is close 
to the natural frequency w, is studied. For simplicity of discussion, let 2<w. 
The case when {2 >, can be discussed similarly. 


When 2% @, (@) + 2)/2* Wp or Q, and (@, — &2)/2 is small. To sketch X(t), 


consider 
2Fy (M2 
jes ( SES) 
m (wp — 27) 2 


as the amplitude of the sinusoidal function cos [ (wo +Q)t/ 2| . The amplitude a(t) 
is itself a sinusoidal function but with a smaller frequency (@) —{2)/2 or slower 
variation. The amplitude of a(t) increases when Q approaches @p. 


As shown in Figure 5.16, one can first plot the amplitude a(t) and its mirror 
image —a(t); both curves form the envelope. By fitting the sinusoidal function 
cos [ (wo + Q)t/ 2| inside the envelope, one obtains the response X(t). 


Note that a(t) is positive in the Ist, 3rd, 5th, ... half-periods and negative 
in the 2nd, 4th, 6th, ... half-periods. It should be emphasized that when fit- 
ting the sinusoidal function cos [(«#)+)t/2] inside the envelope, the maximum 
and minimum values of cos |(w#,+)t/2] correspond approximately to the lo- 
cal maximum and minimum values of the resulting X(t) in the Ist, 3rd, 5th, ... 
half-periods. On the other hand, in the 2nd, 4th, 6th, ... half-periods, the maxi- 
mum values of cos [(w)+&)t/2] correspond approximately to the local minimum 
values of the resulting X(t) and vice versa. 

Since the amplitude of X(t) varies sinusoidally, X(t) is said to be amplitude 
modulated. Such functions are also called beats. Beats X(t) are obtained from the 
addition of two sinusoidal functions with close frequencies w, and Q. 


Typical results of X(t) are plotted in Figure 5.17 for F) =1, m=1, w,) =1, and 
various values of 2. It can be seen that the closer the two frequencies w, and , 
the slower the variation and the larger the magnitude of a(t). 

When {22> , it takes time too for the amplitude a(t) to complete a half- 


period variation; as a result, the variation of the amplitude a(t) seems to approach 
a straight line. In fact, it is easy to show that 


sin [@.- 25] l 


2F 
aes ) m Gah wp — 22 m Ga (@) — &) (@) + Q) 
2F, t 1 F 
=-—2..—=—2 ; & L'Hospital’s Rule 


ae 2 2 7 2M 


which grows linearly with time t and is the same as the amplitude obtained for the 
resonant case Q22= wp. 
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5.2 Electric Circuits 


Series RLC Circuit 


A circuit consisting of a resistor R, an inductor L, a capacitor C, and a voltage 
source V(t) connected in series, shown in Figure 5.18, is called the series RLC 
circuit. Applying Kirchhoff’s Voltage Law, one has 


vosritic+s [ idt = 0 
1 dt Cc]. 1 =U. 


th=i(t 
she a x(t) =i(t) 


Vi) L 


C 
Figure 5.18 Series RLC circuit. 


Differentiating with respect to t yields 


poig gsi, i; _ wo 
dt? di °C. ~ Vide 


or, in the standard form, 


di, di. 2,_ Lav 2 
dt2 SOOT UES Ge age te Pea 


1 
LC 


> 6) = 


The series RLC circuit is equivalent to a mass-damper-spring system as shown. 


OL 


Parallel RLC Circuit 


A circuit consisting of a resistor R, an inductor L, a capacitor C, and a current 
source I(t) connected in parallel, as shown in Figure 5.19, is called the parallel 
RLC circuit. Applying Kirchhoff’s Current Law at node 1, one has 


my=ot4ef vdt+ — 
sec | eae 1 bar R’ 


Differentiating with respect to t yields 
dy id il dI(t) 


da Ride oS er 
or, in the standard form, 
ae dy gyn i t® yi : 
—_ Ooj—=toVv==-—, o=— oj=—. 
ae ae C dt O EC 0” 2RC 


The parallel RLC circuit is equivalent to a mass-damper-spring system as shown. 
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Figure 5.19 Parallel RLC circuit. 


Example 5.1 — Automobile Ignition Circuit 


An automobile ignition system is modeled by the circuit shown in the following 
figure. The voltage source V, represents the battery and alternator. The resistor R 
models the resistance of the wiring, and the ignition coil is modeled by the inductor 
L. The capacitor C, known as the condenser, is in parallel with the switch, which is 
known as the electronic ignition. The switch has been closed for a long time prior 
to t<0~. Determine the inductor voltage v, for t >0. 


Ignition Coil 


Por V)=12 V, R=4Q, C=1 uF, L=8mH, determine the maximal inductor 
voltage and the time when it is reached. 


ta For t <0, the switch is closed, the capacitor behaves as an open circuit and the 
inductor behaves as a short circuit as shown. Hence i(0~) = V)/R, vc(0-) =0. 


Ignition Coil 


t<0” tz0* 


za At t=0, the switch is opened. Since the current in an inductor and the voltage 
across a capacitor cannot change abruptly, one has i(0+) =i(0~) = V)/R Ve (OT) = 
vc (0) =0. The derivative i(0*) is obtained from v, (0), which is determined by 
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applying Kirchhoff’s Voltage Law to the mesh at t=07: 

—V) + Rit) + ve(0T) +v,(0T) =0 = > v,(0t) = Vy —Ri(0T) =0, 
di(0*) vot = v,(0T) 
dt L 
#& A mesh is a loop which does not contain any other loops within it. 


ta For t >0, applying Kirchhoff’s Voltage Law to the mesh leads to 


t 


vorRit a | apa ge 0 
— i+=— i —-—0. 
Cc dt 


—CO 
Differentiating with respect to t yields 
pe et a Os , di, di ie 1 R 
— — —= — => (49) i= = w = ———— 
de Cae qe ag 0 Tor $0= oF 


If ¢ <1, the system is underdamped and the solution of the differential equation is 


i/(0T)+f@,i(0T 
i(t) = e ft Eo cos wt + ea ae SCE sin 04 
Oy 
) 
— i(0* eS" ( cos @yt + SO sin w4t)s 
a) 
d 


where = yy 1—¢? is the damped natural frequency. 


The voltage across the inductor is 


di(t 
fies —Li(ot) — ai e Sot sin wt. 
dt M4 
For V)=12V, R=4Q, C=1yF=1x 10°F, L=8mH=8x 10-°H, 
: : 1.118 x 104 
OO — x ; 
o JIC V1Ix10-°x8x 10 
Sa en 2° = 0.02236 
On, = —_== — 5 = — — VU. 5 
$= or — 3x8x103 aes 
Vi. 92 
Oy = WV 1-62 © wy = 1.118 x 10%, iO) ==> =3, 


vp = —8x 107° x 3x 1.118 x 104 e~ 7 sin(1.118 x 104f) 
—268.32e 7°" sin(1.118 x 10*f), 


which is maximum when 1.118 104t=7/2 or t=1.405x 10-4 sec= 140.5 ys 
and is given by 
(t) = —268.32¢7 250% 1.40510" _ _a59y, 


VIEomax 


A device known as a transformer is then used to step up the inductor voltage to the 
range of 6000 to 10,000 V required to fire the spark plug in a typical automobile. 


212 5 APPLICATIONS OF LINEAR DIFFERENTIAL EQUATIONS 


Example 5.2 — Second-Order Circuit 


For the electric circuit shown in the following figure, derive the differential equation 
governing i(t) for t > 0. 


For R, =6Q, R,=22, C=0.04F, L=1H, I, =I, =2A, find i(f) and Vc(t). 


t@ For t <0, the switch is open. The inductor behaves as a short circuit and the 
capacitor behaves as an open circuit. Hence, i(0~) = 0, i,(0-) = —I,, 1,0°) =1L, 
and 


i(0) i(0°) 


| .00> 


t<0” = teor 


te Por t=0, the switch is closed, the current source I, and the resistor R, are 
short-circuited. The circuit becomes as shown in the figure. Since the current in 
an inductor cannot change abruptly, i(0*) =i(0~) =0. Since the voltage across a 
capacitor cannot change abruptly, v-(0-) =v¢ (OT) =R,L—-R, 1. 


Note that v(0T) =v, (0) +v,-(0T) =v, (0T)+R,1,—-R,h, 


i,(0+) = vOr)  v,OT)+R,L—-R Ih 
1 =— ss" -§ 8. 2.0["_c"“. 
Ry Ry 


Applying Kirchhoff’s Current Law at node 1 yields 


v, (OT) +R,1,—R,I1 

Oya So, = i +04 SOOT Wo, 
1 

di(0t) ory = Pah, 


V,(0') = -R,L=L 
00") a dt L 
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ca For t>0, 

ee de L 2 a i idt 

j=— v=evtvy=l—+= idt. 

: ee ee ey 
Applying Kirchhoff’s Current Law at node 1 leads to 


a ah . ol di If? .. 
1 


Differentiating with respect to t yields 


@?i R, di 1 RI 
—}+——+—i=0, i0t)=0, i(0t) = ——%2. 
ae edt » GL ow oO 8 
Por R, =6 Q, R,=2Q, C=0.04F, L=1H, I, =I, =2A, the equation becomes 
di di 
—+6—425i=0, i0t)=0, i(0*)= —4, 
aa Sap © (0°) (0") 


The system is underdamped and the solution is given by 


i/(0T)+f@, i(0T 
i(t) = e $0! io") cos wt + ae are sin v4t| = —e sin 4t. 
o 
d 
The voltage across the capacitor is, with vc(0T) = —8, 


1 t t 
Vo= =| i(t)dt + vc (0") = 25 | —e* sin 4t — 8 
C 0 0 
= —12+e *(3 sin 4t + 4cos4t) (V). 


Circuits consisting of resistors and the equivalent of two energy 
storage elements, such as capacitors and inductors, are called second-order cir- 
cuits, because they are characterized by second-order linear ordinary differential 
equations. The governing equations are of the same form as that of a single degree- 
of-freedom system. As a result, the solutions and the behavior of second-order 
circuits are the same as those of a single degree-of-freedom system. 


5.3 Vibration of a Vehicle Passing a Speed Bump 


As an application of single degree-of-freedom system, the vibration of a vehicle 
passing a speed bump is studied in this section. 

The vehicle is modeled by a damped single degree-of-freedom system with mass 
m, spring stiffness k, and damping coefficient c as shown in Figure 5.20. The 
vehicle has been moving at a constant speed U ona smooth surface. 
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Figure 5.20 A vehicle passing a speed bump. 


~ wae 
m 


c(y-y)Y Wk(y—y) 


roa 
1 
1 
1 
1 
1 
1 
al 

a 


i 
1 
1 
1 
a! 
1 
Lom 


4E--- 
a 


n 
The 


Figure 5.21 Free-body diagram of a vehicle passing a speed bump. 


At time t = 0, the vehicle reaches a speed bump with a profile of a half-sine curve 
Yo(x) =h sin(s1x/b), 0<x <b. The absolute displacement of the mass is described 
by y(t). Determine the response of the vehicle in terms of the relative displacement 


z(t)=y(t)—yo(t) for t >0. 


To set up the equation of motion of the vehicle, consider the free-body diagram 
of the mass m as shown in Figure 5.21. Newton’s Second Law requires that 


+ ma=)J°F: my=-c(y—yo) —k(y — yo). 


Letting the relative displacement of the mass be z(t) = y(t) — y(t), the equation of 
motion becomes 


m(Z+ Vo) =—cz—kz = > mzZ+cz+kz=—-myp. (1) 


Phase 1: On the Speed Bump 0<t<T, T=b/U 


Since the vehicle is moving at the constant speed U, one has x= Ut. The speed 
bump is of the half-sine shape 


U 
yo(x) = hsin (Sx), 0<x<b => yo(t) = hsin (=r), 0<t<T. 
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The equation of motion can be written as 


mit+cztkz = mhQ?sinQt = > (D?+26a)D+))z = hQ? sin Qt, (2) 


k c mU 
Wp = rr pre a ape 


The characteristic equation is A*-+2¢@,)A + =0, which gives, assuming ¢ <1, 


A= —lataV02-1= —Cayptio, wo; =wyV¥1-6?. 


The complementary solution is 


where 


Zc(t) = e (A, cosw,t + B, sinw,t). 


A particular solution can be obtained using the D-operator method 


z>(t) = ——__—_—_—$ — (h2? sin Lt 
p(t) ESTES TEST ) 
1 Theorem 3 of Chapter 4: 
—1Q? —_—_——_— sin 2 | 
—2242¢@)D +a ia FON slide D? by —Q?. 
= pg? ar I= 25D _ sin Qt 
(wp — 22)? — (26a) D)? 
hQ? 2 2» 
= Tata, 2 ) sin Qt — 2F@)Q_cos Qt] 
#= Replace De by — Q? in denominator and evaluate numerator. 
=a sin(Qt— 9), 
where ean 
Q 2 Q 
ee g= tan! aa 


2. C2° 
Wp — 2 


yf (@§ — 27)? + (26. a2)? 
x. Use Asind —Bcos6 = A2+B? sin(@—y), y= tan (B/A). 
The general solution is, for 0<t<T, 


z(t) = z(t) + zp(t) =e 5'(A, coswmyt + B, sinw,t) +a sin(Qt—¢g), (3) 


where the constants are determined by the initial conditions z(0) and z(0). Since 
the vehicle has been traveling on a smooth surface, y(0)=0 and y(0)=0; hence 
z(0) =0 and z(0) =0. Since 


z(t) = — Cage $0" (A, cos wt + B, sinw,t) 


+ e §%'(— Aya, sin wt + Bywycoswgt) +aQcos(Qt—¢g), (4) 
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one has 


z(0) =A, + asin(-g) =0 ==> A, =asing, 


Z(0) = —fa@ A, + Byw, + aQcos(—¢y) = 0 
1 a 
==> B, = —(SaA-—aQXrkQcos gy) = — (Cap sing —Q os ¢). 


At time t=T, T=b/U, the relative displacement and velocity of the vehicle are 
z(T) and z(T), which can be obtained by evaluating equations (3) and (4) at t= T. 
Phase 2: Passed the Speed Bump t>T, T=b/U 


For time t > T, T =b/U, the vehicle has gone over the speed bump and the surface 
is smooth again with y)(t) =0. The equation of motion becomes 


mit+tczt+kz=0 => (D*4+2¢6@,D+0%)z=0, t>T. (5) 


The vehicle is not forced and the response is due to free vibration with initial 
conditions at time t= T. 
The complementary solution, which is also the general solution, is 


z(t) =e $%0'(A, cos w t + By sinw,t), p21; 
2(t) = —Caye $0" (A, cos wt + B, sin w,t) 
te 5%'(—A,w, sin wt + B,w, cos w,t); 


where constants A, and B, are determined from the initial conditions z(T) and 
z(T) obtained in Phase 1: 


z(T) =e §%0"[A, cos(wT) + By sin(w,T)], 
2(T) =e $7 {[ cay cos(w4T) — wy sin(w4T)] A> 


+|—¢ap sin(wgT) + @4 cos(wyT)| By}; 


or 
1;Ay + @1,By = fj, yA + OyBy = By, 
where 
); = cos(w,T), Oy, = —Fa@ cos(wyT) — wy sin(@,T), 
Q), = sin(w,T), Ay) = —Ca@p sin(@,T) + 4 cos(@,T), 
B, = & “0? Z(T), By = & “07 Z(T). 


Using Gaussian elimination or Cramer’s Rule, it is easy to solve for A, and B, as 


9B, — Oy B, B= 4B — MB, 


A, => > 2 
OA oq — Ay O19 O11 O49 — Mp1 O79 


#= See page 307 for a brief review on Cramer's Rule. 
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Numerical Results 


As a numerical example, use the following parameters 


= 3 Hz Wy) = 2m fy) =6n rad/sec, €=0.1, 
0 0 0 


U=1.8km/hr=0.5 m/sec, bD=05m, h=0.1m, T=b/U=1 sec. 


When 0 <t <1 sec, the vehicle is on the speed bump; whereas when t > 1 sec, the 
vehicle has passed over the speed bump. It is easy to evaluate that 


@4 = 18.755 rad/sec, a=0.0028555m, gy=0.034272 rad, 
A, =0.000097844 m, B, = —0.00046819 m, 
z(t) =e 188911 9.000097844 cos(18.755t) — 0.00046819 sin (18.7551) | 
+ 0.0028555 sin(3.1416t—0.0343) (m), 0<f<1. 


At t=1 sec, z(1) =0.00011934 m, z(1) = —0.010307 m/sec. In the second phase, 
t>1, 


Q@, = —0.10712 rad/sec, a = 18.849 rad/sec, 


B, = 0.00078599 m, 8, = —0.067883 m/sec, 
A, = 0.00044846 m, B, = —0.0035988 m, 


z(t) =e 1°91 0.00044846 cos(18.755t) — 0.0035988 sin(18.755t)] (m). 


The relative displacement response z(t) is shown in Figure 5.22 for ¢ =0.1 and 
0.01. It can be seen that the response decays rapidly for large values of ¢. 


Figure 5.22 Response of a vehicle passing a speed bump. 
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5.4 Beam-Columns 


A beam-column is a structural member subjected simultaneously to axial load and 
bending moments produced by lateral forces or eccentricity of the axial load. Beam- 
columns are found in many engineering structures. For example, a water tower as 
shown in Figure 5.23 is a beam-column; the supporting column is subjected to the 
axial load due to the weight of the water tank and the lateral load due to wind. 


ELL 


Water Tower Beam-Column 


Figure 5.23 Water tower. 


Figure 5.24 Beam-column. 


Consider a beam-column supported at two ends A and B as shown in Figure 
5.24, which is subjected to the axial load P and the lateral distributed load w(x). 
The flexural rigidity and the length of the beam-column are EI and L, respectively. 

Study the equilibrium of a segment of the beam-column of length Ax, with its 
free-body diagram as shown. The shear force V(x) at x is changed to V(x) + AV 
at x-+ Ax; the bending moment M(x) at x is changed to M(x)+ AM at x+ Ax. 
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For small Ax, the distributed load is approximated by the uniformly distributed 
load of intensity w(x) over the beam segment. 


Summing up the forces in the y direction and taking the limit as Ax +0 yield 


LF, =0:  [V@x)+ AV] — Vix) + we) Ax=0 => = — wn). 


Summing up the moments about point C, which is the midpoint of the beam 
segment, gives 
Ax Ax 
a > >Mc=0: [M(x)+ AM] — M(x) + VO + [V+ AV]. > 


epkp=di: 5, OM ap ay 22 
oe dx dx wae 


Table 5.1. Boundary conditions. 


Pinned End: 


Deflection = 0 => y(l) =0 


Moment = 0 yD) =0 
Clamped End: 

Deflection = 0 => y(l) =0 
Slope=0 => y() =0 


Free End: 


Moment = 0 yD) =0 

Shear Force = 0 => y'(1) +a7y'(l) =0 
Sliding End: 

Slope =0 ==> y'(I) =0 


Shear Force = 0 => y'(I) +a7y'(l) =0 


= y"()=0 


Eliminating V between these two equations leads to 


?M . d’y 
ae tage 


Using the moment-curvature relationship 


M(x) = El y"(x) 
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results in a fourth-order linear ordinary differential equation governing the lateral 


deflection y(x) 
d*y 5 d’y = w(x) es 
nee pee ere 7 Er 


Note that the shear force becomes 
V(x) = —-—— — P= = —Ely""(x) — Py"(x) = —EI[ yx) +a y"(x)]. 
x 
The characteristic equation is 44+a727=0 => 4=0,0, tia. Hence, the 
general solution is 
y(x) = Cy t+ C,x+Acosax + Bsinax + yp(x), 


where yp(x) is a particular solution which depends on w(x). The constants 
A, B, Cj, and C, are determined using the boundary conditions at ends x =0 
and x =L. Some typical boundary conditions are listed in Table 6.1. 


| Example 5.3 — Water Tower 5.3 — Water Tower 


Consider the water tower shown in Figure 5.23, which is modeled as a cantilever 
beam with P= W and w(x) =w. Determine the lateral deflection y(x). 


The differential equation governing the lateral deflection y(x) becomes 


dx4 dx? EI’ EI" 


Using the method of D-operator, a particular solution is 
es 1 (4) 1 1 (+) w Lay wx? 
QF [|_ — = = c= | = = _ —_—— =, 
7” Dit e2D?\E) oD? 1, De EI) WD 2W 
Wye 
a 


The general solution is then given by 


2 
wx 
y(x) = Cy +C,x + Acosax + Bsinax + cI 


where A, B, Cy, and C, are determined from the boundary conditions: 
x =0 (clamped): y(0) =0, y'(0) =0, 
x=L (free): y"L)=0, y(L) +a? y(L) =0. 
Since 


! ‘i wx 
y(x) = C, —Aasinax + Ba cosax + ar 


5.4 BEAM-COLUMNS 221 


y"(x) = —Aa’ cosax — Ba? sinax + ~ 
yx) = Aa? sinax — Ba? cos ax, 
one has 
y""(L) +7 y(L) =0: 


wx 
(Aa? sinax— Ba? cosax) +a? C,—Aasinax+Bacosax+—)=0, 
; Ww 


wl 

1 

HO Caea0 2s p= 
a aw 


w(1—a@LsinaL) 
a2W cosaL 


" 2 Die w 
y (L) = —Aa’* cosal — Ba sel +s =e = A= 


w(1—aLsinaL) 
a2W cosaL 


y0)=CQytA=0 = = Gy=-A= 


Hence, the general solution becomes 


wx? 


w(1—aLsinaL) wl. 
——— (cosax—1) + a eee) +_—, 
a 


oe a2W cos aL 


2W 


When the lateral load w(x) includes distributed load over only a 
portion of the beam-column or concentrated loads, it can be better expressed 
using the Heaviside step function or the Dirac delta function. The differential 
equation can be easily solved using the Laplace transform as illustrated in Section 


6.6.2. 


Example 5.4 — Buckling of a Column 


Consider the simply supported column AB subjected to axial compressive load. A 
rotational spring of stiffness « provides resistance to rotation of end B. Set up the 
buckling equation for the column. 


Since the lateral load w(x) =0, the differential equation governing the lateral de- 
flection y(x) becomes 


dy. dy op SP 
ie ae eat 


The solution is 
y(x) = Cy) +C)x+Acosax + Bsinax, 


where A, B, Cy, and C, are determined from the boundary conditions: 
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support A, x = 0: y(0) =0, y"(0) =0, 
support B, x =L: y(L) =0, M(L)=Ely"(L) = —xy'(L). 
Since 
y' (x) = C, — Aasinax + Ba cosax, 
y"(x) = —Aa’ cosax — Ba’ sinax, 


one has 
y"0) = -—Ae’?=0 = > A=0O, 
y0)=C)+A=0 => G=-A=0, 
yL)=CL+BsinaL=0 => C=- — B, 


Ely"(L) = —xKy(L) = > © EI(—Ba’sinaL) = —k (C,+BacosaL), 


sin aL 2. 
«(- ; +a cosa) — Ela Sa VB: 


When the column buckles, it has nonzero deflection y(x), which means B40. 
Note that sinawL £0, otherwise, B=0. Hence, the buckling equation is given by 


+a cos aL) — Ela? sinaL = 0, 


( sin aL 


OEE iy = 
ay (aL oota aL) = 0, a= —., 
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5.5 Various Application Problems 


| Example 5.5 — Jet Engine Vibration | 5.5 — Jet Engine Vibration 


As shown in Figure 5.8, jet engines are supported by the wings of the airplane. To 
study the horizontal motion of a jet engine, it is modeled as a rigid body supported 
by an elastic beam. The mass of the engine is m and the moment of inertia about its 
centroidal axis C is J. The elastic beam is further modeled as a massless bar hinged 
at A, with the rotational spring « providing restoring moment equal to «6, where 
6 is the angle between the bar and the vertical line as shown in Figure 5.25. 


For small rotations, i.e., 


0| <1, set up the equation of motion for the jet engine 
in term of 0. Find the natural frequency of oscillation. 


Figure 5.25 Horizontal vibration of a jet engine. 


The system rotates about hinge A. The moment of inertia of the jet engine about its 
centroidal axis C is J. Using the Parallel Axis Theorem, the moment of inertia of 
the jet engine about axis A is 


J =J+mL’. 


Draw the free-body diagram of the jet engine and the supporting bar as shown. 
The jet engine is subjected to gravity mg. Remove the hinge at A and replace it 
by two reaction force components R,, and R4,. Since the bar rotates an angle 6 
counterclockwise, the rotational spring provides a clockwise restoring moment K@. 


Since the angular acceleration of the system is 6 counterclockwise, the inertia 
moment is J 9 clockwise. 


Applying D’Alembert’s Principle, the free-body as shown in Figure 5.25 is in 
dynamic equilibrium. Hence, 


~ YMy=0: JO +KO+mg-Lsind = 0. 
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For small rotations \6| <1, sin@ ~8, the equation of motion is 
J+mL7)6 + (k+mgL)0 = 0. 

Since estquet 

J+mlL 

the natural circular frequency wy of oscillation is given by 


K+mgL 
® =,\—_. 
° J+mlL? 


| Example 5.6 — Piston Vibration | 5.6 — Piston Vibration 


Oil enters a cylinder as shown in the following figure through a constriction such 


6+ 6=0 = > 64036 =0, 


that the flow rate is Q=a(p;—p,), where p,; is the supply pressure, p, is the 
pressure in the cylinder, and @ is a constant. The cylinder contains a piston of mass 
m and area A backed by a spring of stiffness k. 


1. Assume that the oil is incompressible, there is no leakage past the piston, and 
the inertia of the oil is neglected. Set up the equation of motion for the piston 
displacement x. 

2. If there is a sinusoidal variation in p, of the form p,(t)=P)+P, sin Qt, 
where P,, P,, and are constants, determine the steady-state displacement 
Xp(t). 


x(t) ig 


Area A 


1. To set up the equation of motion, consider the free-body of the piston as shown. 
The piston is subjected to two forces: the force due to the internal oil pressure p,A 
and the spring force kx. Newton’s Second Law requires that 


> ma=)-F: mx = p,A — kx. 
Since the oil is incompressible, in time Af, 


Inflow = QAt = a(p;— p,) At = AAx, 
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where Ax is the displacement of the piston displaced by the oil inflow. Solving for 


Pp yields 
A Ax 
POSES Te Tee 
Taking the limit as At — 0 leads to 
A dx 
1 ee rary 


Hence, the equation of motion becomes 


2 


$s As eo, Ss 
mi = (pp—-—k)A— kx —> mX+—x+kx = pA, 
a a 


2 


ss : A 
Ges rae mre 


am m 


2. Since p;(t) =P) +P, sin Qt, using the D-operator, the equation of motion can 


be written as 


2 2 A ; A? ae: 
(D* +cD + @9)x = — (Pot P, sin Qt), c=—, OH=-. 
m am m 
A particular solution is given by 
1 
xp(t) = — —————— (Py +P, sin Qt 
Pe) m D24eD+an “° : ) 
7 AP, . AP; 1 nok Ge Theorem 3 of Chapter 4: 


mos m- —2?+cD+ap 


AP, AP, (wg —7)—cD 


AP, AP, (@j—Q*)—cD 


sin t 
mo mM (a—2?)2?—c?D? 


APy pee (wp — 27) sin Qt —cQ cos Qt > 
2 


may m (wp — 22)? + c222 
AP, AP sin(Qt — 

= — + eal = ESO =. g= tan 
MW m (@ x2 Q?)2 + e292 


mo m- [ (5 —2?)+cD][(@p- Q2)—cD 


replace D? by — 97. 


sin Qt 


Replace D? by — Q? and 
evaluate the numerator. 


1 
2 2:* 
9 — 22 


«Use Asind —Bcos@ = A2+B? sin(@—y), y= tan (B/A). 
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Example 5.7 — Single Degree-of-Freedom System 


The single degree-of-freedom system described by x(t), as shown in Figure 5.26(a), 
is subjected to a sinusoidal load F(t) =F) sin Qt. Assume that the mass m, the 
spring stiffnesses k, and k,, the damping coefficient c, and F, and Q are known. 
Determine the steady-state amplitude of the response of xp(t). 


(b) 


Figure 5.26 A vibrating system. 


Introduce a displacement y(t) at A as shown in Figure 5.26(b). Consider the free- 
body of A. The extension of spring k, is y and the compression of spring k, is 
y —x. Body A is subjected to three forces: spring force k, y, damping force cy, and 
spring force k,(y —x). Newton’s Second Law requires 

> my=)> CF: may = —kyy-—cy—k(y—x). 
Since the mass of A is zero, i.e., 1, =0, one has 

ces (kj +k,)y + cy 
k, 


Consider the free-body of mass m. The extension of spring k, is x —y. The mass 


(1) 


is subjected to two forces: spring force k,(x—y) and the externally applied load 
Fy sin Qt. Applying Newton’s Second Law gives 


> mi=) °F: mx = Fy sin Qt — k,(x—y). 
Substituting equation (1) yields the equation of motion 


(ki +k) y+ceyv (k, +k))y +3 
Paulie DRED a eA *—y}, 


= Fy, sin Qt —k 
~ ysin ae ke SY 
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k, +k 
Op 5b cy thy = Fosin Mt, 


k, k, 
or, using the D-operator 
k, +k 
|=: 5 te epg k|y = Fy sin Qt. 
k, k, 
A particular solution is given by 
1 ; 
Yo= ak Fy sin Qt 
Sp Et epee 
k, k, 
1 : 
=hk) sin 2 
[m(k, +k,)D?+k,k,] + c(mD?+k,)D 
1 


Sk Ee Sit} (2t 
20 To m(k, +k) 2 +k, kb] + c(—m@2+k,)D 


#= Theorem 3 of Chapter 4: replace D? by — OF 
[k,k, —m(k, +k,)Q7]—c(k,-—mQ?)D 
[k,k, —m(k, +k.) Q2]° — c2(k, —mQ2)2D? 
[k,k, —m(k, +k,)Q?] sin Qt —cQ(k, —mQ?) cos Qt 
[k,ky —m(k, +k,)Q2]° +. c2(k, — mQ2)2Q2? 


=k,Fy Qt 


= Replace D? by — 9? and evaluate the numerator. 


=e [k,ky — mk, +k,)Q2]° +.222(k, — mQ?)? sin(Qt —¢g) 
er [kk — m(k, +k) 22]? +222 (k, — m2)? 

«Use Asin@ —Bcos@ =v A2+B? sin(@—g), y= tan \B/A). 
= k,asin(Qt—¢), 


where 
Fo 


y [ky ky — mk, +k) 22]? +222 (k, — my 

Using equation (1), one obtains 

(ki tk)yptcyp — (ky +k,)-k,asin(Qt—¢) + c-k,aQ cos(Qt—¢g) 
k, k, 

= a[(k, +k) sin(Qt—g) + cQcos(Qt—¢)]. 


a= 


Xp(t) = 


The amplitude of x,(t) is or x=Asind+Bcosd => Xamplitude = V A2+ B2 


Xp, amplitude = Ay (ky +k)? + 07 Q?. 
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Example 5.8 — Flywheel Vibration 


A pair of uniform parallel bars AB of length L and together of mass m are hinged 
at A and supported at B by a spring of stiffness k as shown. The bars carry a 
uniform flywheel D of mass M and radius r supported in bearings, with AD=1. 
When the system is in static equilibrium, AB is horizontal. The flywheel rotates 
at angular velocity (2 and has a small eccentricity e, i.e. DG=e, where G is the 
center of gravity of the flywheel. Determine the natural frequency of vibration of 
the system and the total vertical movement of B (assuming no resonance). 


The moment of inertia of the bars AB about hinge A is 


pe = mL, 


The moment of inertia of the flywheel about its axis of rotation D is 


Flywheel 1 2 
Ip = 7M ‘aan 
Using the Parallel Axis Theorem, the moment of inertia of the flywheel about hinge 
A is 


poet = po + MP = - Mr + ME. 


Hence, the moment of inertia of the system about hinge A is 


lywheel 1 1 
Iq = TS + Gh = Sm? + SM? +27). 

Suppose bars AB has a small angular rotation 6(t) about hinge A as shown. 
The upward vertical displacement of end B is y(t)=LO(t), 0<1. Hence, the 
downward spring force applied on bars AB at B is ky=kLO. 

When the flywheel rotates at angular velocity , the center of gravity G moves 
on acircle of radius e with angular velocity Q, resulting in a centrifugal acceleration 
eQ*. Hence, the centrifugal force is M-eQ?. The moment of the centrifugal force 
about point A is (Me?) x AH, where AH is the moment arm given by 


AH = AD. sin ZADH ~% Isin Qt. 2 ZADH = Qt-O & Qt, ford<l1 
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Consider the free-body diagram of the bars AB and the flywheel. The inertia 
moment of the system about point A is J,6, where 6 is the angular acceleration of 
the system about point A. From D’Alembert’s Principle, the system is in dynamic 
equilibrium under the inertia moment J 0 and the externally applied forces, i.e., 
the spring force kL0, the centrifugal force MeQ?, and the two components R,,, 
Ry of the reaction force at hinge A. Summing up the moments about A yields 


A) My, =0:  —J49 + MeQ?-Isin Qt — kLO-L =0, 
MelQ? 


A 


JO+kL?6 = MelQ* sinQt => 6+026= sin Qt, 
A 0 


where wy is the natural circular frequency of the system given by 
5 Adele kL? 
Morn i. = hie dina 
A 3 mL* ++ 5M (r? +21) 


The response of the forced vibration is, assuming no resonance, i.e., 2 Ap, 


1 Mel? 
Op(t) = ea) ( z sin ar) 
Me!lQ2 1 : Theorem 3 of Chapter 4: 
= 5 sin Qt. et, 2 2 
J, we -? replace D* by — QQ’. 


The amplitude of the forced vibration is 


fies MelQ2 
7 J, op — 22’ 


and the total vertical movement of B is 2a. 


| Example 5.9 — Displacement Meter | 5.9 — Displacement Meter 


The following figure shows the configuration of a displacement meter used for mea- 
suring the vibration of the structure upon which the meter is mounted. The struc- 
ture undergoes vertical displacement, which may be modeled as yy = ay sin Q2t 
with a) and {2 to be measured by the displacement meter. The structure excites 
the mass-spring-damper system of the displacement meter. The displacement of 
tip D of rod AD is recorded on the rotating drum. The record shows that the 
steady-state displacement of tip D has a peak-to-peak amplitude of 2a and the 
distance between two adjacent peaks is d. The rotating drum has a radius r and 
rotates at a constant speed of v rpm. Determine the amplitude a, and the circular 
frequency Q of the displacement of the structure. 
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To establish the differential equation governing the displacement y, consider the 
free-body diagram of rod AD. D’Alembert’s Principle is applied to set up the 
equation of motion. 


Since the relative displacement of tip D is y, the relative displacements at B and 
C can be determined using similar triangles 


The extension of the spring is y,, resulting in the spring force ky, applied on 
rod AD at point B. Similarly, the damping force applied on rod AD at point B 
is cy,. The inertia force applied at point C depends on the absolute acceleration 
of point C, ie., ¥,+ Vo; hence, the inertia force is m(j,+ Y), opposite to the 
direction of the absolute acceleration. Because the rod is supported by a hinge at 
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A, two reaction force components R,, and R ‘ay are applied at A when the hinge is 
removed. 


Rod AD is in dynamic equilibrium under the spring force ky,, the damping 
force c yj, the inertia force m(j,+ Jo), and the support reaction forces R4,, Ryy. 
Summing up the moments about point A yields: 


ow IM, = 0: M(Jo+ Yo) Ly + (Cy + ky) Ly = 0, 

or 

oe ae ce L or 

Ls ae le (c-45 chy). Memes Ae a 

L, L, L, 
Noting that y) =a, sin Qt, one obtains 

mL; ¥ + cL} y +kLiy = agmL,L,Q? sin Qt, 

(MD*+CD +K)y =a, sin Qt, 


where 
M=mlL3, C=cl?, K=kL?, a, = aymL,L,0?. 
The steady-state response is given by 
yp(t) =a, TENGEN sin Qt 
~ 4s MO? : pak oe Crs ne ° 
(K —MQ?) — CD 
[Koma + CD][K-MOy—CD] 
= (K —MQ?) — CD 
* (K —MQ?)? — C?-D? 
(K —MQ?) sin Qt — CQ cos Qt >. Replace D? by — 9? and 


= 4, sin Qt 


sin Qt 


= as (K —MQ2)2 + C202 , evaluate the numerator. 
Sa GO), 


Vv (K —MQ?)? + C2Q2 
x Use Asin@ —Bcos@ =v A2+B? sin(@—g), y= tan \B/A). 
Hence, the amplitude of the steady-state displacement of tip D is 


a, aymL,L,Q* 


v (K—M&Q?)? + C727 [12 — m2)? + (cL2Q) 
y/ (kL} —mL3Q7)? + (cL72) 


Qn=-e—,.,.>— Aa. 
. mL,L,Q2 


which leads to 
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On the record paper, the distance d between two adjacent peaks is measured in 
length, which needs to be changed to time to yield the period T of the response. 
Since the drum rotates at a speed of v rpm, i.e., it rotates an angle of 27v in 60 
seconds, hence the time T it takes to rotate an angle 0, as shown in the figure, is 
given by 

T 0 300 
—=— = T=—. 
60 2v UV 
Furthermore, since d=r0, which is the arc length corresponding to angle 6, one 
- 30 d _ 30d 
T=—-=—. 
mv r  arv 


The frequency of vibration of tip D is 


1 TUrv 
f= T= 304 
Since the steady-state response and the excitation have the same frequency, one 
obtains 
rv 
Q=27f =—. 
f 15d 
Problems 


5.1 Acircular cylinder of radius r and mass m is supported bya spring of stiffness 
k and partially submerges in a liquid of density y. Suppose that, during vibration, 
the cylinder does not completely submerge in the liquid. Set up the equation 
of motion of the cylinder for the oscillation about the equilibrium position and 
determine the period of the oscillation. 


; 7 Dr = m 
GD myst (k+ynr’)y=0, T=27 Ee 
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5.2. A cylinder of radius r, height h, and mass m floats with its axis vertical in a 
liquid of density p as shown in the following figure. 

t= Archimedes’ Principle: An object partially or totally submerged in a fluid 
is buoyed up by a force equal to the weight of the fluid displaced. 


x(t) 


Equilibrium 
Position eae 
Liquid Level 


qesssss== 
fesse 


¢ 
s 


est=e 


4a 
Qe ee eee eee eee 


eqgrcsesesss---- 


+ 
x 


tT hd 


1. Set up the differential equation governing the displacement x(t), measured 
relative to the equilibrium position, and determine the period of oscillation. 


2. If the cylinder is set into oscillation by being pushed down a displacement x, 
at t =0 and then released, determine the response x(t). 


2 [mm us 
GD mk+ prrx =0, TH = /—; x(t) =x) cosapt, wy =r ce 
rV p m 


5.3. A cube of mass m is immersed in a liquid as shown. The length of each side 
of the cube is L. At time t = 0, the top surface of the cube is leveled with the surface 
of the liquid due to buoyancy. The cube is lifted by a constant force F. Show that 
the time T when the bottom surface is leveled with the liquid surface is given by 
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5.4 A mass m is dropped with zero initial velocity from a height of h above a 
spring of stiffness k as shown in the following figure. Determine the maximum 
compression of the spring and the duration between the time when the mass con- 
tacts the spring and the time when the spring reaches maximum compression. 


A a is “S (2n+=3) 4-8, r= [2(Z+—ton" me.) 


a: 


5.5 A uniform chain of length L with mass density per unit length p is laid ona 
rough horizontal table with an initial hang of length J, i.e., y=] at t=0 as shown 
in the following figure. The coefficients of static and kinetic friction between the 
chain and the surface have the same value jz. The chain is released from rest at time 
t=0 and it starts sliding off the table if (1+)l>L. Show that the time T it 
takes for the chain to leave the table is 


a ae: +s re 
"> \ Orme larprmatl 


L-y 
|-—_—_——————— | 
Vy 
y(t) 


5.6 A uniform chain of length L with mass density per unit length p is laid ona 
smooth inclined surface with y=0 at t=0 as shown in the following figure. The 
chain is released from rest at time t = 0. Show that the time T it takes for the chain 


to leave the surface is 
L 1 
T= [_—[{—— cosh”'(——). 
(1— sin é)g sin 0 
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y(t) WHY 


5.7 A uniform chain of length L with mass density per unit length p is hung ona 
small smooth pulley with y(t) =/ when t =0, 1 >L/2, as shown in the Figure 5.27. 
The chain is released from rest at time tf =0. Show that the time T it takes for the 
chain to leave the pulley is 


T= = cosh!(———). 


y(t) 


Figure 5.27 Figure 5.28 


5.8 A pendulum as shown in Figure 5.28 consists of a uniform solid sphere of 
radius r and mass m connected by a weightless bar to hinge O. The bar is further 
constrained by two linear springs of stiffnesses k, and k, at A and B, respectively. 
It is known that the moment of inertia of a solid sphere of radius r and mass m 
about its diameter is mr. Show that the equation of motion governing the angle 
of rotation of the pendulum about O and the natural period of oscillation of the 
pendulum are given by 


m(=r?+17) 


22, 72\5 2 241+ meL)6 =0 S40 | TT L 
— > T 2, , 
m(#r +L )6 + (kya k,b°+mgL) k,a* +k,b* + mg 
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5.9 A mass m is attached to the end C of a massless rod AC as shown in the 
following figure. The rod is hinged at one end A and supported by a spring of 
stiffness k at the middle B. A dashpot damper having a damping coefficient c is 
attached at the middle. A sinusoidal load F sin Qt is applied at end C. 


1. Show that the equation of motion governing displacement x(t) of end C is 


4mx+cx+kx = 4Fsin Qt. 


2. Show that the natural circular frequency w, of the damped free vibration of 
the system is given by 


‘ c2 1 /k 
O,=O — ‘ O,==—,/—. 
d ! 16km o 2Vm 


5.10 A massless rod is hinged at one end A and supported by a spring of stiffness 
k at the other end D as shown in the following figure. A mass m is attached at + of 


the length from the hinge and a dash-pot damper having a damping coefficient c is 
attached at 4 of the length from the hinge. A sinusoidal load F sin Qt is applied at 
end D. 


1. Show that the equation of motion governing displacement x(t) of end D is 


mx +4cx + 9kx = 9F sin Qt. 


2. Show that the natural circular frequency w, of the damped free vibration of 
the system is given by 


4c? k 
@y = Wo A Sia Wp = 3 a 
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5.11 Adamped single degree-of-freedom system is shown in the following figure. 
The displacement of the mass M is described by x(t). The excitation is provided 
by x) (t) =a sin Qt. 


X(t) x(t) 


1. Show that the equation of motion governing the displacement of the mass M 


is given by 
¥ + 2Wlwyk + o¢x = asin Qt + B cos Nt, 
where 
K,+K Cc; +c aK Qac 
oss ——4,. to, >, -—1, p= 1 
M M M M 


2. Determine the amplitude of the steady-state response x p(t). 


[a (wp —?) +20 BQ)” + [Bas —Q?) —2t@ a2] 
&® (wp — Q7)? + (26a 2)? 


5.12 The single degree-of-freedom system shown in the following figure is sub- 
jected to dynamic force F(t) = Fy sin Qt. 


1. Set up the equation of motion in terms of x(t) and determine the damped 
natural circular frequency. 


2. Determine the steady-state response of the system xp(t). 


sg , : 2k oa 
GD mx4+cx4+2kx =FysinQt, wo, = —(i-=—) 
m m 


F,|[ (2k—mQ?) sin Qt — cQ cos Qt] 


Xp(t) a (2k—mQ?)2 4+ c2Q2 
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5.13 The single degree-of-freedom system shown in the following figure is sub- 
jected to dynamic displacement x)(t) =a sin Qt at point A. 


pa x(t) 


A Xp(t)=asinQr 
—a 


1. Set up the equation of motion in terms of of x(t). 


2. If the system is lightly damped, determine the steady-state response of the 
system xp(f). 


GD mk+cx4+ (k, +k,)x = ak, sin Qt 


(k, +k, —mQ?) sin Qt — cQ cos Qt 


Xp(t) = ak, (k, +k, —mQ?)? +20? 


5.14 A precision instrument having a mass of m= 400 kg is to be mounted on a 
floor. It is known that the floor vibrates vertically with a peak-to-peak amplitude 
of 2 mm and frequency of 5 Hz. To reduce the effect of vibration of the floor on 
the instrument, four identical springs are placed underneath the instrument. If the 
peak-to-peak amplitude of vibration of the instrument is to be limited to less than 
0.2 mm, determine the stiffness of each spring. Neglect damping. 


GD k=8.97 kN/m 


5.15 The single degree-of-freedom system, shown in the following figure, is 
subjected to a sinusoidal load F(t) = Fy sin Qt at point A. Assume that the mass m, 
the spring stiffnesses k, and k,, and F, and Q are known. The system is at rest 
when t =0. 


r--m y(t) poet) 


F(t)=Fo sinQt 


1. Show that the differential equation governing the displacement of the mass 
x(t) is 


k, 


<5 2 ee , Qt, = ae Ly ED 
X+wox =f sin Wo aes aa 


F. 
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2. For the case 2 Aw , determine the response of the system x(t). 


3. For the case {2= wa , determine the response of the system x(t). 


f Q , 
LX 2.Q40,: x(t = A (- = sinwyt + sin 20); 


3.Q=a@9: x(t) = — Je Sin Wot + Wot cos Wot) 
205 


5.16 <A vehicle is modeled by a damped single degree-of-freedom system with 
mass M, spring stiffness K, and damping coefficient c as shown in the following 
figure. The absolute displacement of the mass M is described by y(t). The vehicle 
is moving at a constant speed U on a wavy surface with profile y)(x) = sin Qx. 
At time t= 0, the vehicle is at x =0. 


- 


1. Show that the equation of motion governing the relative displacement of the 
vehicle given by z(t) =y(t) —yo(t) is 


Z+2¢wztoez = uN’U’ sin(QUt), Se a 
0 0 > 0 M 0 M 


2. Determine the amplitude of the steady-state response z(t), which is a partic- 
ular solution of the equation of motion. 


3. Assuming that the damping coefficient c= 0, determine the speed U at which 
resonance occurs. 


wQ2U? pe, [K 
7 "QVM 


(wp — 22U?)? + (2¢@ QU)? 


5.17 The landing gear of an airplane as shown in Figure 5.8 can be modeled as a 
mass connected to the airplane by a spring of stiffness K and a damper of damping 
coefficient c. A spring of stiffness k is used to model the forces on the tires. The 
airplane lands at time t=0 with x=0 and moves at a constant speed U ona 
wavy surface with profile y)(x) = sin Qx. Assuming that the airplane moves in 
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the horizontal direction only, determine the steady-state response of the absolute 
displacement y(t) of the mass m. 


GD voO= 


ku sin(QUt —@) 4 cQU 


————————————————, = tan ——_— 
J(K+k=mQ?2U?)? + (cQuy K+k—mQ?U? 


5.18 In Section 5.1, it is derived that the equation of motion of a single story 
shear building under the base excitation x(t) is given by 

my(t)+cy(t) +ky = —mx,(t), 
or 

H(t) + Way H(t) + ogy = —Xp(t), 


where 


2 2¢ £ 
o=— O=— 
0 m 0 m 


and y(t) =x(t) —x (ft) is the relative displacement between the girder and the base. 


Rigid girder 


x(t) 
— 


Weightless columns 


= ——S 
—— x (1) = 0 sin Qt 


For x)(t)=asin Qt, determine the Dynamic Magnification Factor (DMF) de- 
fined as 
i ly p(t) | max 
= [xq (t) lee 


where yp(t) is the steady-state response of the relative displacement or the par- 


DMEF 


ticular solution due to the base excitation. Plot DMF versus the frequency ratio 
r=Q/w, for ¢ =0,0.1,0.2, and 0.3. 


2 
éD DMF= id a 


r=— 


Ja=P)2 + Qery Oy 


5.19 Consider the undamped single degree-of-freedom system with m= 10 kg, 
k=1kN/m. The system is subjected to a dynamic load F(t) as shown in the 
following figure. The system is at rest at time t =0. 


Determine the analytical expression of the displacement as a function of time up 
to t= 10sec. GD x(t) = 0.02(10t — sinl0t), 0<t<5 
x(t) = 1.005 cos 10(t—5) + 0.0007 sin 10(¢—5), 5<t<10 
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0 5 10 t(sec) 


5.20 The following figure shows the configuration of a displacement meter used 
for measuring the vibration of the structure that the meter is mounted on. The 
structure undergoes vertical displacement ay sin Qt and excites the mass-spring- 
damper system of the displacement meter. The displacement of the mass is recorded 
on the rotating drum. It is known that m=1 kg, k=1000 N/m, c=5 N-sec/m, 
and the steady-state record on the rotating drum shows a sinusoidal function with 
frequency of 5 Hz and peak-to-peak amplitude of 50 mm. Determine the amplitude 
da, and the frequency f = 2/(27r) of the displacement of the structure. 


GD a)=40mm, f=5 Hz 


fa sinQt 


5.21 For the circuit shown in Figure 5.29(a), the switch has been at position a for 
a long time prior to t=0~. At t=0, the switch is moved to position b. Determine 


i(t) fort>0. GYD it) =G-9t)e™ (A) 


5.22 For the circuit shown in Figure 5.29(b), the switch has been at position a for 

a long time prior to t=0~. At t=0, the switch is moved to position b. Show that 

the differential equation governing v(t) for t >0 is 
d? Vo  Rdve 1 V(t) 


= —Vve = —, OT) =—RI,, 
de Lode fo © fC ve) 0 


dv") _ 5 
dt 


For R=6Q, C= = PF, L=1H, I)=1A, V(t) =39sin 2t(V), determine v_(t) 
for t>0. éDd Vc(t) = 7e *'(2 cos 4t — sin 4t) +35 sin 2t —20 cos 2t (V) 
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(c) (d) 


Figure 5.29 Second-order circuits. 


5.23 For the circuit shown in Figure 5.29(c), show that the differential equation 
governing v((t) for t >0 is 


dv dv dV(t) 


dv, (0*) = V(0T) 
dt R,C, 
For R, =1Q, R,=2Q, C, =2F, C,=1F, V(t) =12e~ (V), determine v_(t) for 


with the initial conditions given by v,(0*) =0, 


—£ 
t>0. GB vo=—-Se 74+ 80 43ne% (v) 


5.24 For the circuit shown in Figure 5.29(d), show that the differential equation 
governing v((t) for t >0 is 


dt? rd “te LC 
For R, =R,=52, C=0.2F, L=5H, Vj=12V, I(t) =2sint (A), determine 
ve(t) fort>0. GBD volt) =5(14+ tye! + 12 — 5cost (V) 


Pye R+R,dvo 1 — VotR I(t) 
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5.25 Consider column AB clamped at the base and pin-supported at the top by 
an elastic spring of stiffness k. Show that the buckling equation for the column is 


3 
= [tan(@L) — (@L)|+ (aL)? =0, a? = = 


5.26 Consider the beam-column shown in the following figure. Determine the 
lateral deflection y(x). 


GD yO=-F [F0-#) + a(f-Gat) } On5 


sin aL 


The Laplace Transform 
and Its Applications 


The Laplace transform is one of the most important integral transforms. Because 
of a number of special properties, it is very useful in studying linear differential 
equations. 

Applying the Laplace transform to a linear differential equation with constant 
coefficients converts it into a linear algebraic equation, which can be easily solved. 
The solution of the differential equation can then be obtained by determining 
the inverse Laplace transform. Furthermore, the method of Laplace transform is 
preferable and advantageous in solving linear ordinary differential equations with 
the right-hand side functions involving discontinuous and impulse functions. 

In this chapter, Laplace transform and its properties are introduced and applied 
to solve linear differential equations. 


6.1 The Laplace Transform 


Definition — Laplace Transform 


Let f(t), t>0, be a given function. The Laplace transform F(s) of function f(t) 
is defined by 


Ey eee) i eo hbdie 50. 


The integral in the Laplace transform is improper because of the unbounded interval 
of integration and is given by 


love) M 
/ e “f(t)dt = lim / e “ f(t)dt. 
0 M—->oo 0 
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There are tables of Laplace transforms for various functions f(t), similar to 
tables of integrals. Some frequently used Laplace transforms are listed in Table of 
Laplace Transforms (Appendix A.4). 


| Example 6.1| 6.1 


Determine the Laplace transforms of the following functions 


cos wt 


sin wt 
1, 7) S45 2. faye": 3. jo=| , 


Co 


oe 1 
ds. FOE =o e*.1dt=-—-e* 
0 S 


(oe) (oe) 
2. F(s) = 2} = / et. ott de — / e Sat gy 
0 0 
1 oo 1 
Se SS > Sa 
s—a t=0 s—a 


3. Note Euler’s formula e!! = cos wt +i sin wt. To determine the Laplace trans- 


forms of cos wt and sin wt, consider the Laplace transform of e!“': 


 es-ie)t of 
S—1W t=0 


. 0° . 0° . 
eiert = / est : elt dt 2 / e Si@)t qe a 
0 0 


1 stiw stiw 
—= = = ——_,_ s > 0. 
s—iw (s—iw)(stiw) s?+a? 

Since cos wt= Re(e”*) and sin wt = Im(e'), one has 
s 

Le th = Rel Zl] = ——, 

{cos ot) = Rif Z fei") = 


F{sinot} = Inf Lfelo}] = rae 


| Properties of the Laplace Transform | of the Laplace Transform 


1. Note that 


LlafiO+ofhO0} = e e “le fi(t\)+of,)]dt, c, and c, are constants 


== Ey i: e “f(t + c ia e “f(t)dt 
0 0 
=o. 2{fiO} +o2{ AO} 


.. The Laplace transform .7{-} isa linear operator. 
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2. Laplace Transform of Derivatives 


Li fo} =| e“podr= | e “d[ f(t)| 


=e f(t) i = / f(t)(—se-™) dt #< Integration by parts 
t= 0 
=-fo+s [epee 
0 


2 f'O} = sF) — fO. 


Using this result, Laplace transforms of higher-order derivatives can be derived: 


Af'O=sZ2{foOl-fO, @afoO=[fol] 
= s[sF(s) — f(0)] — f’(0), 


Zl f"t)} = s?F(s) — s f(0) — f'O). 


In general, one obtains 
Lf ()} = s"F(s) — 8”! f0) —s"-? f'0) —--- —s f°" 0) — fF"). 


The Laplace transform of the nth-order derivative f(t) of function 
f(t) is reduced to s” F(s), along with terms of the form sf TNO), i=0,1,..., 
n—l. 


3. Property of Shifting 


Co 
Given the Laplace transform F(s) = i; e * f(t)dt, replacing s by s—a leads to 
0 
CO CO 
F(s—a) = i e Ol f(t)dt = i e “Le f(Q]dt = Lfe" fo}, 
0 0 


PSO Ca 2 0) 


s—(s—a) ; 

The Laplace transform of f(t) multiplied by e” is equalto F(s—a), with s shifted 
by —a. 

4. Property of Differentiation 


CO 
Since F(s) = i e “f(t)dt, differentiating with respect to s gives 
0 


CO 


F(s) = [ coesfoa = -| e “Tr f(t) | de, 
0 0 
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L£{t fo} = —F'%G). 


Differentiating with respect to s again leads to 


F"(s) = — [co ele @ldi= [ [esol 
0 0 


22 beaks ee 


Following this procedure, one obtains 


L{t" fo} = (-D"F™(s) = (-b" 


| Example 6.2 | 4 


Determine the Laplace transform of f(t)=t", n=0, 1, .... 
Solution 1: Using the formula of Laplace transform of derivative 
L{f'oO}=s 2{fO}-fO, with fio =2", 


one obtains 


2{nt™}=s.2{e"}-0" => 2f"}= = Vf} 
Hence, for n=1, 2, ..., 
nai 2{t}=s2(=q 2 Zh}=- 
n=2 2(P}=52(}=5- 52-5 
n=3: 2{P}=—2{P}s=>- aS, 
in general, 
SHE a i — Oar ETH! I 
Solution 2: Use the property of differentiation 
n 
Lit" f(O} = (-" —, n=1,2,..., 


1 
with f(t)=1 and F(s)=—. Note that 
s 
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mG) eal Paes 


Hence 
ae a dsl oe! 
n=1 2{t} = 2{t-1)=-T(=)=>3 
d/l 2! 
— > { 42 — py 2. = —l — — 
n= 2 Zit Set 1} = =5(-) > 


a: Be} = fea} = Cy" (2) =. 


| Example 6.3 | 6.3 


Evaluate 2{e" coswt} and 2{e“ sinwt}. 


Note that ‘ e 
L{ cosat} = Sage zi sin wt} — en pee 


Applying the property of shifting .2{e f(t)} = F(s—a), one obtains 


Sichat = S = S—a 
ee {e cos wt} = Par aeye = Gane 
s—> (s—a) 
rf at .: _ w — w 
ZL{e sin wt} = ane => G=a7 ee 
s—> (s—a) 


| Example 6.4 | 6.4 


Evaluate .2{t sint} and .2{¢? sint}. 


= F(s). 


ZL{sinot} = => {sind} = 


See pl 
Apply the property of differentiation ee t" f(t)} = (—1)"F(s), n=1, 2,.... 


| 1 ie 2s 
ds ds\s?+1) = (s? +1)?’ 
oO 3 {SO} ot 2s | - 6s? — 2 
ds? ds| ds J ds (s?+1)2J) 9 (s2 +193’ 
7 dF(s) _ 2s d°F(s) io 6s* —2 
ds (s? 4.1)?” ds? (s2- +. 1)3 


i Sek sin t} = oA sin t} = 
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| Example 6.5 | 6.5 


Evaluate .2{te” sinat}. 


Using the property of shifting .2{e“ f(t)} =F(s—a) = 2{f()} | ' leads to 


s—>(s—a 


(a) @ 


eile sin wt} => 2{ sin ot} = Gane 


s—>(s—a) 7 s2 + aw? s—>(s—a) 


d 
Applying the property of differentiation .2{t f(t)} = — ae Li fo} 


. d _ . d o) 
ZL{t-e™ sin wt} — ae {e” sin wt} = mae {—} 
2w(s—a) 


[(s—a)? + ow)? 


6.2 The Heaviside Step Function 
The Heaviside step function is defined by 


0, t<a, 


l, t>a, 


H(t—a) = | 


where a is a real number, and is shown in Figure 6.1. 


Figure 6.1 Heaviside step function. 


The Laplace transform of H(t —a) is given by 


L{H(t—a)} = [ e “ H(t—a)dt 


a CO 
= e“He—aat+ [ e “ H(t—a)dt 
0 a 


f " ee ca | 
= / e .Odt +f et d= =e" =e, 
0 a s 


t=a 
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L£{H(t—a)} = ae, s>0, 


and, for s>a>0, 
L{ f(t—a)H(t—a)} = [ e* f(t—a)H(t—a)dt 
= is e 8+9) F(¢) H(r) dr, t-a=t, 
=E* i ” e- f(r)dr = €*E(s), 


L{ f(t—a)H(t—a)} =e “F(s), s>a>o0. 


The Heaviside step function is very useful in dealing with functions with discon- 
tinuities or piecewise smooth functions. The following are some examples: 


(1) 
G(s bAMG, f(t) 


0, t>t, 


f(t) = | 


= f,O[1-He-t)]; 


(2) 
0, t<t, 


IO); “E> Ty 


f(t) = | 


= fH —t); 
(3) 
f,Os tste 


fp), t>to 


f(t) = | 


AO+[HhO-fO].0, t<t, 
+[LO-f,O]-1, t>t 
=f,0+[LhO-fO)]Ht-t) 
= f,O[1-H(t-t)]+ LOHC-t). 


Since Case (3) is the combination of Cases (1) and (2), the result 
obtained reflects this observation. 
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If function f(t) has nonzero values only in the range of a< x <b as shown in the 
following figure, than it can be expressed as 


0, t<a, f(t) 
f(t) = { g(x), a<t<b, 
0, t>b, 


= g(x)[H(t—a) — H(t—b)], 


since 


0, t<a, 
H(t—a) —H(t—b)=}1, a<t<b, 
0, t>b. 


As a generalization, function f(t) of the following form can be easily written in 
terms of the Heaviside step function 


0, t<ty, 
Tiy. tetas 


flO; AS t 


ft)= 


iy G4 eH tets 


0, t>th 
= f,(0[H@—-t) - He¢-4)| + 6£0[Ae-4) -He-1)] 


+--+ f,(t)[H(t—t,_1) - H(t-t,)]. 


| Example 6.6 | 6.6 


Express the following functions in terms of the Heaviside function 


1. 0, t<0, 2. 
t, t<-l, 
1, O0<t<l, . , ; 
t)= th=4t*, —-l<t<l, 
FO 2, 1<t<2, fo 
Py. sl, 
0, t>2; 
l. f(t) =1-[H(@t-0) —-H(t-1)] eo f(t)=1, 0<t<1 
+ 2-[H(t—-1) — H(t—2)] fu f(t)=2, 1<t<2 


= H(t) + H(t—1) — 2H(t—2); 
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20 f(t) =r¢-[1-HC+)] eo f(t)=t, t<—-1 
+1?-[H(t+1) — H(t-1)| fw f(it)=t?, -1<t<1 
+1-H(t—1) fw f(t)=t?, t>1 


='+ @-nHetl+¢ —2) Ae). 


Laplace transforms of functions involving the Heaviside step function can be 
determined from the definition by direct integration or using the properties of the 
Laplace transform. 


| Example 6.7 | 6.7 


Evaluate .2{tH(t—2)}. 


Solution 1: Using the definition of Laplace transform 


CO [o.@) 
L£{t H(t—2)} -| et tH 2dr = f e “tdt 
0 2 


1 [o,e) 
=o i td(e*), # Integration by parts 
2 


lI 
| 
ee ufre 
~ 
! o 
4 


Solution 2: Using the following results 
1 
L{H(t—a)} = se", Lit fo} = -F%s) 
leads to 
2{tHe-2} = -L.2{HE-2)} = -<(e%) 
° ds” ds 
_ dS eee ag ae? 1 
Se age eee (re) 
Solution 3: To use the formula L{ f(t—a)H (t—a)} =e “F(s) in evaluating 
L{fOH(t—a)}, one must rewrite f(t) as f[@-a)+a] = g(t—a). 
2£{tH(t—2)} = 2{[@-2)+2]H@-2)} 
= £{(t-2)H(t—2)}+2.2{H(t-2)} 


1 1 2 
=e 2 42-— 7 = e*(s + =), 
s s 
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| Example 6.8 | 6.8 


Evaluate 2{e*' H(t) —e-** H(t—4)}. 


Three methods are used to evaluate _2 { e” H(t—b) i: 


Method 1: By definition 
[oe 
Lie" H(t—b)\ = / e '.e"H(t—b)dt, b>0 
0 


[o-@) 
= / e SDE ge & H(t—b)=0, fort <b 
b 


1 
e Sat 


S—a 


we e H(s—a) 


>» Sea. 


t=b s—a 


Method 2: Using the following results 


1 
2{Ht-b}==e, — L{e" flo} = 2{fo}]| 


s— (s—a) 
leads to 


z 1 = e—4(s—a) 


s— (s—a) a S 


L£{e"H(t—b)| = 2{He-b)} 


s— (s—a) S—a 


Method 3: Using the result 2 { f(t—a)H(t— a)} =e “F(s) results in 


Lie" H(t—b)} = Sle H(t-b)} = ec Sle —) H(r—-b)} 


= eg P(e) = e H(s—a) Mes 
s—a 
Hence, 
0-(s—2) 4-(s+3) —4(s+3) 
e e 1 e 
L{e* H(t) -—e ** H(t—4)} = _ st A St 
s—2 s+3 s—2 s+3 


| Example 6.9 6.9 


Evaluate  F(s) = -2’{ cos 2t H(t— =) + (9t7+2t—1) H(t—2)}. 


F(s) 


II 
% 
—_—_— 
Q 
fo) 
n 
— 
NO 
—~ 
™ 
| 
l 


7) 42] H(t—%) + [9@?—41+4)+38¢-37] Hit—2)| 


= 2 [cos 2(¢— =) cos 7 — sin 2(t— =) sin 7} H(t— =) 


+ [9(¢=2)?-+38 ¢-2)+39] H(t—2)| 


= ee Pf cos 2t— sin 2¢} + e* 2{91?+38t+39} 


J2 
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“#(= : )+e*(9 2) 438+ +39 =) 

=—e i, en e — — < 

VE: s24+22 52422 3 s? s 
—gs_S—2_ os 39s? +38s+18 
J/2(s2+4) 33 


6.3 Impulse Functions and the Dirac Delta Function 


Impulse functions have wide applications in modeling of physical phenomena. For 
example, consider an elastic ball of mass m moving at velocity v) toward a rigid 
wall as shown in Figure 6.2. 


Vo Vy 
— <i oO 


to to< t< tote tote 
In contact 


Figure 6.2 An elastic ball colliding with a rigid wall. 


At time fp, the ball collides with the wall; the wall exerts a force f(t) on the ball 
over a short period of time ¢. During this time, the ball is in contact with the wall 
and the velocity of the ball reduces from v, to 0 and then changes its direction, 
finally leaving the wall with velocity —v,. 


f(t) 


to tote t 


Area 
Figure 6.3 Contact force between the elastic ball and rigid wall. 


The force f(t) on the ball, shown in Figure 6.3, depends on the contact between 
the elastic ball and the rigid wall. The force f(t) is negative because it is opposite to 
the direction of the initial velocity vo. 


The area under the force curve is called the impulse I, i.e., 
tote 


‘ f(t)dt. 
i) 
The Impulse-Momentum Principle states that the change in momentum of mass m 


is equal to the total impulse on m, i.e., m(—v,) — mvp = I. 
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As a mathematical idealization, consider an impulse function f(t) over a time 
interval t) <t<t)+¢ with constant amplitude I/e as shown in Figure 6.4, such 


that the area under the function f(t), or the impulse, is I. 


f(t) 


f(t) f(t) 


Area=I 


Figure 6.4 The Dirac delta function. 


The impulse function f(t) can be expressed in terms of the Heaviside step 
function . 
FO) = = {HO t) — Ht (t+ 2) I}. 
When « decreases as depicted in Figure 6.4(a) and Figure 6.4(b), the width of the 
time interval over which the impulse is defined decreases and the amplitude I/¢ 
of the function increases, while keeping the area under the function constant. For 


I=1, the limiting function as e— 0, ie., 
A(t—t)) — H[t—(t)+¢ 
lim f(t) = lim ea ca Le 
é>0 e>0 E 


is called the unit impulse function or the Dirac delta function (Figure 6.4(c)) and is 
denoted by 5(t —t)). 


Properties of the Dirac Delta Function 


1. d(t—a) =0, if ta; 
2. d(t—a) > +00, as ta; 


at+a 
3. / d(t—a)dt=1, a>0; 
a 


—a 


4. Shifting Property If g(t) is any function, 


a+a 
i g(t)d(t—a)dt = g(a), a>0. 


—a 


t 0, t<a, zr 
5. if se-mar=He-0) =| = SO = 5tt a. 


ioe) ly fsSah d 
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CO 
6. .£{8(t—a)} = if e ".8(t—a)dt =e“, a>0. Shifting property 
0 


7: Z2(swnse-a} = fe. fyae-aar =F, a>0. 


6(t—a) is nota function in the usual sense; it is known as a generalized function. 
| Example 6.10 6.10 
Evaluate F(s) = .2°{cos mt 5(t+1)+2 cos & 8(t—2)+(13 —217-+5) e 6(t-3)}. 
Note that, if a >0, 
d(t+a)=0, for t>0 => 2{f(t)d(t+a)} = [ e “. f(t)d(t+a)dt =0, 


and = 
L{f(t)d(t—a)} = e “. f(t)d(t—a)dt =e “ f(a). 
0 
Hence 


F(s) = 0+¢ 7 .2cos(%-2) 4 e735. (332.3745) 043 = en 4 [4el?-3s, 


Applications of the Dirac Delta Function 


Consider a distributed load of intensity w(x) over a length of width ¢ as shown in 
Figure 6.5(a). 


w(x) Area=W WwW 


éE—>0 

_ Ur —— 

a Rae 
(a) (b) 


Figure 6.5 Distributed and concentrated loads. 


The resultant force of the distributed load is 
a+ 5 
W= / w(x) dx. 
a-§ 


When ¢-> 0, the distributed load approaches a concentrated load W, as shown in 
Figure 6.5(b). In terms of the Dirac delta function, the load can be expressed as 
w(x) = W64(x—a), so that 


ats ats 
/ w(x)dx = wf b(x—a)dx = W. 
a—§ a-5 
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As an example, consider a beam under two concentrated loads W, and W,, 
applied at x=a, and x=a,, respectively, and a uniformly distributed load of 
intensity w) over b, <x <b, as shown in the following figure. 


W 


Wi 


The deflection y(x) of the beam is governed by the differential equation 


2 2 
{E1009 =} = w(x), 


dx? dx? 
where EI (x) is the flexural rigidity of the beam, and the loading is given by 
w(x) = Wo [H(x—by) —H(x—b,)| + W,d(x—a,) + W,5(x—ay). 


6.4 The Inverse Laplace Transform 


Given the Laplace transform F(s) of function f(t), F(s)=.2{f(t)}, the inverse 
Laplace transform is f(t) = 2 =a F(s) I. 

Inverse Laplace transforms of frequently used functions are listed in Table of 
Inverse Laplace Transforms (Appendix A.5). Hence, to determine the inverse 
Laplace transform OE (s)}, F(s) has to be recast into a combination of the 
known functions so that the formulas in the Table of Inverse Laplace Transforms 
can be applied. 


Properties of the Inverse Laplace Transform 


Corresponding to the properties of the Laplace transform, the following properties 
of the inverse Laplace transform can be readily obtained. 


1, 2{-} isalinear operator =» .27'{ - | isalinear operator; 
2, L{e"f)} = Fs—a) — > [Re ee 
3. L{t"fO) =(-D)"F@ >) — Eee ee 


4, £2{f(t—a)H(t—a)}=e“F(s—a) => 2 '{e“F(s) |= f(t—a)H(t—a). 
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| Example 6.11 | 6.11 


Evaluate oe) G = \. 


s i= 2)eh2. 1 2 


Ge Ge C= Gt 


fj =e 27 {- } 426% 2° {= |, f= £~'{F(s—a)} =e" 2 '{F(s)} 


yt 2t if 1 ge! 
any es ane if’ ae a — 
= cht 3 
=pet (2+ tf) 
| Example 6.12 6.12 
1 es 
Evaluate 2) = 7 |. 
s 
Ite 1 1 
F(s) = =—=+e%=, 
SS s4 s4 s4 
Note that 
pn-l 


if 1 go-lf ,—as = 
el Gone 2 'e-“F(s)} = f(t—a)H(t—a). 
Hence, 


ae Pit a , 
fyjH= zs {Fi} =F + —Ht-3) = z(t + (¢-3)H(t—3)]. 


Convolution Integral 


| Theorem — Convolution Integral | — Convolution Integral 


If 2-'{F(s)}=f(t) and .2-{G(s)} =g(t), then 


if t 
NEG) Gig) = [ feta if FED FG Dau = (F410) 


in which the integral is known as a Convolution Integral. 


| Example 6.13 | 6.13 


gol = 
Evaluate Bes @+42 ‘ 
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Note that 


2 Ss 
Saar || = sin 2t, 2a | = cos 2t. 
Ss 


Using convolution integral, one has 


os s 1 o-1 2, s 1. 
L 1 ood = =f es ee | CIN) Dt *« COS 2t 
(s?+4)2 2 {x 92 524.22 2 


t 
= + | sin2ucos2(t—u)du, 45 sin Acos B= +[ sin(A+B)+ sin(A—B)| 
0 


t 
= + / [ sin 2t+ sin(4u—2r)| du = + E sin 2t — + cos(4u—21)] 
u=0 


t sin 2t. 


= 4[t sin 2t — + cos 2t + + cos(—2t)| = + 


Partial Fractions 


Partial fraction decomposition is an essential step in solving ordinary differential 
equations using the method of Laplace transform. Some important aspects of 
partial fractions are briefly reviewed. 


Consider a fraction N(x)/D(x), where N(x) and D(x) are polynomials in x of 
degrees ny, and np, respectively. 


t If ny >MNp, ie., the degree of the numerator N(x) is greater than or equal 
to the degree of the denominator, the fraction can be simplified using long 
division to yield 

N, (x) 

D(x)’ 


N(x) _ 
D(x) — 


P(x) + 


where P(x) and N, (x) are both polynomials in x, and the degree of N, (x) is 
less than that of D(x). Hence, without loss of generality, the case for ny <np 
is considered in the following. 


«a Completely factorize the denominator D(x) into factors of the form 
(ax+B)™ and (ax*+bx+c)", 
where ax?-++bx-+c is an unfactorable quadratic. 


For each factor of the form (ax+ 6)”, the partial fraction decomposition 
includes the following m terms 


Ay Am1 A, 


(ax+ B)™ - (ax+p)"-} ore (ax+B) 
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For each factor of the form (ax’+bx+c)", the partial fraction decomposi- 
tion includes the following n terms 


Bx CG, B,\xt+C,_) AE B,x+C, 
(ax*+bx+c)" (ax*+bx+c)"-! (ax2+bx+c) 


For example, 


5x3 +2x+7 z 5+ 2K+7 
2x8 +7x7—10x°—6x4—x3 — x3(2x—1) (x? +2x—1)? 
A A A B C,x+D C,x+D 
=$+3+9+ + a eee 
x x x 2x-l = (x*+2x-1) x*+2x-1 


Summing up the right-hand side, the numerator of the resulting fraction is a 
polynomial of degree 7. Comparing the coefficients of the numerators leads 
to a system of eight linear algebraic equations for the unknown constants. 
The Cover-Up Method 

Suppose D(x) has a factor (x — a)”, then the partial fraction decomposition 
can be written as 

Nix) — N@) A Am-1 A, N,(x) 


m 


Dix) (—a)"D\(x) (ay ay! a) | DG)’ 


in which D,(x) does not have (x—a) asa factor. Multiplying both sides of 
the equation by (x —a)™ yields 


N(x) _ _ eae —_\m-1_, Ni@) 
Do ee a)+-+-+A,(x—a) vD.@) 


(x—a)™. 


Setting x =a gives the value of A,, 


_ N@) 
fe a 


x=a 


This result can be restated as follows: to find A,,, “cover-up” (remove) the 
term (x—a)™ and set x=a: 


N(x) 


A ot 
o> D, (x) 


m 


x=a 


#0 The cover-up method works only for the highest power of repeated 
linear factor. 


For example, 


4 _ A; ri A, Z B 
(x—1)2(x+1) (x—-1)2 x-1) x41 
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To find A,, cover-up (x—1)? and set x=1: 


4 
A=— = 2, 
X+1] x21 


To find B, cover-up (x+1) and set x= —1: 


_ 4 
~ (x-1)? 


x=-1 

A, cannot be determined using the cover-up method. But since A, and B 
are known, A, can be found by substituting any numerical value (other than 
1 and —1) for x in the partial fraction decomposition equation. For instance, 


setting x =0: 
: a a ae ee 
(0O-1)2(0+1) (0-1)? 0-1 041 aes 
| Example 6.14 6.14 
8 
Evaluate 27! as} 
(s—1)(s?+2s+5) 


Solution 1: Using partial fractions 


F(s) 8 A i Bs+C 
Sl _—_———————— —_—_—_—<_—— 
(s—1)(s*+2s+5) s—1l  s*+2s+5 


_ A(s?+2s+5) + (Bs+C)(s—1) | (A+B)s?+(2A—B+C)s+(5A—C) 
= (s—1)(s?-+2s+5) = (s—1)(s?-+2s+5) 
To find A, cover-up (s—1) and set s=1: 


- 8 yee 
— st@4+2s45],  1+24+5 


Hence, comparing the coefficients of the numerators leads to 


3: A+B=0 = B=-A=-1, 


Se 


2A-—B+C=0 => C=B-2A= —-1-2-1=-3, 


1: 5A—C=8. ££ Use this equation asa check: 5-1—(—3)=8. 


F(s) 1 s+3 1 SFDa2 

j\)j 77IQ( o_O EL 

s-l1 s2+2s+5 s—l  (s+1)?+2?2 
ae! (s+1) 2 


s—l  (st1)2?+22 (s+1)2+ 22° 
Using the property of shifting .~'{F(s—a)} =e“ f(t) along with the results 


1 
z\.| = 1, 24 a | = cosat, se 
s +o 


(42) és 
S (42) 
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yields 
f(t) = 2 {F(s)} = ef — e! cos 2t — e sin 2¢. 


Solution 2: Using convolution integral 


| ee eee ey gr Pe eee 
LOS Fess ycrers so) ema fe eeeal 


t 
= 4e' x (e' sin 2t) = af e “sin2u-e “du 
0 


—2u t 


J e 
= ac | e *” sin 2udu = 4e! | —_—_—___— 
0 (2)? 42? 


(—2 sin 2u — 2cos 2) | 
0 


; e 2! ; 1 
=4e Se te eee ag a 


= —e ‘(sin 2t + cos2t) +e’. 


| Example 6.15. 6.15 


1 
Evaluate Ba | pate a! : 
(s?+1)(s2+9) 


Solution 1: Using partial fractions 


s+] _ AStB CstD _ (As+B)(s° +9) +(Cs+D)(s° +1) 
(s2+1)(s2+9) s?4+1 0 5249 (s?++1)(s2 +9) 
_ (A+C)s* + (B+D)s? + QA+C)s + (9B+D) 


(s?+1)(s?+9) 


F(s) = 


Hence, comparing the coefficients of the numerators leads to 


s: A+C=0, (1) 
%: B+D=0, (2) 
s: 9A+C=1, (3) 
1: 9B+D=1. (4) 
Eqn (3) —Eqn(1): 8A=1 => A= %, 
Eqn (4) — Eqn (2): 8B=1 ==> B= 5, 
& AG e421 
Eqn (1): C=-A=-9%, 
Eqn (2): D=-B=-—f. 
lsstl stl 1 s 1 s 1 3 
: Fs) = <(S— - 3) = (SG + a - a  -  s) 
8\s*+1  s*+9 8 \s-+1 s*+] s*+3 3 s*+3 
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ij EG) = 5 (cost + sint — cos 3t — + sin 3t). 


Solution 2: Using convolution integral 


s+l s 1 
ee 
|| || ‘3 || 
2d getline Ne ded) 3B 
sae esc sap} +t2 [== s2 432 


= + (cost « sin 3¢ + sin » sin 3) 


t 
— $f (cos u+sin u) sin 3(t—u) du 
0 


t 
— + / { 5 [sin(3t—2u) — sin(4u —3t)|— + [ cos(3¢—2u) = cos(4u—31)]| du 
0 


= 1 E cos(3t —2u)+ = cos(4u—3t)+ + sin(3t —2u) + + sin(4u—3¢)| 


E 
u=0 


= 4 (cost + sin t — cos 3t — + sin 3t). 


6.5 Solving Differential Equations Using the Laplace 
Transform 


Consider an nth-order linear differential equation with constant coefficients 
any (t)h+a, yy" MO+--- tay) + ayy(t) = ft). 
Taking the Laplace transform on both sides of the equation and noting that 
L{y(o)} = Y(s), 


ZL{y(t)} = sV(s) — (0), 
Z{y"O} = Ys) —syO) — yO), 


L{y™ (a) = s" Ys) — 8" y(0) — "7 y0) — --- — sy (0) — vy" (0), 


lead to an algebraic equation for Y(s) 


n n—1 
as [s" Ys) - a a) + digas SANG) ->y gt EN@)| +++: 
i=l 


= 
+ a,[sY(s) — y(0)| + ay Ys) = 2{ FO}. 
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Solving for Y(s) yields 
n ek 
Z{fO}+ VO Vay Os! 
Y(s) = —< $< 


Taking the inverse transform y(t) = eres results in the solution of the dif- 
ferential equation. 


| Example 6.16 | 6.16 
Solve y”—8y'+25y =e sin3t. 


Let Y(s)=.2{ y(t)}. Using the property of shifting, 2{e” f(t)} = F(s—a), one 
has 


3 3 
L? ett sin 3t} = 3} sin 3t | = a 
| s—>s—4 s2 + 32 Berea (s—4)2 + 32 


Taking the Laplace transform of both sides of the differential equation yields 


3 


2 _ ott = = eee ee 
[s°Y1s) — s 0) — y'@)] — 8[sYS) — yO)] + 2519) = 


or, denoting y(0)= yp, y/(0) =v; 


(s2 — 8s +25) Y(s) =Vost+ (Vo —8 Yo) + (s—4)2 + 32° 


Solving for Y(s) leads to 


Yo(s—4) %—4Yo 3 


nae ee Ee 
©) (s—4)? + 3% (s—4)? + 3? as [(s—4)? + 32]° 


Taking the inverse Laplace transform and using the property of shifting 


1 1 
27 {F(s—a)} = e% 2 -'NF(s)}, 2 | = Baa ner aheoseh), 


one obtains 


= —4y 3 1 
NSP UY a a a Be 
he UOlE® [» Pye 3 ER GRP 


v,—4 3 
= Ty cos 3t + — 5 70 sin 3¢ bar aaa, 3s (sin 3t — 3t cos 31) | 
yo. 
3 +73 


t 
Ly cos 3t + (oo Di sin 3t — J 008 3t|, 
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Denoting 
Vo — 4 1 
5 he 


the general solution of the differential equation can be written as 


A= Yo B= 


t 
y(t) = ettlA cos 3t + Bsin 3t — 5 008 31], 


| Example 6.17 6.17 


Solve y”+9y=18sin3tH(t—z), y(@0)=1, y(0)=0. 
Let Y(s)=.2 { y(t) }. Taking the Laplace transform of both sides of the differential 
equation yields 
[s?Y(s) —s y(0) — y(0)] + 9Y(s) = 18-2{ sin 3tH(t—7z)}, 
where 


2{ sin 3tH(t—x)} = L{ sin [3(t-2)+3x]H(t—-z)} 2 sin(3x +0) =—sind 


=—2£{sin3(t-xz)H(t-x)} @e L{f(t-aHt—a}=e* S{ fo} 
3 


= —e™* 2{ sin 31} => =e 43 


Hence, solving for Y(s) leads to 


S 1 
Y(s) a 54 Se 
i= rg eae 


Noting that 


1 1 
gol = ; = 
SF |} = ar 3t 3t cos 3t), 


and using the property of shifting 2 ~ 'f eS F (s)} = f(t—a) H(t —a), one has 


Sa a = [ sin 3(t—77) — 3(t—sm) cos 3(t—) |H(t—z) 


1 
(s? +37)? 
= [-sin3t + 3(t—7) cos 3t]H(t—z). 
2 sin(@ — 37) = —sin(3z —0) = —sin 0, cos(@ —37) = cos(3m — 6) = —cos0 


The solution of the differential equation is 


s 1 
t =. 29 —1 = 4. > —1 —Is 
NG oe (== | ae f eeeoal 


= cos 3t + [ sin 3¢ — 3(t-7) cos 3t|H(t—z). 
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| Example 6.18 | 6.18 


Solve y/”"—y"+4 y’—4y=40(t? +t+1)H(t—2), y(0)=5, y/(0) =0, y”(0) = 10. 
Let Y(s)=.2 { y(t) }. Taking the Laplace transform of both sides of the differential 
equation yields 

[s°Y(s) — s?y) — sy) — yO] — [s° YS) — sy) — yO] 

+4[sY(s) — y(0)] —4Y(s) = 2{40(? +t+1) H(t—2)}, 

where, using £{ f(t—a)H(t—a)} Sei) ls 

2L{40(t? +t+1) H(t—2)} = 40.2{ [07 —4t+4)+5t—-3] H(t—2)} 

= 40 2{[(t-2)?+5(t-2) +7] H(t—-2)} 

1! 1 


= 40e* 2 {t?+5t+7} = 40e** zs +5-547-=) 2c 2{t"} Se 
al . . e 53 2 s : a sft 
_y, 40(7s7 +5s+2) 
=¢5 
33 
Solving for Y(s) gives 
5s*—5s+30  _, 40(7s*+5s+2) 


YO a2 ee wee 
s) si—s*+45—4 ° s3 (s3 —52+45—A4) 


Using partial fractions, one has 
5s°—5s+30 A Bs+C _ (A+B)s*+(—B+C)s+(4A—C) 
(s—1)(s?+4) s—l  s?+4 — (s—1)(s?+4) 

To find A, cover-up (s—1) and set s=1 


55° 58430]) 55-30 
(?+4) |.) 144 — 


Comparing the coefficients of the numerators leads to 


*: A+B=5 = B=5-A=5-6=-1l, 


s:. —B+C=-5 =) C=B-5=-1-5= -6, 
1: 44—C=30. ££ Use this equation as a check: 4-6—(—6) =30. 


Hence, 
5s*—5s+30 6 —s—6 
peal) ae lh) 
[| {= . s?+4 


2 
Ao 
s—-l 5242? s* 22 
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Similarly, using partial fractions, one has 


40(7s*+5s+2) _ A; ci Ris WR CIEL 
s(s—l1)(s?7+4) ss? 5 s+] 3744 
Comparing the coefficients of the numerators leads to 
s: A, +B+C=0, (1) 
st: —-A,+A,-C+D=0, (2) 
3’: 4A,—A,+A,+4B—-D=0, (3) 
s?: —4A,+4A,—A, = 280, (4) 
s: —4A,+4A, = 200, (5) 
1: —4A,; = 80, (6) 
from Eqn (6): A; = —20, 
from Eqn (5): A, = A,—50 = —70, 
from Eqn (4): Ay = 4(4A,—A;—280) = —135, 
to find B, covering-up (s—1) and setting s=1: 
_ 40(7s*+5s+2)|  _ 40074542) _ 1, 
si(s*+4) [4 1-5 ; 


from Eqn (1): C= —A, — B= —(—135) — 112 = 23, 
from Eqn (6): D=A,—A,+C = —135 — (—70) +23 = —42. 


Hence, 
pif 407? +5s+2)| _ 5, af_ 20 70 135 112 23s~42 
s3(s—1)(s?+4) ss s s—-l 524-22 


= —135 — 70t — 102? + 112e' + 23 cos 2t — 21 sin 2t. 


Applying the property of shifting 2 ales F (s)} = f(t—a)H(t—a), one obtains 
the solution of the differential equation 


= 6e' — cos 2t — 3sin 2t + [—135 — 70(t—2) — 10(f-2)” + 112e¢~” 
+ 23 cos 2(t—2) — 21 sin 2(t—2)] H(t—2) 
= 6e' — cos 2t — 3sin 2t + [—10t? — 30 — 35 + 112e'~* 


+ 23 cos(2t—4) — 21 sin(2t—4)|H(t—2). 
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Remarks: 


ts Using the method of Laplace transform to solve linear ordinary equations is 
a general approach, as long as the Laplace transform of the right-hand side 
function f(t) and the resulting inverse Laplace transform Y(s) can be readily 
obtained. 


ta The Laplace transforms of the Heaviside step function and the Dirac delta 
function are both continuous functions. As a result, the method of Laplace 
transform offers great advantage in dealing with differential equations 
involving the Heaviside step function and the Dirac function. 


ts The determination of inverse Laplace transforms is in general a tedious task. 
As a result, for a linear differential equation with continuous right-hand side 
function f(t), the methods presented in Chapter 4 are usually more efficient 
than the method of Laplace transform, especially for higher-order differential 
equations. 


6.6 Applications of the Laplace Transform 


6.6.1 Response of a Single Degree-of-Freedom System 


Consider a single degree-of-freedom system as shown in Figure 6.6 under externally 
applied force f(t). The initial conditions of the system at time t=0 are x(0) =x, 
and x(0) = Vp. 


Figure 6.6 A single degree-of-freedom system. 


As derived in Section 5.1, the equation of motion of the system is 
mx-+cx+kx = f(t), x(0)=x9, x(0) = vp. 
Dividing the equation by m and rewriting it in the standard form yield 
1 k c 
¥+2ta)x+orx = — f(t), -—-—, 2%tw=—. 
X + 26a@)x + wx ray ) 2 alas fa 7 
Applying the Laplace transform, .2°{x(t)} = X(s), one obtains 


1 
[s?X(s) — sx(0) — X(0)] + 2¢@p[sX(s) — x(0)] + @ X(s) = — 21 f(O}. 
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Solving for X(s) leads to 


XpS + (V9 t26aoXp) ah ZL fo} 
s2+2fwys +05 m s*+2f@st+o2” 

ee 

Xeree(S), freevibration Xpoceq(S), forced vibration 


X(s) = 


in which the first term is the Laplace transform of the response of free vibration 
Xpree(t), due to the initial conditions x(0) and x(0); whereas the second term is 
the Laplace transform of the response of forced vibration x,,,.q(t), due to the 
externally applied force f(t). 


Free Vibration 
The response of free vibration is given by 
= af Xs + Vy t2l@9Xq) 
j= 2 UX = 2 | ae oe 
*tree( Xrree(®)] s* + 2f@ 5 + 0 
«®@ For 0<¢<1, a,=a@V/1-¢?, 
Xp (SHS) + Vo +S MX) 
(s+fay)? + wp(1—67) 
> a a Xpst Wo FS eo%o) 
st wp (1—¢7) 


s Vo + Wox @ 
Se es ; | + ot So Lz ; d =} 
S++ OW, Wy sé + WY 


Xfree(t) = a 


, & L-'F(s—a)}=e" 2 '{F(s)} 


Vo tl aX 
wo 


Xpree(t) = $40! (xg cos wt + sin w4t), So ca 


7a For G = 1, 
2 
akg ane (s+09) 
XS + (Vo +X) | 


= e ot Pal 
2 


1 1 
— —w,t Pt ree z\51 : 
e “0 E ; + (Vo +@Xo) 2 
ee bli Smal, ae (Vp + @Xo) t]; c=). 
e@ For ¢ >1, 
af Xo (Stl@_) + (Vp tla Xq) 
Xrree(t) = 2 ' 0 0 0 0*0 | 


(s+ fw)? —w6 (67-1) 
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XyS + (Vo +6 @pXq) 


-_ ar a 
s* — wp (67-1) 


= Using partial fractions 
Vo +S WX Vo + FW Xp 


Gan HO eal 
s— wa Ve—-1 s+ wy VC2—1 


= ete ol (x a wget) ono 4 (x 7 ae am 


WV 67-1 Wy 67-1 


Xo + 
-_ e $F ; Lon 
2 


1 
= = = @)(o — CS1)t 
Srl = ae [Da boul + VE Age ev 


—[Vvptao(f —Vo7—-1) xpJe” PS FV cay is) 


These results are the same as those obtained in Section 5.1.2.1 and 


correspond to the complementary solutions. 


Forced Vibration 


Some examples are studied in the following to illustrate the determination of re- 
sponse of forced vibration using the Laplace transform. 


Example 6.19 — Single DOF System under Sinusoidal Excitation 


Determine x, .q(¢) of a single degree-of-freedom system with 0<¢ <1 under 
external excitations f(t) =m sin Qt and f(t) =mcos Qt. 
For f(t) =m sin Qt, one has 
X= XO L{sin Qt} Q 
sjy= _(s)=—_ —-_ FO. 
Borced ie 2+ 2wysta,  (s2?+26wys+ap)(s?+Q2) 
Applying partial fractions 
Q i: As+B re Cs+D 
(s2 + 26@)stwp)(s2+Q2) — s24+2ewystae 82+? 


Summing up the right-hand side and comparing the coefficients of the numerators, 
one obtains 


s: A+C=0, (1) 
s*: B+2¢@,C+D=0, (2) 
s: WA+o0*C+26a)D =0, (3) 
1: 2B+o2D=Q, (4) 


from Eqn (1): A= —C, 
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Q+2a, LPC 


Eqn (2) x Q? — Eqn (4): D= acy 


Substituting into equation (3) yields 


2lap2 2 (w5 = 27) 
C= — = -A = ODE 
(wp — 22)? + (26@)2) (wp — 22)? + (262)? 


From equation (4), 


2 Des 0? 
eee Asay ee a] 


Q2 (2 — 22)? + (2602)? 
Hence, 
A-(s+f@ B-—fa@,A w C-s D Q 
jee ee Pane —_—_—_*_.+ +=. ——— 


(s+ a9)? +02 oO, (st+l@))*+@%  S?+2?2  Q 32407" 
Taking inverse Laplace transform results in 


Xin (ft) = = 27 {Xin (s)] 


—Ca@A 


D 
wit) LOR sion 
sin Q 


=e (A COS wat ee 

Ca L {sin Qe} 

Xe — —_—_— 
me s? + 2f@)s + oF 

1 


= 2 Oe 
so ELBE Fa | ~2Seniens er + (wp — Q*) sin Qt 


Q (27a + Q? — 
ar e Fo! 2602 cos @ jt + usp iahieee) sin ot} 


oa 

Similarly, for f(t) =m_cos Qt, one has 

(ERS L{ cos Qx} s 

SS )=—_ - 
poe sd s+ 2la@js+a5  (s?+26 ays +05) (s?+Q7) 


(= 27 L£{ cos Qr} 
x, = —_—_—_—___ 
a s? + 26a9s + w% 
7 1 

 (@ = 22)? 4 (26,2) 


Q? 
at eto'| — (5-97) cos w jt — So (wpt2’) og} 
(22) 
d 


{oi — 7) cos Qt + 26ay)Q sin Qt 
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The results x, (t) and x,,,(¢) are very useful for vibration problems 
of a single degree-of-freedom system under loads that can be expressed in terms of 
sinusoidal functions, in which the response of the forced vibration can be expressed 


in terms of x. (t) and x,,,(t). An example using these functions is presented in 


sin 


the following. 


Example 6.20 — Vibration of a Vehicle Passing a Speed Bump 


In Section 5.3, the vibration of a vehicle passing a speed bump is studied. The 
equation of motion is solved and the response is obtained separately for two time 
durations: vehicle on the speed bump and passed the speed bump. Solve this 
problem again using the Laplace transform. 


Since the speed bump occurs for 0<x <b or0<t<T, T=b/U, it can be more 
easily expressed using the Heaviside step function: 


_ (7% bs ee 
yo(x) = hsin (=x) [1—H(x—b)], or yo(t) =Asin (=) [1—H(t—T)]. 
Referring to Section 5.3, the equation of motion for the relative displacement 
z(t) = y(t) — yo(t) becomes, for t > 0, 


U 
mz +cz+kz = mhQ sin Qt[1—H(t—T)], Q==—, 


or, in the standard form as in Section 6.6.1, 


: ee ee 
Z+2lazt+taz=—f(), 0<¢<1, 
m 


where f(t) =mhQ? sin Qt —H(t— T)]. 
Since z(0) =z(0) =0, the response of free vibration is z,,..(t) =0. 


The Laplace transform Z,,,,..4(s) of the response of forced vibration is 


1 L1fO} 


Zrorcea(s) = = ° La PAC 
where, using the property 2°{ f(t—a)H(t—a) =e “F(s)}, 
L{ft)} = mhQ?.2{ sin Qt[1—H(t—T)]}, 
{sin Qt[1-H(t—T)]} = {sin Qe} — 2{sin[Q@-T)+QT]Het-T)} 


2£{ sinQt} — 2{[ sin Q(t—T) cos QT + cos Q(t—T) sin QT] H(t—T)} 


2{ sin Qr} — cos QT-e TS Y{sin Qr} — sin QT -e "Ss L{ cos Qt} 


= (1—cos QT-e 1’) {sin Qt} — sin QT-e "Ss L{ cos Qr}. 
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Referring to Section 6.6.1, in terms of X 
of the response of forced vibration is 


sinS) and X,,,(s), the Laplace transform 
L{ sin Qt} 
32+ 2fays +05 
L{ cos Qt} 
32+ 2fwys +05 
(s) + sinQT-e~1*X,,,(s)]}. 


Ze = ne t — cos QT -e~ 75) 


—sinQT-e fs 
= hQ?{X,,,(s) — [cos QT -e X,,, 
Taking inverse Laplace transform and using 2 “He *F(s)} = f(t—a)H(t—a), 


the response of forced vibration is, in terms of x.._(t) and x,,,(t), 


sin 
Zrorced = HQ? {x5,(t) — [ cos QT -x,,,(t-T) + sin QT -x,9,(t-T) H(t T)}. 
Using the Heaviside step function, the speed bump and the flat surface 
can be expressed as a compact analytical equation. Applying the method of Laplace 
transform, the equation of motion with the loading involving the Heaviside step 


function can easily be solved. Both the solution procedure and the expression of 
the response are much simpler than those presented in Section 5.3. 


Example 6.21 — Single DOF System under Blast Force 


Determine x,,,-.q(t) with 0<¢ <1 and f(t) being a model of a blast force, which 


can be expressed as f(t) = Lr» [1—H@-T)]. 


F(t) 


Applying the formula Lift —a)H(t-— a)} = eB 21 FO) } , one has 


T 1 1 
L1fO} = f ptr —t+(t-T)H(t-T)} = fy (- -5+ ae), 
_1,_1f0} 
Xeorced (S) = ae : 52 + 26a s+ a2 
to 1 ie 1 | 
mT Tt dogs tan) * | cae s? (s? + 22a 9s + 0) 
—_—_—_——_—— eae eae 


Y,(s) Y,(s) 
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Applying partial fractions to Y, (s) 
1 A 
Y.s)=——______— — = + 
i) s(s2+26a)s+o2) 5 
(A, +By)s* + 26@)A,+C))s + FA, 
7 s(s2 + 2fwys + 05) 


Bys+C, 
s? + 269s + «% 


and comparing the coefficients of the numerators, one obtains 


1 
1: Oe. eal — A=s 


Cr 
26 
Ss: 20@),A,;+C,=0 = > C, = -—2fm)A, = -——, 
%o 
1 
¢: Aj +B,=0 = > B,=-A,=--. 
a) 
Hence, 
1 2 
eee ee eee 
Y,(s) 1 1 ws Wo Wo Gee 
y= =" ; O,=W =iC4, 
l os (s+60,) + w d= 0 ¢ 
sii 1 1 (s+) eer: OF 
Oe S a (Stla))2>+0% Mwy (S+6a))? +03. 
1 1 
th = 27NY,(s)} = — — Se FO cos wit — -e $0! sin w Jt, 
ny(t) {Ni} ere Fearn F 
1 
t = 2! — 
ne l= 


ena aa cone 
=a — coswyt + —sinw,t |. 
Wo Wo Wo OF 


Similarly, applying partial fractions to Y,(s) 


1 A,s+B C,s+D 
1O = ae a 
s* (s* + 26a 5 + @) s s* + 2f@ 95+ @ 


(A, +CG,)s° + 26a) A, +B, +D,)s* + (A, +26 By)s + 05 By 
s? (s* + 2695 + @) 


and comparing the coefficients of the numerators, one obtains 


1 
1: wok By = 1 =— B=—4 


wp’ 
‘ 2 2¢ 2¢ 


7h) wo 
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4¢7—1 
ae 26@)A,+B,+D,=0 = = D,= —26@),A,—-—B,= = ; 
0 
3 26 
0 
Hence, 
ar 267 4¢7=1 
[Sete — S| + D 
2¢ 1 1 W wo Wo 
BSS 74 ; 5 
Wy S Ww § (st+fa@9)* +o, 
2¢ 1 i Ah . Be (s+m) 2¢7-1 Oo, 
W@W S a § @ (Sta )*+o4 MO, (Sta) +a; 
mit) = 2 '{Y2(s)} 
2 1 2 2¢7-1 
plate er a ae ee Ss -e 50! sin wit, 


Wo ®o Wo Wo d 


ately ese a 
Dae {3 (a ee =| 


@t—2¢ e S%o° (2 Bes 
= Cylees Tied (= cos wat + sina,t), 
w 


3 2 
% Op d 


Noting that 2 He Es) = f(t—a)H(t—a), one obtains the response of the 
forced vibration in terms of functions 7, (t) and n,(t) 


XForced (£) = 2 "{Xporea(s)} — bo [Tn (t) z(t) “1 no(t—T)H(t—T)]. 


The inverse Laplace transforms 7,(t) and n,(t) are very useful for 
vibration problems of a single degree-of-freedom system under piecewise linear 
loads, in which the response of the forced vibration can be expressed in terms of 
1, (t) and 1 (t). 


6.6.2 Other Applications 


| Example 6.22 — Electric Circuit | 6.22 — Electric Circuit 


Consider the circuit shown in the following figure. The switch is moved from 
position a to b at t=0. Derive the differential equation governing i(t) for t >0. 

The voltage source V(t) gives impulses of amplitude 1 V periodically with period 
l sec as shown. Given that R, =R,=2Q, V)=4V, L=64H, a=1, determine 
i(t) for the following three cases: 


(1) C=4B (2) C=2R (3) CHER 
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ta For t <0, the switch is at position a and V(t)H(t) =0. The inductor behaves as 
a short circuit and the capacitor behaves as an open circuit. 


Applying Kirchhoff’s Voltage Law on the bigger mesh gives 
—v,(0-) + 4,07) + Vy + v,(0-) =0 => —R,[-i(0)]+R,i(0-)+ Vy =0, 


_ eae R, 
v,(0.-) = R,i0-) = — Vo. 


A ee 
R, +R, R, +R, 


Applying Kirchhoff’s Voltage Law on the right mesh yields 


—av,(0-)—v- (0 )+v,(0-)+ Vo = 0, 


aR, +R, Vo. 


v(- 07) = Vp + 1—-a@)v, (07) = R +R 


t<0" 


za At t=0, the switch is moved from position a to b. Since the current in an 
inductor cannot change abruptly, 


V, 
i(0*) =i(0-) = -——“. 
R, +R, 
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Since the voltage across a capacitor cannot change abruptly, 


aR, +R, 
—_—V). 
R,+R, 


vc(0") = v- (0) = 
Applying Kirchhoff’s Voltage Law on the right mesh yields 
—av,(0*) — vo(0T) + v, (07) + v,0T) = 0. 
Since i(0*) =i(07 ), one has v, (0+) =v, (07). Hence 


(ot 
(1—a)v, (0') —ve(0T) = — Vo, 0") =. ea ty iar) = =. 


ts For t >0, applying Kirchhoff’s Voltage Law on the right mesh 
-—aV; —Votv,+v, = 9, 
: Vo 
Vo =(l-a@)vy, +4, = ic= Cae a c[a-a) +— 
Applying Kirchhoff’s Voltage Law on the bigger mesh leads to 


—V(t)-—v,+¥,+v,=0 = v= —-Vit)+v,4+;; b=. 


; : di 
Noting that v, =R,i, v, =L qs has 


i. =C|(1—a)R di #4 ee VO+RI4+E8 

eo — — — Ii, ,=—|— 1 nats 

. ON ae = ORS : dt 
Applying Kirchhoff’s Current Law at node 1 yields i+i, +i, =0. Hence 


i + : V(t)+R one +C|(1—a@)R re pe 
i+ —]— 1 _ — _ — |, 
R, : dt OV at 


2. 


d*i di : 
RCL 5 + [L+C(—a)R,R,| ae (R,+R,)i= V(o), 
with initial conditions 
Vv 
i0*) = -——_., ior) = =. 
R, +R, L 


The differential equation is of the standard form 
2; di 
ip +2 tat wi = — f(t, 
R, +R, L+C(1—a@)R,R, 
Op = 

2RjGE 


, m=R,CL, f(t)=V(t). 
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As discussed in Chapter 5, a second-order circuit is equivalent to a 
single degree-of-freedom system. Thus, the results obtained for a single degree- 
of-freedom system can be applied to a second-order circuit. 


The solution is i(t) =ipye6(t) + tporceq(t)» where ip,..(t) is the complementary so- 


lution or the response of “free” vibration. 


Using the Dirac delta function, the forcing function f(t) = V(t) is 
(oe) 
f(t) = V(@) =1-8(-1) + 1-6(t-2) +1 - 8(t-3) + --- = DS S(t=— nn). 
n=1 
Applying the Laplace transform 
(oe) (oe) 
2{d(t-a)} =e *% => Lif} = La r{d(t—n)} = Doe”. 


Case 1. Underdamped System 


For Rj =R,=2Q, V,=4V, L=64H, a=1, C=4F, the differential equation 
becomes 


ai 1 di 1 1 
—4+—-—4 —i= —Vit), i007) =-1, 0 =-, 
qe sa’ ie: 512 2) Ae uO") 16 


which is of the standard form with m=512, f(t)= V(t), and 


1 1 1 1 
O=—= 2a=—=_S>C=—<1, o,=aV1-C?=—. 
oS 8 v2 oi 16 
The system is underdamped and 
i/(0T)+f@,i(0T ag t 

ifree(t) = eo! li") cos wat + eA SCTE sin oat | =-e cos—. 
OF 16 

The Laplace transform of the “forced” response Ip o,ceq(S) = Z {igorcea (t)} is 


upper ca 042) es i 
m s?+2f@st+o@e 512 fay S+istos 


a (72) 


Teorcea (s) — 


1 Co 
= a = 
Taking the inverse Laplace transform, one has 


7 1 0° rd a —n(s+4) LP F(s—a)} 
torced(t) = = 32 ae ev Zz He " =| aa | 


=e" 21 F(5)} 
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1 eT ae 
= i ee “aoe ence (76) fe z ‘{e ““F(s)} 
: 1 \2 = = = 
325, s? + (7) = f(t—a)H(t—a) 
1X -S . t-n at w ; 
= 2 Ue sir eae): LL {z—7}= sin wt 


Hence, the current i(f) is 


a 
16 


pen 
6 


t-—n 
£08 = +— ar : sin <= H(t—n) (A). 


i(t) = tpree(t) + trorced (t) aoe 
32 f=1 

Case 2. Critically Damped System 

For R,; =R,=2Q, V,=4V, L=64H, a=1, C=2F, the differential equation 

becomes 


i id 1 1 1 
— _-_— —i= —V(t), i(0*) = -1, i'(oT =e 
aap ea ee Wo a6 


which is of the standard form with m= 256, f(t) = V(t), and 


1 1 
= 3 Zoe ga fal. 


The system is critically damped and 
bx cet 
inzee(t) = {i(0*) + [7'0*) +p i(0*)]t}e-@of = — (1 rm =) e 8, 
The Laplace transform of the “forced” response I,,,..q(S) = & { ae a} is 


re 30 SS ons 1 


Trorcea(S) = = eee 
Honed m s?+2f@st+@o 256 fa4 e+ista 


Take the inverse Laplace transform, one has 
1 £'{F(s—a)} 
Ad =r at G 
(s+ 3) =e L{F(s)} 


1 | | Ne SF e)} 
s? = f(t—a)H(t—a) 


; 1] & # Sai —n(s+4) 
forced (t) = =, 256 pa ree {e : 


1 & att 
= yer -e 3 eet 


1S -# m si{ |= 
=—)ie * (t—n)H(t—n). BE {a}= 


Hence, the current i(t) is 


i(t) = itee(t) + inorcea(t) = —(1+ x)e' es = y e * (t—n)H(t—n) (A). 
n=1 
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Case 3. Overdamped System 


For R, =R,=22, V)=4V, L=64H, a=1, C= < F, the differential equation 
becomes 
di 4 di Ls 1 
—+—-—4+-—i=—Vit), i0t)=-1, Ot)=-, 
det'7a 3 ae ®; a” o 16 


which is of the standard form with m= 112, f(t) = V(t), and 
3 
=C=—=>1l, wvV0-l= —. 


14 


The system is overdamped and 
1 3 
ech) —=— (ot + + 2_1)i(0r OS — fF 1)E 
acl) sopra ll )+ay(¢+Ve2—-1) iO) Je Vv 
— [0+ +e9(¢ —Ve?=1) it yJemne VEO 


= 7° 48 © 
The Laplace transform of the “forced” response I,,,.q(S) = lie nen (t)} is 
1 ZL} f(t) 1 ee 1 
Teorced (5) =—_—. _— 2tfoO} oh yie ns 


m s? + 2fwps + w 112, s+ Fs¢ Hh 


Take the inverse Laplace transform, one has 


CO 2n —n(s+e2 : &'F(s—a)} 
: =— ea) (s+) 1 =| i 
bipueeakt) 12 pit . (s+4)?-(3) =e" 2{F(s)} 


fs 2 —1f .— 

= =n a e = a 1 Ps {e “SF(s)} 

1124 ess (4) = f(t—a)H(t—a) 

tL & 21 soe 2 1 sinh at 
=—)Jie *% — sinh H(t—n) gee |= 

112. =} (+) s*—a? a 

14 

1 CO aa 1 a _ << et =F eu 
=— — — H(t-— sinh at = ————— 

24 238 al x Goes ee 2 

1 oO _fton t—n 
=a de er )He=n) 

n=1 


Hence, the current i(t) is 


aT 


2 ; : Ee pe eo cele 
i(t) = Free (t) + trorced (t) = 48 Coe 48 er + 48 Xe 7 —e *) HO n) (A). 
n 
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| Example 6.23 — Beam-Column 6.23 — Beam-Column 


Consider the beam-column shown in the following figure. Determine the lateral 
deflection y(x). 


Using the Heaviside step function and the Dirac delta function, the lateral load can 
be expresses as 
w(x) = w[l —H(x—a)| + W6(x—b). 


Following the formulation in Section 5.4, the differential equation becomes 


dty dy _. s Bb tHe ae ee on, 
kcal Aa ak eee) ee | ae Wie ae pe 
aa t oa = 81 -H—@)] + W8e-D), ahaa, HH EI 


Since the left end is a hinge support and the right end is a sliding support, the 
boundary conditions are 


atx=0: deflection =0 => y(0)=0, 

bending moment = 0 => y"(0)=0, 

at x=L: slope=0 => y’(L)=0, 
shear force =0 = > V(L)=—Ely’(L)—Py'(L) =0 


UL 


— y"(L)=0. 
Applying the Laplace transform Y(s) = .2°{ y(x)}, one has 

[s*Y(s) — s y(0) — s*y(0) — sy") — yO) + a [s? Y(s) — sy(0) — y'(0)] 

= =a et) we 


Since y(0) = y’(0) =0, solving for Y(s) leads to 


(0) (0) +02 (0) 4+ Webs Ww i 
Ys) = 2 z+ Ly 2 5 Tn (i-e *)- 
sta s?(s*+a7) ss" 0%) 


Applying partial fractions 


Le 5 BO DE 
s(stta2) 38 32 5 s2+aq2° 
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Summing up the right-hand side and comparing the coefficients of the numerators, 
one obtains 


2 1 
1: Aat=1 => A==>) 
a 
S! Boa? =0 = > B=0, 
A 1 
%: A+Coa*=0 => C=-S=--, 
a a 
3 B+E=0 => E=-B=0, 
1 
s! C+D=0 => D=-C=--—. 
a 
Hence, 
(5) = y(0) a e ee yaa ea a 
a st + Q? s2 gs +q2 a2 
ae a 1 ES As 
10 Sa- a eee) 
Taking inverse Laplace transform results in 
y"(0) 


Be eee ee 
HK) See {Y(s)} = y'(@) x+(x — sin ax) a2 


ee W Ye eee | 
+ [@—b)— = sina(e—b) | Hb) + (5-7 + 5 cosax) 


2 
oe [=> — = + = cosar(x—a) | H(x—a), 

in which y’(0) and y’(0) are determined from the boundary conditions at x = L. 
At the right end of the beam-column, x=L,i.e., x >a, x >b, giving H(x—a)=1, 
H(x—b)=1. The lateral deflection is simplified as 


y(x) = yO) -x+ (x-— sinax) i fe 


A 


W 
Pw) 


[ @—b)- — sina(x—b)| 


w[a?(2ax—a*)+2 cos ax —2 cos a(x —a)| 
2a4 : 


Differentiating with respect to x yields 


j : 1—cosax ,, W [1—cos a(x —b) 
OO (0) pe Ceeee 2 


w[aa—sinax+ sina(x—a)| 


> 
a? 


yx) = cosax- y'"(0) + W cosa(x—b) + | sinax— sina(e—a)] 
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Denoting 


W,= = { W[1-cosa(L—b)] + ~[aa—sin aL+sina(L—a)]}, 


W, = Wcosa(L—b) + ~| sin@l — sine(L—a)], 
a 


and applying the boundary conditions at x = L lead to 


—_ 
yD) = 0) +$——— 


y'(L) = cosaL: y""(0) + W, = 0, 


5 y""(0) + W, = 0, 
a 


which results in 


W,(1—cosaL) W. 
(0) = -—w,+ ————_, Le (0) ee 
yO) i a? cosaL ye) cosaL 


6.6.3 Beams on Elastic Foundation 


Structures that can be modeled as beams placed on elastic foundation are found 
in many engineering applications, for example, railroad tracks, foundation beams 
and retaining walls of buildings, and underground infrastructures (Figure 6.7). 
Networks of beams such as those used in floor systems for ships, buildings, bridges, 
shells of revolution such as those used in pressure vessels, boilers, containers, and 
large-span reinforced concrete halls and domes can also be analyzed using the 
theory of beams on elastic foundation. 


Figure 6.7 Examples of beams on elastic foundation. 


Winkler’s model of an elastic foundation assumes that the deflection y at any 
point on the surface of the foundation is proportional to the stress o at that point, 
i.e, o =kyy, where ky is called the modulus of the foundation with dimension 
[force / length? ]. 

In the study of beams on elastic foundation, let p be the intensity per unit length 
of the distributed load on the foundation along the length of the beam, ie., p=ob, 
where b is the width of the beam. Hence, as shown in Figure 6.8(a) and from 
Winkler’s assumption, p=ky, where k=k,b with dimension [force/length’]. 
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Surface 


Rigid Base ee ee ie es 
(a) x p(x)=ky(x) (b) 


Figure 6.8 Winkler’s model of elastic foundation. 


For a beam on an elastic foundation under the action of a distributed load w(x) 
as shown in Figure 6.8(b), the flexural deflection y(x) is governed by the equation 


d*y 
EA = w(x) — p(x), 


where EI is the flexural rigidity of the beam. Substituting p(x) =ky(x) into the 
equation leads to a fourth-order linear ordinary differential equation 


w(x) k 


d*y 
ae oe —, 464 = —. 
EI EI 


dx4 oS 


The constants in the solution of the differential equation are determined from the 
boundary conditions of the beam, which are given by the end supports of the beam. 
Some typical boundary conditions are listed in Table 6.1. 


Table 6.1. Boundary conditions. 


Pinned End: 
Deflection = 0 => y(l)=0 
Moment = 0 yD) =0 


Clamped End: 

Deflection = 0 = > y(l)=0 
Slope=0 ==> y/(I) =0 

Free End: 

Moment = 0 yD) =0 
Shear Force = 0 yD =0 


Sliding End: 


Slope=0 ==> y/(I) =0 
Shear Force = 0 yD =0 
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Example 6.24 — Beams on Elastic Foundation 


Determine the deflection of a beam free at both ends under a trapezoidally dis- 
tributed load as shown in the following figure. 


Using the Heaviside step function, the distributed load can be expressed as 


w,—Ww 
w(x) = lw, + = 


The differential equation becomes 


(x—a)| [H(x—a)—H(x—b)]. 


d*y 4 w(x) ‘ _ 
—+4pty = —— = ~a)| [H(x—a)—H(x—b)], 
aa Bry a [w, + w(x—a)|[H(x—a)—H(x—b)| 
where x P 
x eras A 2D — W,—-W, Reyes ils 
i any | a | i | a 


Since both ends are free, the boundary conditions are 


yO) = y'"0) = y"L) = y"(L) = 0. 
Applying the Laplace transform gives 
2 [wm + e—a)] [A@—a) Heb] 
= 2{ [+ e-a@]H«—a)} - P| {+0 [@-b) +6-a]} Aa-d)| 
= 2{[i, +0 ea] H(x—a)} —.2{ [iW +97%—-H] A@-d)| 
=e Pl, +wx} —e' Pl, +wx}) we L{f(x—a) H(x-a)}| =e“ F(s) 
neg) a UR eis 
and the differential equation becomes 


[s*Y(s) — 8° yO) — s*y'(0) — sy"(0) — y'"(0)] + 48* Ys) 
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Since y’(0) = y’”(0) =0, solving for Y(s) leads to 


s2 


Y(s) = yO 0 
(s) = yO pVOrar 
l l KR = in —b 1 1 se > —b 
+o mpage ie he) + a eagle eo) 


Using the notations and formulas in Table 6.2 and using the property of shifting 
we leer = f(t—a)H(t—a), one obtains the deflection of the beam 


y(x) = 27 '{V(s)} = yO)-3(x) + y'O)- G(x) 


Hea) — fp SSE? Hb) 


ce | a) — $,(x—a) (x —b)—,(x—b) 
4 p4 4p4 


For x >b>a, H(x—b) =H(x—a)=1, and y(x) is simplified as 


H(x—a)— A(x -0)}, 


y(x) = y(0)-63(x) + yO) -b2(x) + 5) 3(x —b) — W, O3(x—a) 


aI 
+ i [6,(x—b) — b(x-a)]} Noting w,— i, + v(b—a)=0 
Differentiating y(x) with respect to x three times yields 
yx) = yO) -b3(x) + yO) - Gy) 


+ Toa Ob) — Wy, dla) + H[5(e—b) — d4x—a)]| 


= —46*[ y0)-¢,) +y'0)-do(x)] 
— | 1%2.61%—b) — ty $a) + W[Fq(x—b) — bea], 
yx) = —4B*[ yO) - Pi) +0) 4400) 
— {i Geb) — H, bx —a) + #[4hee—D) — ah(x—a)]} 
= —46*[ y(0)-¢,) + y'0)-6,(x)] 
— | iy $y(%—b) — tH dy(x—a) + [$y eb) — b,x—a)] 
Using the boundary conditions at x= L leads to 
y"D) = —4B*yO)-o@) +90) -b(1)] 
— {i 6 (L—B) — iH, b,(L—a) + [6(L—b) — bo(L—a)]| 
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Table 6.2 Useful formulas of inverse Laplace transforms for beams on elastic foundation. 


do(x) = Sa a. = a (sin Bx cosh Bx — cos 6x sinh Bx), 
st + 4p4 a 


(x) = 2: = sanl-s az sing sinh px 

Oe 2 "| ay aah=5 — (sin Bx cosh Bx + cos fx sinh Bx), 
bs(x) = 2 = a}- 2 Geo: 

2. st aie re 

eae = in Ge 

2\5-5 rie - Se. 

a asa == = 

ioe) = a sin Bx sinh Bx = $, (x), 

o\(x) = = (sin Bx cosh Bx + cos Bx sinh Bx) = $5 (x), 


bi(x) = cosBx cosh Bx = $3(x), 

(x) = — B(sin Bx cosh Bx — cosBx sinh Bx) = —46*(x), 
P(X) = G(x) = G(x), 

P(x) = G4(x) = $3 (x), 

P3(x) = $3(x) = —4B* G(x), 

P3(x) = —4B*G)(x) = — 46°41), 

95'(x) = G(x) = b3(%), 

1x) = G(x) = —4B* d(x), 

$3'(x) = —4B* (x) = —48*4, (x), 

5'(x) = —4B*G{(%) = —48" 4, (x). 
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y"L) = —46*[yO)-6.D) + yO) -$D)] 
— | iin by(L—b) — wy, b(L—a) + [6 (Lb) — La] 
= 0, 
which results in two algebraic equations for two unknowns y(0) and y/(0) 
$(L)- y(0) + do(L)- (0) = a, 
| $,(L)- yO) + $(L)-y'(0) = a, 


a = — alia d- b= ivy $y (L—a) + [bo(L—b) — do(L—a)]], 

os sailed b= fry y(L—a) + [b,(L—b) — 4, 2—a)]], 
and gives 

50) = OD. ga SO ae® 


$} (L) — by (L) Gp (L)’ $7 (L) — PL), (L) 


Example 6.25 — Beams on Elastic Foundation 


Determine the deflection of a beam free at both ends under a concentrated load as 
shown in the following figure. 


Using the Dirac delta function, the concentrated load can be expressed as 
w(x) = Wé(x—a). 
The differential equation becomes 


d*y 4 w(x) . WwW 
— — = => > Ww= = 
a + 4B" y [7 W o(x—a) a 


Since both ends of the beam are pinned, the boundary conditions are 


yO) = y"0) = yL) = y"L) = 0. 
Applying the Laplace transform Y(s) = 2 { y(x)} and 2 {6 (x— a)} =e * gives 
[s*Y(s) — s?y(0) — s*y'(0) — sy"(0) — yO) | + 4B*Y(s)=We %. 
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Since y(0) = y’(0) =0, solving for Y(s) leads to 


2 
s My 1 1 —as 
ay 4p? ) aya + aie 


Oe + apt ip apa 


Employing the results and notations as in the previous example, one obtains the 
deflection of the beam 


y(x) = 27 '{Y(s)} = y'O)- G(x) + yO) bo (x) + W g(x —a) H(x—a), 


in which the unknowns y/(0) and y’”(0) are determined from the boundary con- 
ditions y(L) = y’(L) =0. For x >a, the deflection y(x) is simplified as 


yx) = y'O)- h(x) +9") -do(x) + W bo(x—a). 
Differentiating y(x) with respect to x twice times yields 


yx) = yO) b3(x) + yO) -Gp(@) + W oo(x—a) 
—4*y'(0)-do(x) + ¥'"O) x(x) + W oy(x—a). 


Applying the boundary conditions at x = L gives 
y(L) = y'(0)-@)(L) + yO) -bo(L) + W $o(L—a) = 0, 
y"(L) = —4B*y'O)- GL) + yO) -by(L) + W o,(L—a) = 0, 
which leads to two algebraic equations for two unknowns y/(0) and y’(0) 
$(L)- y'(0) + fp (L)- y’"(0) = A> a= —W ¢(L—a), 
—4B*b(L)- yO) + )(L)-y"0) =a, a) = -W 9, (L—a), 
and results in 


ay Py (L) | a, by (L) y"(0) = a, by (L) av 4 B+) by (L) 


"0) = : 
YO = “By + 4p $2(L) + 4B*G2(L) 


6.7 Summary 
ea The Laplace transform F(s) of function f(t) is defined as 


iOj=a2O}= ; * e**f(t) dt, s>0. 


Some important properties of Laplace transform and inverse Laplace trans- 
form are listed in Table 6.3. 
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Table 6.3. Properties of Laplace transform and inverse Laplace transform. 


ZL f(t)} = Fs) LNFE(s)} = ft) 

1. Linear operator 

Z| f(t)} isa linear operator "| F(s)} isa linear operator 
2. Property of shifting 

L{e" f(t)} = F(s—a) 2" F(s—a)} =e” f(t) 

3. Property of differentiation 


d”F(s) 


d"F 
Lit" fo} = (—1)” ds” x ' 


ds” 


= (-1)"t" f(t) 


4. Property of integration 


2{2| =[ 0 [> Fas" z Dee a 


t t 
2\{ of flayiauy"| = = 
0 0 s 


ZA(f* g)(O} = FOG) 2 'NFS)G()} = (fF * sO 
t t 
2{ [ ronge-wau} = f fonge-wau 
0 0 
t t 
2| if gw fwd = / gio uydy 
0 0 


Li f(t—a)H(t—a)}=e Fs) | 2 Ye “F(s)} = f(t—a) H(t—a) 
8. Dirac delta function 

2 f(t)d(t—a)} = e~* f(a) ee *} = 8(t—a) 

9. Laplace transform of derivatives 

Lf} = sFos) — FO) 

Lf"O} = Fs) — sf) - f'O) 


ZAFOw} = 5M F(s) = s"! £0) = s"? F'(0) Se s fe — f"Y(0) 
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za The Heaviside step function defined as 


0, t<a, 
H(t-—a) = 
1, t>a, 
is very useful in describing piecewise smooth functions by combining the 
following results 
f(t), t<a, 
f[-He-a)] = | 
0, t>a, 
0, t<a, 
f()[H@-a) —- H(t—-b)] =} fi), a<t<b, 
0, t>b, 


0, t<a, 


joa =| 
f(t), t>a. 


ta The Dirac delta function 5(t—a) is a mathematical idealization of impulse 
functions. It is useful in modeling impulse functions, such as concentrated or 
point loads. 

ea Applying the Laplace transform to an nth-order linear differential equation 
with constant coefficients 


ay YO) Fay py" MOD + tay") + ayo = fO 


converts it into a linear algebraic equation for Y(s) =. { yO}, which can 
easily be solved. The solution of the differential equation can be obtained by 
determining the inverse Laplace transform y(t) =.2~|{Y(s)}. 

ta The method of Laplace transform is preferable and advantageous in solving 
linear ordinary differential equations with the right-hand side functions f(t) 
involving the Heaviside step function and the Dirac delta function. 


Problems 


Evaluate the Laplace transform of the following functions. 


24—4s+5s 
6.1 f(t) =4t?—207+5 éD Fy = 
Ss 
6.2 f(t)=3sin2t—4cosst GP Fs) = eee 
; a S244 52425 
4s+23 


6.3 t) =e *(4cos3t + 5sin 3t LY F(s)=-—_ 
FO ( hese) DEO = Faas 
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24 

s*-—9 

3(s 2 

(s? tee Pee 

(s?+4)?  G-1? 

s*+4 t4 | 10Gs'—25) 
(s2—4)2 4)2 (s?+25)3 st 
7(s+5) 72 
(s+5)?+4  s(s?—16) 


3 
64 f(t) =3coshor+8sinh3r GD Fs) = 5 : 
6.5 f(t)=3tcos2tt+te GB Fs) = 
6.6 f(t)=tcosh2t+??sin5t+t? GB Fs) = 


6.7 f(t)=7e *cos2t+9sinh*2t GD Fis) = 


0, t<7, 2 eos 
6.8 th= éDd s 
FO sint, t>wz. ass S241 
0, t<l, edi 
6.9 f(t)= Fs) =e*(S+5--) 
f eee soar & sss? 
0, t<1l, ; , 
2(st+lje *— (3s*+4s+2)e7-* 
6.10 f(t)= 4 t?-1, 1<t<2, GB (jo eee 
s 
0, t>2. 
sin f, t=7i, e~7™5(11s7+3) 
6.11 f(t)= ; GD fs) = — = 
Asin3t, t>Z. se+1  (s*+1)(s74+9) 
2t, 0<t<2, 
2+, 2<t<4, 2-e 2s__de 451 6 10s 
6.12 t= ts)=——_________ 
fo) 10—t, 4<t<10, ED Fs) s2 
0, t>10. 


6.13 f(t) =t5(t—2)+3cosstd(t—mz) GD F(s) = 8e* —3e°"* 
6.14 f(t) = sinh 4t5(t+2) + e* 5(t—1) + t?e *' 8(t—2) + cos mt 8(t—3) 
GD Fs) =e Side 6 2s __ 3s 


Express the following periodic functions using the Heaviside function or the Dirac 
function and evaluate the Laplace transform. 


6.15 


GD Fs) = ~ : oe 1l"e a 


n=1 
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6.16 


I 
I 
I 
I 
I 
0 T 2T 3T 4T 5T 


ED Fs) = Ba ENO GETS 


GD Fs) =1- 0(-y"e"™ 


n=0 


Evaluate the inverse Laplace transform of the following functions. 


6.19 F(s) = a ED fo) = (t-F ret 

6.20 F(s)= ee GD fO =7e% +e 

6.21 F(s)= — GD foO= e >" (3. cost—7 int) 

6.22 F(s)= sete GD f(t) = 35(t) + 32e*' — 15” 

6.23 F(s) = ao éDd f(t) = —3sint + sinh 3t 

6.24 F(s)= — GD f(t) = —cos 3t + cosh 2t 

6.25 F(s) = = ; ® f(t) = 10e~** — 16e7 + 5e* + e* 


(s+1)(s+2)(s?— 
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6.26 F(s) = — GD f) =2cost+t?-2 

6.27 F(s)= open ED fi =(P+t+ Ye — et 

6.28 F(s) = ———— GD f(p) =e'— (2t+3)e'+2cost—2sint 
6.29 E(s) = — GD f(t) = -9t? — 24 2cosh 3t 


Evaluate the inverse Laplace transform of the following functions using convolution 


integral. 

6.30 Y(s) = <—s GD voO= sie? cos at — at sin at) 
6.31 Y(s) = Tera ED vO= ss 2at-+at cos at — 3 sin at) 
6.32 Y(s) = —— GD yp =1-(@t+he* 

6.33 Y(s)= —— ED yi) = —(2t4+3)e-* 420-4443 
6.34 Y(s) = —— ED yi) = -3e T+ % 42 

6.35 Y(s) = —— GD y(t) = -e°*(2sint+cost)+1 


Solve the following differential equations. 

6.36 y”+4y'+3y=60cos3t, y@0)=1, y(0)=~-1 
GD yO =5e-*% — 2e' —2cos3t + 4 sin 3t 

6.37 y"+y’—2y=9e~, y(0) =3, y'(0) =-6 GB y(t) =e'—(3t-2)e 7 

6.38 y"—y’-2y=24+1, y0)=6, y(0)=2 
ED yi) =5e 5 4+3e%-— Pr + 4-2 

6.39 y”+4y=8sin2t, y0)=1, y(0)=4 
GD yO = (—2t4+1) cos 2t + 3 sin 2t 

640 y"”—2y’+y=4e'+2e', y(0)=—1, y'(0)=2 
GD yO =e 54+ (0? +5t-2)e 

641 y"—2y'+2y=8e ‘sint, y(0)=1, y(0)=-1 
CAN y(t) = —e'sint +e ‘(cost+sint) 
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6.42 y"—2y'’+5y=8e'sin2t, y0)=1, y'(0)=-1 
ED yO) = —(2t-1e' cos 2t 
6.43 y"+y'—-2y=54te~, y(0)=6, y(0) =0 
GD yO) = - (90? +6t)e"* + 6e’ 
6.44 y"— y'’—-2y=9eH(t-1), y(0) =6, y(0) =0 
ED yt) = 4e7 + 2e% + [Gt—-4)e* +e? “JH(t-1) 
645 y"+2y’+y=2sintH(t—-m), y(0)=1, y'(0)=0 
GD yO = (4+ De‘ —[cost + ¢+1—-m7)e* “| H(t—-z) 
646 y"+4y=8sin2tH(t—z), y(0)=0, y(0)=2 
éd y(t) = sin2t + [2(x —t)cos2t+ sin 2t] H(t—7) 
647 y"+4y=8(t?+t-1)H(t—2), y(0)=1, y(0)=2 
GD yf) = sin 2t+ cos 2t+ [2t? +2t —3—9 cos(2t —4) —5 sin(2t— 4) ]H(t —2) 
648 y"—3y'+2y=e'H(t—-2), y(0)=1, y/(0)=2 
CAN y(t) = et [a —tyei + e'?] H(t —2) 
649 y"—S5y’+6y=<d(t-2), yO)=—-1, y(0)=1 
ED yt) = —4e7 + 30% + [eX — 2%] Ht 2) 
650 y"+4y=4H(t—-2)+2d(t—-z), y(0)=-—-1, y'(0)=2 
CAN y(t) = sin 2t — cos2t + (1 + sin 2t — cos2t) H(t—7z) 
651 y”—y"+4y'’—-4y=10e%, y(0)=5, y(0)= —2, y"(0) =0 
GD yO = —e 5 +5e! + cos2t — 4sin 2t 
6.52 y”—5y"+4y=120e" H(t—1), y(0) = 15, y'(0) = —6, y’(0) =0, 
y"(0)=0 GBD y(t) = 6e'+14e-'—2e%* —3e°-* + (101? Se 4 
—10e"41 4 2e-74F9 4. 3e%) H(t—1) 


6.53 yy" 4+3y"—4y = 400?H(t—2), y(0)=y'(0) = y"(0) = y'"(0) = 0 
ED yo =[-100?-15+40e' 7+ 8e7 +7 cos(2t—4) +4 sin(2t—4) ] H(t—2) 
6.54 oy" +4y= (2 +4+t+1)d(t-1), y(0)=1, y((0) =—2, y"(0) =0, 
y"(0)=0 GB yO =e‘ cost — sint cosht + [ sin(t—1) cosh(t —1) 
— cos(t—1) sinh(t—1)]H(t—1) 


6.55 Determine the lateral deflection y(x) of the beam-column as shown. 


296 6 THE LAPLACE TRANSFORM AND ITS APPLICATIONS 


Edler es Ue) _ W[1-cosa(L—a)] 
OS — en ee 
ppt cose) oy lise Wa 
en a sin aL ” a Snal. 
yx) = 0) + SS yr + WieeSOs meee ieee 


a3 EI 


For the single degree-of-freedom system shown in Figure 6.6, determine the forced 
vibration response x,,,.q(t) due to the externally applied load f(t) shown. The 
system is assumed to be underdamped, 1.e., 0<¢ <1. 


6.56 
0 E 
&d Xforcea(t) = = Line = n(t-T)H(t—T)| 
6.57 
0 T 2T 3T 
cd Xporced (t) mt bo [n2(t) — no(t—T)H(t—T) 
—n(t —2T) H(t —2T) + n)(t-3T) H(t—-3T)| 
6.58 


0 


fAnd Xporcea(t) = = 


2T 3T 4T 5T 


I 

I 

I 

I 

I 

T 
fo 


x [m(¢-2nT) H(¢-2nT) 
a —n (t= @n+1)T) H(t-2n+1)7) | 
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6.59 


0 T 2T 3T 4T 5T 


fAxs Xrorced (t) _ So z(t) —2 ys [na(¢ = (Qn —1)T)H(t _ (2n —1)T) 


mT 


n=1 
—n,(t—2nT) H(t— 2nT) | 
6.60 For the circuit shown in Figure 6.9(a), the current source I(t) is 
I(t) =1,H(-H) + 1,()H(). 
Show that the differential equation governing i(t) is 


di L+R RC, R+R di _ LO) 


RI i(OT 
— + —j+ 4S = , iOt)=—e 2 
dt R,LC R,LC dt LC 


R, +R, dt 


For R, =10; R,=8 2, C= + F, L=4H, I(t)=13 sin 2t;H(t)-—H(t—2)] (A), 
I, =0A, determine i(t) for t >0. 


ED i) =(Bt20e™ — [HB +20¢-m)]e3"- H—-z) 


+4 (5 sin 2t —12 cos 2t) [1 —H(t—z)| (A) 


(b) 


Figure 6.9 Electric circuits. 


6.61 For the circuit shown in Figure 6.9(b), the voltage source V(t) is 
V(t) = Vy H(-t) + Vi (HH (0). 
Show that the differential equation governing i(t) is 


di C,+C,@i 1 di I . 1 V@) 1 dv,(t) 


— —————— —— i=-= 
de" REG de? 10, dit" RIC CG, Lae REC). dé 
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with the initial condtions 

0) =0 dit) _V@*)-Vyo ait) _1fdV@*)  VO*)—Vy 
+ dt RG; i 

For R=8Q, C,=4F, Cy=3gF, L=5H, V(t)=10H(—1)+10e*' H(t) (V), 


determine i(t) fort>0. GB i(t) = —3e 7% + (2+ cost—3sin tye‘ (A) 


6.62 Determine the deflection of a beam pinned at both ends under a uniformly 
distributed load as shown. 


ED yO) = yO) - (x) +") - p(X) 


W 
+aRpR[l- te —@] Hea) = [1-45¢-b)]H@—b)|, 


Ay by (L) — ay by (L) a, by (L) +4 B*ay by (L) 
"0 Lax or2 270 . "Q = 272 Oro 
a $3 (L) +4495 (L) a 3 (L) +4495 (L) 
Ww 
a= ple a)—3(L— b)|, a = — = [¢1(L—a) — 4, (L—b)]. 


6.63 Determine the deflection of a beam clamped at both ends under a concen- 
trated load as shown. 


. ~ W 
ED yx) = y"(0) - (x) + y'"(0) - Pox) + W bo(x-a)H(x-a), W=— 


EI 
Qo ?) (L) — al Po (L) m — & g, (L) — ao py (L) 
——— y O)=——, 
; (L) — $)(L)¢,(L) $7 (L) — (L)¢,(L) 


%=—-Wo(L—-a), a, =—W¢,(L—a). 


y"(0) _ 
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6.64 Determine the deflection of a free-clamped beam under a triangularly dis- 


tributed load as shown. 


GD yx) = y0)-63(x) +y'0)- G(x) + {[(x—a) — $,(x—a)| H(x—a) 
—[(x—a) —by(x—b) — (ba) s(x—b)] (xb), 


A WwW 

"= TO—a)EIp"’ 

y(0) = ay P3(L) — a b(L) 0) = a, $;(L) + 4B* ay bo (L) 
$3 (L) + 4B4¢ (L) $,(L) 3 (L) + 4B4¢)(L) 6,(L)’ 


a= —wW [ ¢,(L—b) — $,(L—a) + (b—a)$3(L—b)], 
a, = —w[,(L—b) — $3(L—a) — 4B* (b—a) bo(L—b)]. 


6.65 Determine the deflection of a sliding-clamped beam under a triangularly 


distributed load as shown. 


GD y() = y0)-63(x) + yO) +O) (x) — W {x — a — $)(x) + a(x) 
ee WwW 
—[(x-a) — ¢,(x—a)|H(x—a)}, w= TaEIp 


(0) = Ay Py (L) — a, h (L) 0) = a, $;(L) +4 Bray bo (L) 
ob, (L),(L) +484 G(L) ¢, (L) , (L)$;(L) +484) (L)¢, (L) 


ay = w[—o,(L) + a3(L) + o(L—a)], 
a, = W[—4,(L) — 4aB*b,(L) + 63(L—a)]. 


Systems of 
Linear Differential Equations 


7.1. Introduction 


When a system is described by one independent variable and more than one de- 
pendent variable, the governing equations may be a system of ordinary differential 
equations. In the following, two motivating examples will be studied to illustrate 
how systems of differential equations arise in practice. 


Example 7.1 — Particle Moving in a Plane 


Derive the governing equations of motion of a particle with mass m moving in a 
plane in both rectangular and polar coordinate systems. 


Fy (xy, t) 


F,(1, 6, t) 


F(x, y, 0) 


Figure 7.1. A particle moving in a plane. 


1. Rectangular Coordinates: The particle moves along a trajectory in the x-y 
plane as shown in Figure 7.1(a); at time ft, its coordinates are (x, y). It is subjected 
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to externally applied forces F,,(x, y,t) in the x-direction and F(x, y,t) in the 
y-direction. 


The equations of motion are given by Newton’s Second Law 
in the x-direction: Me =F 0G sb). 
in the y-direction: my = F,(x, y,t), 
which is a system of two second-order ordinary differential equations. 


2. Polar Coordinates: At time f, the particle is at point A with polar coordinates 
(r,0) as shown in Figure 7.1(b). Since x=rcos 0, y=rsin9@, the position vector 
is given by 

r=xi +yj= = r(cos6it+ sin 0 j) =rf, 
where = cos 0 i+ sin 0j is the unit vector in the direction OA or r. The unit 
vector normal to #, denoted as 8, is 6 = — sin i+ cos6j j. 


The velocity and the acceleration of the particle are 
v=r=xitjj, a=P=Xi+ jj. 
Since, differentiating x and y with respect to time t yields 
x =rcos@ —rsing-6, jy =7sind + rcosd-6, 
Xx = (Fcos@ —7sind-6) — (Fsind-6 — rcos6-67 —rsin@-6) 
= 7cos@ — 276 sind — r6* cos6 — r sind, 
= (7sin@ +7 cos@-0) + (¢cos0-6 — rsin@-6* + rcos@-6) 
= 7sin@ + 276 cos@ — r6* sind +r cos6, 
the acceleration vector becomes 
a = (7 cos — 276 sin@ — r6 cos — ré sin 8) i 
+ (Fsin + 276 cos @ — r6? sind + 16 cos) j 
= (# — r6”) (cos Oi + sin6j) + (276 + r8) (— sin 6i + cos 9}) 
= (* — 16?) + (276 +76)6 =a0,8 +4, 8, 
where 
a, =*—r6*, dg = 270470 
are the radial and angular accelerations of the particle in the # and 6 directions, 
respectively. Hence, the equations of motion are, using Newton’s Second Law, 


in ther direction: ma,=)\F, => m(# — 16”) = (100); 
in the 6 direction: mag =)\F, => m(276 +16) = F,(r, 9, t), 


which is a system of two second-order ordinary differential equations. 


302 7 SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS 


Example 7.2 — Vibration of Multiple Story Shear Building 


Derive the equations of motion of an n-story shear building as shown in Figure 
7.2(a). 


F,(t) Mn Xn 


Cr (X11 Xr) 
F(t) 
KOp-%1) 


(b) 


Figure 7.2 An n-story shear building. 


The rth floor, r=1,2,...,n, is assumed to be rigid with mass m, and is subjected 
to externally applied load F,(t). The combined stiffness of the columns connecting 
the (r—1)th and the rth floors is k,, and the damping coefficient of the dashpot 
damper, due to internal friction, between the (r —1)th and the rth floors is c,. The 
displacement of the rth floor is described by x, (t). 


Consider the motion of the rth floor, whose free-body diagram is shown in 
Figure 7.2(b). Note that the columns between the (r—1)th and the rth floors 
behave as a spring with stiffness k,. 


To determine the shear force applied on the rth floor by the columns 
between the (r—1)th and rth floors, stand on the (r—1)th floor to observe the 
motion of the rth floor. The rth floor is seen to move toward the right with a 
relative displacement of x,—x,_,; hence the columns will try to pull the rth floor 
back to the left, exerting a shear (spring) force of k,(x,—x,_,) toward the left. 
Similarly, the damping force is c,(x,—x,_). 

On the other hand, to determine the shear force applied on the rth floor by 
the columns between the rth and (r+1)th floors, stand on the (r+1)th floor to 
observe the motion of the rth floor. The rth floor is seen to move toward the left 


with a relative displacement of x,,, —x,; thus the columns will try to pull the rth 


r+l1 


floor back to the right, resulting in a shear force of k,, )(x,,,—x,) toward the 


r+1 
right. The damping force is ¢,. | (X,, —%;). 
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Applying Newton’s Second Law, the equation of motion of the rth floor, r=1, 

2, ...,N, is 

m,x, = F,(t) =I Keg X41 —x;,) me Cr (X44 —X;,) _ k(x, —%X,_1) = c, (x, =i) 

or 

m,X, —€,Xp_ 1 +(c¢, alr Cr )X, Crs 1X41 She st (k, ar Ky Xp Key Xp 44 = F, (t), 


where x)=0, c,,,=0, andk,,, =0. 
In the matrix form, the equations of motion of the n-story shear building can be 


written as 
Mx+Cx+Kx = F(t), 


where 
x= {x xp. x}, FO ={F,O, Ft), .... F,O}" 


are the displacement and load vectors, respectively. M, C, and K are the mass, 
damping, and stiffness matrices, respectively, given by 


M = diag{m,, m), ..., m,}, 


Cyto, —Cy 
Cy, +l; —C3 


C= . ; 
| Ten yy Cy] rly ly 
L Cy Cn 
ek —k, | 
=a Ky-1 tk =k; 
=k, ky, 


Hence, the motion of an n-story shear building is governed by a system of n 
second-order linear ordinary differential equations. The system is equivalent to the 
mass-spring-damper system shown in Figure 7.3. 


x,(t) x(t) Xp—1() a 


a F(t) F,(t) Fy - TE 


Figure 7.3. An equivalent mass-spring-damper system. 
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7.2 The Method of Operator 


In this section, the method of D-operator is employed to obtain the complementary 
and particular solutions of systems of linear ordinary differential equations. 


7.2.1 Complementary Solutions 
Consider a system of two linear ordinary differential equations 
$2\(D) x; + $22(D) x, = 0, (1b) 
where $;(D), i, j=1, 2, are polynomials of D with constant coefficients. 
To find x,, eliminate x, as follows: 
operate @,,(D) on (1a): $>(D) b,,(D) x; + b2,(D) 6),(D) x, = 0, (2a) 
operate ¢,,(D) on (1b): 1D) b,,(D) x; + $,,(D) @),(D) x, = 0. (2b) 
Subtracting equation (2b) from (2a) yields 
[$2(D) ¢(D) — $12(D) b2\(D) |x, = 0. (3) 
Similarly, to find x,, eliminate x, as follows: 
operate $,,(D) on (1a): $2\(D) $1,(D) x; + $2\(D) $1.(D) x, = 0, (4a) 
operate $,,(D) on (1b): $1(D) (D) x1 + $1(D) b2,(D) x, = 0. (Ab) 
Subtracting equation (4a) from (4b) yields 
[¢,,(D) f(D) — $2(D) $),(D)] x, =0. (5) 
It can be seen that equation (3) for x, and equation (5) for x, have the same form 
o(D)x, = 0, o(D) x, = 0, 
where 
(D)  $(D) 
$y(D) $,,(D) 


which is the determinant of the coefficient matrix of system (1) of differential 


p(D) = $1\(D) $2(D) - $12(D) 2(D) = 


> 


equations. Instead of a matrix of constant coefficients, as for systems of linear 
algebraic equations, the matrix here is a matrix of operators. 


t= When evaluating the determinants, operators must precede functions. 
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In general, for a system of n linear ordinary differential equations 
$,(D) x, + $),(D) x) + +++ + $),(D) x, = 9, 
2\(D) x + bo(D) Xp + +++ + Gr_(D) X_ = 0, 


$y, \(D) x, + Py2(D) x2 yee ale Pnn(D) Xp = 0, 


the differential equations for x,,x,, ..., x, have the same form 


(6) 


o(D)x,=0, o(D)x,=0, ..., o(D)x, =9, 
where ¢(D) is the determinant of the coefficient matrix 
$,(D) ¢,(D) aie oD) 
$(D) = f(D) $5,(D) oye g5,(D) . 
Hence, the unknowns x,, x,, ..., X, all have the same characteristic equation 
(A) =0 and, as a result, the same form of complementary solutions. 


The complementary solutions of system (6) contain arbitrary constants, the 
number of which is the degree of polynomial of ¢(D). It is likely that the comple- 
mentary solutions x,¢,X 0, --.»*X,¢» Written using the roots of the characteristic 
equation $(A) =0, will contain more constants. The extra constants can be elim- 
inated by substituting the solutions into any one of the original equations in 
system (6). 


Ga 


ie Sim aeeteiyhy Sea ee 
ve ———3x-—6y=0, — = 0. 
dt y dt y 


Using the D-operator, D(-) =d(-)/dt, the differential equations become 
(D-—3)x—6y =0, (Ja) 
3x+(D+3)y =0. (1b) 


The determinant of the coefficient matrix is 


D-3 —-6 
o(D) = 


= (D—3)(D+3) + 18 = D? +9. 
3 


3 


The characteristic equation is (4) =A*+9=0 = A= +i3. The complementary 


solutions of x and y have the same form and are given by 


Xc = A, cos 3t + B, sin 3t, Vo = A, cos 3t + B, sin 3t. (2) 
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which contain four arbitrary constants. However, since ¢(D) is a polynomial of 
degree 2 in D, the complementary solutions should contain only two arbitrary 
constants. 


Substitute solutions (2) into equation (1a) to eliminate the two extra constants 
(D —3)xc — 6yc = [(—3A, sin 3t + 3B, cos 3t) — 3(A, cos 3t + B, sin 3t)| 
— 6(A, cos 3t + B, sin 3t) 
= (—3A,+3B,—6A,) cos 3t + (—3A,—3B,—6B,) sin 3t 
0 (3) 


Since cos3t and sin 3¢ are linearly independent, equation (3) implies that the 
coefficients of cos 3t and sin 3¢t are zero: 


—3A,+3B,-6A,=0 => A,=—F(A,-B)), 


—3A, —3B,—6B,=0 => B,=— F(A, +B)). 
Hence, the complementary solutions are 
Xc =A, cos3t+ B,sin3t, yo=— + (A,—B,) cos 3t — + (A, +B,) sin 3t. 
| Example 7.4 | 7.4 
Solve (D?+3D+42)x+(D+l)y=0, D()=d()/dt, (la) 
(D+2)x+ (D-l)y =0. (1b) 
The determinant of the coefficient matrix is 


D?4+3D4+2 D+1 (D+1) (D+2) D+1 


p(D) = = 
Dao «=a D+2 D-1 
1 1 
= (D+1)(D+2) = #2. Take (D+1) and (D +2) out. 
—1 


= (D+1)(D+2)(D—2). 
Hence, the characteristic equation is 


oA) = (A+DA42)(A-2)=0 = > A=—-1, -2,2. 


The complementary solutions of x and y have the same form and are given by 
xo = Ce b+ Ce 4+Cse%7, yo =Die'+Die +Dze*, (2) 


Since ¢(D) is a polynomial of degree 3 in D, the complementary solutions should 
contain only three arbitrary constants. The three extra constants in solutions (2) 
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can be eliminated by substituting them into either equation (la) or (1b). Since 
equation (1b) is simpler, substituting solutions (2) into equation (1b) yields 


(D+2)xc+ (D-D ye 
= [(—Cje* — 2C,e-* + 2Cye) + 2(Cye* + Coe + Cze”)] 
+ [(—D,e"' — 2D,e~** + 2D3e”") — (Dye + Dye + D3e”)] 
= (C,-2D,)e* — 3D,e-* + (4C,4+D,)e" = 0. (3) 


t 


Since e~', e~*", and e”! are linearly independent, each coefficient must be zero: 


~3D,=0 — > D,=0, 


Hence, the complementary solutions are 


xe=Ce'+Cje7%4+Ce", ye= 4Ce% —4C,e*", 


7.2.2. Particular Solutions 


Review of Cramer’s Rule 
For the following system of n linear algebraic equations 
ayy} + A\2X2 + ye + QinXn = b,, 


an, X} + Ax X> + er + Ann Xy = b,, 


An) Xy 1 Ay2 Xz Beers AnynXy = by» 


the solutions are given by 


where A is the determinant of coefficient matrix, A, is the determinant of the 
coefficient matrix with the ith column replaced by the right-hand side vector, i.e., 


a sta a,.: b a,. te a 
ay 412 ae Qin ll 1,i-1 1 1,i4+1 In 
Ae Oat Baa OP Bagh” Kees (Pan A by Ain Gon 
j j 
a a eee a 
nl n2 nn an) An it b,, An ist Ann 
a 


ith column 
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For a system of linear ordinary differential equations 


$1 (D) x, + b12(D) x) +--+ + b1,(D) x, = fi), 
$2(D) x, + b22(D) x2 + +++ + bo(D) x, = fo), 


$n(D) x at Pyg(D) x2 amas 5 Pun D) X, = fis 
where D(-) =d(-)/dt, a particular solution is given by, using Cramer’s Rule, 


A.(t 
Pe eee i=1, 2,..., Mn, 


g(D)’ 


where ¢(D) is the determinant of the coefficient matrix as studied in the previous 
section for complementary solution, A,(t) is @(D) with the ith column being 
replaced by the right-hand side vector of functions, i.e., 


GD) + HP) AO Fri(P) + in(D) 
A,(t) = PD) > GD) Ob, 5410D) > ba _(D)) 


,(D) aie $n,;-1(D) AG) Pris 1D) anne unD) 


t= It should be emphasized that, since the elements of the determinant are 
operators and functions, operators must precede functions when evaluating 
determinants. Furthermore, since A,(t), i=1, 2, ..., n, are functions, when 
determining x;p, @~\(D) should precede A(t). 


Solve (D—3)x —6y =0, D(-)=d(-)/dt, (1a) 
3x+(D+3)y = 18te*. (1b) 


This system and the system in Example 7.3 have the right-hand sides. Hence, they 
have the same complementary solutions given by 


Xc = A, cos 3t + B, sin 3t, (2a) 


Yc = A, cos 3t + B, sin 3t. (2b) 


A particular solution is given by 


0 —6 


A(t) = = 108te*", 


18te-*¥ D+4+3 
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D-3 0 
A,(t) = = 18(e7*' —3te**) —3-18te** = 18e ** —108 te *, 
3 18te* 
_ Ax) 108 —3t Ls 1 Theorem 2 in 
a> Gey DoS =a Section 4.3.2 
1 1 
= 108e ** ——_—____t = 6e > ___________ 
D2—6D+18 1—(4D-¥D?) 
3 1 ln? Expand the operator in series; 
= ‘[L+(GD-yD7) +] stop at D. 
= 2e*(3t+1), (3a) 
A(t) 18 108 
y —3t —3t 
= —— = —— REET CF 
PS GD) > Ds. Dee 
18 Apply Theorem 1 in Section 4.3.2 


~3t _ 9e°34(3¢41) fe for the first term. Use result of Xp 
for the second term. 


= —e (641). (3b) 


= (aay 


The general solutions are 


xX =Xc+Xp = A, cos3t +B, sin3t +2(3t+lDe *, (4a) 
y=yo+yp = A, cos 3t + B, sin 3t — (6t+1)e"*". (4b) 
Since ¢(D) is a polynomial of degree 2 in D, the general solutions should 


contain only two arbitrary constants. The two extra constants can be eliminated by 
substituting equations (4) into either (1a) or (1b). 


Substitute solutions (4) into equation (1b) to eliminate the two extra constants 
3x + (D+3)y 
= 3[A, cos3t+B,sin3t+2(3t+lDe “| 2r3x 
+ [-34A, sin 3t + 3B, cos3t—6e% +3(6t+l)e *] @eDy 
+ 3[A, cos3t+B,sin3t—(6t+NDe*] 2r3y 
= 3(A, +A,+B,) cos 3t + 3(B,—A,+B,) sin 3t + 18te* 
= 18te >". #= Right-hand side of equation (1b) 


Comparing the coefficients of similar terms gives 


cos 3t: A, +A,+B, =0, 
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Since the purpose is to eliminate two arbitrary constants, one can express any two 
constants in terms of the other two from these equations. Hence 
or 

1 1 


The general solutions become 
x = —(A,+B,) cos 3t + (A, —B,) sin 3t + 2(3t+De*, 


y = A, cos 3t + B, sin3t — (6t+l)e™. 


In the solution above, the general procedure is followed to illustrate 
all the steps in solving systems of linear differential equations using the method of 
operators. However, for this example, it can be solved more easily as follows. 


Having obtained the complementary and particular solutions for x, i.e., x; in 
(2a) and x, in (3a), or the general solution x in (4a), the general solution y can be 
determined from equation (1a) 


y= 4(D-3)x = ${[-3Ai sin 3¢ + 3B, cos 3t + 6e? — 3.2(3t+e*] 
~3[ A, cos 3t +B, sin3t +2Gt+De*]| 
= —4(A,—B,) cos 3t — $(A, +B,) sin 3t — (6t+1e™. 


It is important and efficient to exploit the differential equations to 
devise an easy way to solve the problem. 


| Example 7.6 7.6 


Solve (D —3)x — 6y = 2 cos 3t, D(-)=d(-)/dt, (1a) 
3x + (D+3)y = 2sin3t. (1b) 


This system and the system in Example 7.3 have the right-hand sides. Hence, they 
have the same complementary solutions given by 


Xc = A, cos 3t + B, sin 3t, Vo = A, cos 3t + B, sin 3t. 


A particular solution is given by 


2cos3t  —6 
A,(t) = = 2(D+3) cos 3t + 12 sin 3t = 6 cos 3t + 6 sin 3t, 
2sin3t D+3 
D-3 2cos3t 
Ay(o) = = 2(D —3) sin 3t — 6cos3t = —6sin 3t, 
3 2 sin 3t 
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meer cde 


Xp = BD) = pre + 6sin 3t), 
Ay) 1 


(—6sin 3f). 


P= GD) D249 


Theorem 3 fails in Section 4.3.2 fails when evaluating xp and yp. Hence, Theorem 
4 in Section 4.3.2 must be applied: 


@(D) = D* +9, $(i3) =0, 


¢'(D) = 2D, $'(i3) = i6, 
(e3*) = ee. = Ear 3t +isin3t) = is sin 3t we cos 3t, 
D?+9 G3) 6 6 6 
1 . 1 . 
= 6R ( br) 61 ( e) 
Xp e D49° + 6m D2 49° 


t t 
=6- . sin 3t + 6(-= cos 31) = t(sin 3t — cos3t), 


t 
= —61 ( =) = —6(—=cos3t) = tcos3t. 
YP "\ D249 6 


The general solutions are 
xX =Xc+Xp = A, cos 3t + B, sin 3t + t (sin 3t — cos 3t), 
Y=Vot+yp = A, cos 3t + B, sin 3t + t cos 3t. 
Substitute the general solutions into equation (1a) to eliminate the extra constants 
(D—3)x —6y 
= [-3A, sin 3t + 3B, cos3t + (sin 3t — cos 3t) + t (3 cos 3t + 3 sin 3t)| 
— 3[A, cos 3t + B, sin 3¢ + t (sin 3t— cos 3t)| 
—6 (A, cos 3t + B, sin 3t + t cos 3t) 
= (3B,—3A,—6A,—1) cos 3t + (—3A,;—3B,—6B,+1) sin 3t 
= 2cos3t. #& Right-hand side of equation (1a) 


Comparing the coefficients of similar terms gives 


cos3t:  3B,-3A,-6A,-1=2 => A, = —$(A\—-B,)— F, 
i 
= 


sin3t: —3A;—3B,—6B,+1=0 => B,=~—4(A,+B,)+ 
The general solutions become 


x = A, cos 3t + B, sin 3t + t (sin 3t — cos 3t), 
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—[—4(4,-B,) — 4] cos3 1 (A, +B,) + +]sin3 3 
y =[-FA,-B,) — =] cos3¢ + [— 5 (A, +B,) + Z] sin 3t + t cos 3¢. 


Substitute the general solutions into one of the original differential 
equations to eliminate the extra constants in the complementary solutions. This 
also serves as a check for the particular solutions obtained. 


Ge 


Solve (D?-3D)x — (D—2)y = 14t +7, D(.)=d(-)/dt, (1a) 
(D—3)x+Dy=1. (1b) 
The determinant of the coefficient matrix is 
D?-3D —(D-2) 
D-3 D 
= (D—3)(D*+ D—2) = (D—3)(D+2)(D-1) = D?-2D?-5D +6. 


(D) = = D?(D—3) + (D—2)(D—3) 


The characteristic equation is ¢(A)=(A+2)(A—ID(A—3)=0 = A=-—2, 1,3. 
The complementary solutions are 


xo =Cye + Ce +Cze%, yo= Dye + Dae’ + Dye”. 


A particular solution is given by 


14447 —(D=2) 
A,(t) = ae i D(14t+7) + (D—2)(L) = 12, 
D*=3D 14747 
A,(t) = = (D*—3D)(1) — (D—3)(14t +7) = 42t+7, 
D3 1 
A. (t 1 12 
pit ee es 
p(D) 6 —5D—2D?2+4+ D3 6 
#& Special case of polynomial: constant 
en 2 : (42t+7) 
We = BD) 65D = 2D De 
1 


= (42 +7) 
6[1 — (2D+4D?—-<D)] 


=i 5 - ad . Expand the operator 

a glit(gDt+ Mae ]42t+7) RD. series; stop at D. 
= $[(42¢+7) + 2(42)] = 74 +7. 

Hence, the general solutions are 


X=XcotXxXp= Cie ** + Cae’ + Cze* 4+ 2, 
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J =Jer te = Die + Dyef + D3e*! +7t+7. 


Since #(D) is a polynomial of degree 3 in D, the general solutions should 
contain three arbitrary constants. Substitute the solutions into equation (1b) to 
eliminate the three extra constants 


(D—3)x+ Dy = (—2C\e * + Cye’ + 3C3e*) 
=3(C,.e 7 + Ce + Cie +2) + (= 2D, 7 + Die! + 3.Dye" +7) 
= (—5C,—2D,)e"* + (-2C, + D,)e' +3D,e% +1 
=1. #= Right-hand side of equation (1b) 


Comparing the coefficients of similar terms yields 


e: --5C,-2D,=0 =} D,=-FC, 
ee —2C,+D,=0 = > D,=2C,, 
et 3D, = 0 == Dp, = 0, 


Hence, the general solutions become 
xX =Xco+txXp= Cie * + Cre’ + Cze* + 2, 


Y=Votyp = ~3C\e +2C,e°+7t+7. 


| Example 7.8 | 7.8 


Solve Dy, —y, = 9, D(-)=d(-)/dx, (1a) 
Dyz — ¥3 = 0, (1b) 
6y, + 1ly. + (D+6)y3 =2e*. (1c) 


The determinant of the coefficient matrix is 
D -1l 
2 oe 

D)=det]/0 D 
p(D) = de $55 


To evaluate the determinant, 
add first two columns at right. 


= D7(D+6) +6+ND=D°+6D72+ 11D +6. 
The characteristic equation is #(A) = 47 + 6A? + 114 + 6 = 0. Since 
(1)? 461) +4101) $6 = = 6 = 114 6 = 6; 


X= -—1 isa root or (A+1) is a factor. The other factor can be determined using 
long division and is obtained as (A+1)(A?+54+6) =0. Therefore 


A+1)(A+2)A+3)=0 => A= -I1, -2, -3. 
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The complementary solution for y, is given by 
a! —x —2x —3x 
Nic =Cye "+ Cyne + C3". 


A particular solution for y, is given by 


0 —1 0 
—-1 0 
A, (x) = det 0 D —1 |=2e~* =2e%, 
| D -!l 
2e-* 11 D+6 
Ay, (%) 1 
eee (2e*), 


“P= GD) D> +6D2+11D +6 
Apply Theorem 4 in Section 4.3.2: 


$(D) = D?+6D7+11D+6, ¢(-1) =0, 


¢'(D) = 3D?+12D +11, ¢'(-1) =2, 
2 = = 
Yip= FED =e Ty 


Hence, the general solution of y, is 
N= Nico tp = Cye* + Ce ™ + Cze™ + xe™, 


Having obtained y,, the general solutions of y, and y, can be determined from 
equations (la) and (1b), respectively, 


yy = Dy, = —Cye* — 2C,e™ — 3Cye * + (1—-x)e™, 
y3 = Dy, = Cye* +4C,e** + 9C,e** — (2—x)e™. 
Method of Variation of Parameters 


As for linear ordinary differential equations, when the right-hand sides of a system 
of linear ordinary differential equations are not of the form 


el (ag tayt+--: +a,t*) cos Bt + (by tb,t+ --- +b, t*) sin bt], 
the method of variation of parameters has to be used to obtain particular solutions. 


| Example 7.9 | 7.9 


Solve Dx-y= tan*t +1, D(-)=d(-)/dt, (1a) 
x+ Dy = tant. (1b) 


First determine the complementary solutions for the complementary equations 


Dex=—y¥ =, xa Dy =0) (2) 
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The characteristic numbers are easily obtained 


D -il 5 , i 
1 D =D*4+1 = > 6A) =A°41=0 = A=Hi. 


o(D) = | 
The complementary solution of x is 
Xc = Acost + Bsint. (3a) 
From the first equation of (2), the complementary solution of y is 


Yo= Dxc = —Asint+ Boost. (3b) 


The method of variation of parameters is then applied to find particular solutions. 
Vary the parameters, i.ec., make constants A and B functions of t, A=> a(t), 
B= b(t), and one has 


Xp = a(t) cost + D(f) sint. Yp = —a(t) sint + b(t) cost. (4) 
Substituting equations (4) into (1) yields 


Dxp — yp = [a'(t) cost — a(t) sint + b(t) sint + b(t) cost] 
— [—a(t) sint + b(t) cost] 


= a'(t) cost + b(t) sint = tan’ t +1, (5a) 


[a(t) cost + b(t) sin t] 
+ [—a'(t) sint — a(t) cost + b(t) cost — b(t) sin t] 


xp + Dyp 


—a'(t) sint + b(t) cost = tant. (5b) 


Equations (5a) and (5b) give two linear algebraic equations for two unknowns a’(t) 
and b(t), which can be solved using Gaussian elimination or Cramer’s Rule. To 
find a’(t), eliminate b’(t) as follows: 


Eq(5a) x cost: a'(t) cos’t + b(t) sint cost = (tan?t+1)cost, (6a) 
Eq(5b) x sint: —a'(t) sin*t + b(t) cost sint = tant sint, (6b) 
Eq(6a) — Eq(6b): a'(t) = tan? t cost + cost — tant sint = cost. (7a) 


From equation (5b), one obtains 


tant+a‘(t)sint tant+costsint  sint 


b(t) = + sin t. (7b) 


cos t cos t cos2t 


Integrating equations (7) leads to 


a(t) = [costar = sint, 
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sin t 1 1 
b= | rar+ fsinear=— f 5 d(cost) — cost = —— — cost. 
cos*t cos?t cost 
Hence, the general solutions are, using equations (3) and (4), 
; : 1 : 
x=Xc+xXp=Acost + Bsint + sintcost + (— = cos) sin t 
cos 
= Acost+ Bsint + tant, 


1 
Y=Ycotyp = —Asint + Bcost — sintsint + (— — cost) cost 
cos 


= —Asint+ Bcost. 


| Example 7.10] 7.10 


Solve (D*4+3D+2)x+(D+1)y =0, D(.)=d(.)/dt, (1a) 
D+2 D-lhyy=——. 1b 
CDs 20 dy ara (1b) 

First determine the solutions for the complementary equations 
(D?4+3D+2)x+(D+1)y =0, (1a) 
(D+2)x+ (D-ly =0. (1b’) 


The determinant of the coefficient matrix is 


D?+3D4+2 D+1 


$(D) = = D?+D*-4D—4 = (D4+1)(D?-4). 


D+2 D-1 


The characteristic equation is (A) =(A+1)(A7—4)=0 = A=—1, +2. The 
complementary solutions are 


Xo = Cie ' + Ce + Ce", yo = Dye + Dye** + Dze*. 


Since ¢(D) is a polynomial of degree 3 in D, the complementary solutions should 
contain three arbitrary constants. Substitute the complementary solutions into 
equation (1b’) to eliminate the extra constants 


(D+2)x¢ + (D-l)yc = (C,-2D,)e™! + (4C, +D,)e** — 3D3e~* = 0, 
which leads to 


D; = 0. 
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Hence 
Xc = 2D,e' + Cye* + Cye™", (2a) 
Yo = Dye * — 4Cye™. (2b) 


Since equation (la) is a second-order equation in x, a third equation is needed 
from differentiating x; with respect to t 


xo = —2D,e' +2C,e% — 2C,e°**. (2c) 


Apply the method of variation of parameters, i.e., make D, = c(t), C, > c,(t), 
C;—= c,(t) in equations (2) to yield 


Xp = 2e,(t)e ‘ +.c,(t) eta. c3(t) ee, (3a) 
yp = ¢, (the! — 40,(t)e”, (3b) 
c= =20 Oe F264 0e"—26@e". (3c) 


Differentiating equation (3a) with respect to t and comparing with (3c) lead to 
xp = 2ci(the* — 2 (t)e* + cit)e* + 2c, (te + c4(t)e~* — 2c,(t)e** 
= —2¢, (the! + 2c,(t)e** — 2c,(t)e*, = Equation (3c) 
which gives 
c(the? + o5(t)e" + cy(t)e"** = 0. (4a) 
Substituting equations (3) into (1a) yields 
(D?4+3D+2)xp + (D+1) yp = —e\(t)e* — 2ch(t)e** — 2c,(t)e"*F = 0, (4b) 


and into (1b) results in 


(D+2)xp + (D—-1) yp = cy(t)e* — 4c5(t)e** = (4c) 


ef] ° 
Equations (4) provide three linear algebraic equations for three unknowns c/{(t), 
c(t), and c,(t), which can be solved using Cramer’s Rule: 


e! et e 2t 1 1 1 
A=|-e 2e2! 2e72t| = et. e%.e72F|_- 1 —2 -—2] = —4e7!, 
e! Ae! 0 1 —-4 0 
2t ~2t 
| ° 8 sie : I 
Av = det 0 <A dE ~2t} — ett en = (9 
8 
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et 0 e2t 
8 1 1 Bet 
A, = det]—e~‘ 0 —2e72t| = — ee! 7 = 
| ef +] -1 —2| ef+1 

7 ef +] 

et 2t 0 

° 8 1 1 8el 
A; = det —e! —2e2# 0 = Sa ea hngtt =—-—_, 
| ef +] —-1 —2 ef +] 
ef ean —4de | a en 
ef +] 

A A 2e-7# A 27 
j= woe tea Bose 
a a) = | et 4] alr ef 4] 

Integrating c}(t), c(t), and c(t) result in 
c(t) =0, 


2e2! e 2! abe 
C7 (t) = - [ssa = [| He ) 


a 1 —2t, _ ,—2t =2t, _ ,—2t 2t 
=a ae )ae J=e In(ite “)=e In(e* +1)+2t, 


oe 1 5 4 
c3(t) = [se = [me ) = In(e* +1). 
Hence, the particular solutions are 
Xp = 2¢,(t)e' + (te + c,(t)e 
= lene — In(e* +1) + 2t| -e7* 4 In(e*#+1)-e 7 
=1+ (ete) In(e*“ +1) Ope", 
yp = (the ‘ — 4c,(t)e* = —4[e ** — In(e* +1) + 2t]-e7 
= —4[1- e In(e? +1) + aie |. 
The general solutions are 
x=Xot+xp = 2Ce! + Coe + Gye +14 (e-* —e*) Ince +1) + 2te**, 
y=yotyp = Ce — 4Cye* — 4[1—-e In(e* +1) +2te”]. 


7.3 The Method of Laplace Transform 


The procedure for solving systems of linear ordinary differential equations is very 
straightforward. Consider a system of n ordinary differential equations for n 
unknown functions x(t), i= 1,2, ..., 1. 
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*« Take Laplace transform of both sides of the equations, with X;(s) = 2 {x; (t)} ; 
P= 1, 25. 25:45 7 

ea It results in a system of n algebraic equations for the n unknown Laplace 
transforms X,(s), i=1, 2, ..., n, which can be solved using Gaussian elimi- 
nation or Cramer’s Rule. 

«a The solutions of the system of linear differential equations are obtained by 
taking inverse Laplace transform x,(t)=-2~'{X;(s)}, i=1, 2, ..., n. 


Ga 


Solve - 3x —6 0 
Vi — — —_— = Q, 
dt y 
dy 


3x+ + 3y= 18te%, — x(0) = Xp (0) = Yo. 


Let X(s)=.2{x(t)} and Y(s)=.2{y(t)}. Taking the Laplace transform of both 
sides of the differential equations yields 

[sX(s) — x(0)] — 3X(s) — 6Y(s) = 0, 

3X(s) + [sY(s) — y(0)] +3Y(s) = 2{18te~*'}, 


where, using .2’{e” f(t)} = .2{ fo} 


> 
s—>s—a 


18 


1 
s—>s+3 = (s+3)? 


ZL {18te *} = 18. 2{t} guts 
ss 


These give two algebraic equations for X(s) and Y(s) 


(s—3)X(s) — 6Y(s) = Xp; 3X(s) + (s+3) Y(s) = yo + SS 


(s+3)2’ 
which can be solved using Gaussian elimination or Cramer’s Rule: 
s—3 —6 P 
= = (s—3)(s+3)+18=s°+9, 
3 s+3 
x —6 
A (s+3) + 6] Yo + = 
Ee roe 
oa repens | i, 0 3p 
(s+3)? 
s—3 x 
A (s—3) + = 3 
= 1 = (s— | —| — IX 
a4 i 0" Gray : 
(s+3)? 
A aK XQs 108 
X(s) - _7,¢ = ( ot Yo) 0 


A s?+9 se+9  (s+3)2(s2+9)’ 
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UG 0, 
A aah 249° (54-3)? G6? +9) 
Using partial fractions, one has 
108 A, A, . Bst+C 


G432@49) GHP sta HO” 
To find A,, cover-up (s+3)? and set s = —3: 
108 108 
2= Gyx9|,__,7 Caras ° 


Comparing the coefficients of the numerators leads to 


3: A, +B=0, (1) 
s?: 3A, +A,+6B+C=0, (2) 
s: 9A, +9B+6C=0, (3) 
1: —27A,+9A,+9C = 108, (4) 


Eqn (3) -9xEqn(1): C=0, 
from Eqn (1): B= —A,, 


from Eqn (2): 3A,+6+6(—A,)+0=0 Av Sl, BS 2, 
Hence 
a 
(s+3)2(s?+9) (s+3)* s+3  s?43? 
= 2e-* + 6te** — 2.cos 3t. 
Similarly, 


if 18(-3) a 6 1 s43 
PY OP i 
(s+3)2(s2+9) (s+3)* s+3 5243? 

af 


= —e ** _ 6te*! + cos 3t + sin3t. 


The solutions of the differential equations are 


3 s 108 
go-l =1 
-— — - 2 — ee 
MO) Se {X)} = {0+ Yo) Faz + 0 tos | 


= (x +2yp) sin 3t + xy cos 3t + 2e ** + 6te * — 2 cos 3t 


= (Xp +2 yo) sin 3t + (xg —2) cos 3t + 2OAsHe", 


—_—_—_—_ |} 
s*+3%  (s+3)*(s?4+9) 
—6te ~* + cos 3t + sin3t 


3 18(s—3 
yO) = LY} = 2-4 — (e+ 90) os +0" : oc) | 


= —(xp+ yo) sin 3t + yp cos 3t — e* 


(1—Xxg— Yo) sin 3t + (14+ yg) cos 3t — (1+6t)e >". 
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Sol OF emi 
a dt apy eres 
d d 
— + 3 +y=10sin2eH(t—z), x) =x» yO) = Jo. 


Let X(s) = L{x(t)} and Y(s)=.2 { yty}. Taking the Laplace transform of both 
sides of the differential equations yields 
[sX(s) — x(0)] + 2X(s) + 2[sY(s) — y(0)] + 5Y(s) = 0, 
[sX(s) — x(0)] + 3[sY(s) — y)] + Ys) = 10-2{ sin 2tH(t—7)}, 


where 


2£{ sin2tH(t—x)} = 2{sin2[(t—2)+2]H(t—-x)} 


= £{sin2(t-x)H(t-1n)} @& 2{f(t—a)H(t—a)}=e* S{ fo} 
See sme ae — 
These two equations lead to two algebraic equations for X(s) and Y(s) 
(s—2)X(s) + (2s+5) Y(s) = x9 +2 Yo, 
sX(s) + 3s+1)YV(s) =x) +3yy9 te-7* = 


which can be solved using Cramer’s Rule: 


st2 2s+5 : 
- = (s+2)8s+1) —s(2s+5) =s* +2542, 
s  3s+1 
X)+2 2s+5 
iis _ as 20(25+5) 
A = 20 = X9s — 4X) — 139 — ony 
—Is 
Xp +3 Yo te DLA 3s+1 Ss 
st+2 Xp t2 
ot +¥o Lees 
Ay = as 20 =VoS +2X) + 6yy te ae 
3 os 
Ss Xg+ Vote 2aA 
x5) = BX = XaStY = 5% = 1399 _ .-ns_2025-+5) 
7. Cie (PF4)(F 42542) 
Y(s) — Ay a Yo (S+1) + 2x9 + 5¥9 ma 20 (s+2) 


“A. (s+1)2+12 (s2+.4)(s2-+2s+2)° 
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Using partial fractions, one has 


20(2s+5) _ As+B Cs+D 
(s?+4)(s2?+2s4+2) s2+4  524+2s42° 


Comparing the coefficients of the numerators leads to 


s: A+C=0 — C=-A, (1) 
s°: 2A+B+D=0, (2) 
s: 2A+2B+4C = —40, (3) 
1: 2B+4D=-100 — > B= -—2D—50. (4) 


Substituting equations (1) and (4) into (2) and (3) gives 
2A+ (—2D—50)+D=0 2A —D=50, 
=> 
2A +2(—2D—50) + 4(—A) = —40 —~2A —4D = 60, 
which can easily be solved to yield 


A=14, D=—-22 => B=-6, C=-14. 


Hence 
a 20(2s+5) _ poiflds-6 — _14s+22 
(s?+4)(s2?+2s+2))  ~ s?+4 5242542 
2 14 1)+8 
a) Al ae of cse re 
s? +22 s?4+22 (s+1)2+1 
= 14cos 2t — 3sin2t — (14cost + 8sint)e *. 
Similarly, 


e 20(s+2) _1{ —6s+4 6s+8 
BN eR Ms Yo Se ee 
(s? +4) (s*+2s542) s?+4 s?+2s+2 


= —6cos2t + 2sin2t + (6cost +2sint)e *. 
The solutions of the differential equations are 
x(t) = 27 '{X(s)} 
= [xp cost — (5x9 +13yq) sint}e~* + {14 cos 2(t—z) — 3sin2(t—z) 
— [14 cos(t—z) + 8sin(t—z)] etl Gz) 


= [xo cost — (5x9 +13 y 9) sin t| et 


+ [14cos 2t — 3 sin 2t + (14cost + 8sint)e ‘T"|H(t—7), 
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y(t) = L7'{Y(s)} 
= [yo cost + (2x) +5y,) sin t| e7F | —6cos2(t—7) + 2sin2(t—z) 
+ [6cos(t—z) + 2sin(t—z)] etl 7) 


= [yo cost + (2x9 +5y) sint]e* 
+ [—6cos2t + 2sin2t — (6cost + 2sint)e‘*” |H(t—z). 


Sol — —3— —- — + 2y = 60t H(t -1), 
pee dt? dé dt ee eh) 
dx dy ; 
a ae x(0) = 5, y(0) = 90, x(0) = 15. 


Let X(s)=.2 {x(t)} and Y(s)=.2 { y(ty}. Taking the Laplace transform of both 
sides of the differential equations yields 


[s’X(s) — sx(0) — x'(O)] — 3[sX(s) — x0] 
— [sY(s) — y)] + 2Y(s) = 60. 2{tH(t-)}, 
[sX(s) — x(0)] — 3X(s) + [sY(s) — y(0)] = 0, 
where 
#\tH(¢—))} =.2{[(G=)4 1 AE-)p Se" 2 {t+ 1} = e*(S+-). 


These two equations lead to two algebraic equations for X(s) and Y(s) 


60e7* 1 
(2 —3s)X(s) — (s—2) Y(s) = 55+ a 
(s—3)X(s) +sY(s) =5, 
which can be solved using Cramer’s Rule: 
s(s—3) —(s—2) s —(s—2) 
= = (s—3) 
(s—3) s 
= (s—3)(s7 +5 —2) = (s—3)(s—1)(s+2), 
60e *(s+1) = 
pe ee a 1 
Ay = 5s+ 2 (s—2) gg 7 ONE TD sobs 22 51 
s 
5 s 
60e° 1 
s(s—3) epee daca Ct 60e-*(s+1) 
— a ee Sy 
Y 52 
(s—3) 5 
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X()) = Ax _ _5s?+5s— 10 60(s +1) = 
A (s—3)(s—l)(s+2)  s(s—3)(s—1)(s+2) 
cae 60(s+1) 2s 
23 56-3) G=1)G+2)- 
_ Ay | 60(s+1) 
FOB “FCG 


Using partial fractions, one has 


coo) A By Gy 
s(s—3)(s—1)(s+2) ee wae eae 
To find A,, cover-up s and set s=0: 
Z 60(s+1) 600) 
' 6=3)(S—1)(S+2) [20 (—3-DQ@ 
Similarly, 
Bg — 606+) — 60(4) 
* s(s=1)(6+2)|,-3  3)2)G) 
ED | te NN 2G, 
s(s—3)(s+2))7 )C—2)0) 
D= 60(s+1) a 60(—1) = 
* s(s—3)(s-D) |,» (—2)(-—5)(-3) 
Again, using partial fractions, one has 
5 OE SI Se gO 
s?(s—1)(s+2) s ss? s—l 542 
To find B,, cover-up s? and set s =0: 
_ = 60(s+1) | _ —60(1) | 
2 (6=-1D(6+2)|20  (-—DQ) 
Similarly, 
= —60(s+1) - —60(2) a2 
2~ #642) lo, OG ’ 
_ —60(s+1) oe OUE 2). 
7 $2(5=2) Ja»  (4)(-3) 


To find A,, set s= —1: 
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Hence, taking the inverse Laplace transform, the solutions are 


_ pl Bs Re fae cee peer 
x(t) = 27 '{X(s)} = [te aS a+) 


= Se 4 [10+ 8% — 20e' + 2e-™'] H(t—1) 
t>t-1 


= 5e% + [104+ 8") — 20e°!} + 2e "| HED, 


_ go -l — gol —s 45 a0. aie 
y(t) = 2UYS)} = Zz {e (= +3-= =) 
— [45 + 30t — 40e° — set] A(t-1) 
t>t-l 


= [15+ 30t — 40e") —5e °*") | Ht-1). 


7.4 The Matrix Method 


Any linear ordinary differential equation or system of linear ordinary differential 
equations can be written as a system of first-order linear ordinary differential 
equations. For example, consider the second-order differential equation 


x" + 29x! + wp x = asin Qt. 
Denoting x =x,, x’ =x,, the differential equation becomes 
x5 + Cay Xx + wp x, = asin Qt. 


Noting that x} =x,, one obtains 


x Xy 0 1 Xy 0 
= = + ; 
Xe 20) X,— aR x, +a sin Qt —a — 2a | [Xo asin Qt 


which is a system of two first-order differential equations. Similarly, consider a 
system of differential equations 


di 


xl” 42x’ +x—y’ =2sin3t, Ax’ +3x—y"+5y'’—y=e ‘cos3t. 


Letting x =x,, x! =x,, x" =x,, y=X4, y=Xs, the differential equations become 


x4 + 2x, +x, —X5 = 2sin3t, Ax, +3x, —x5+5x5 — x, =e‘ cos3t, 


one obtains 


sa 2D 
iG X; 
r= —Xx, — 2x, +x, +2sin 3t : 
Xe Xs 


Xe 3X, 4x, — xy 5x5— € * cos3t 
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or, in the matrix form, 


x! 0 0 Of {x, 0 

os 0 1 0 Of |x, 0 
x,¢=]—-1 -2 0 O 1] 4x,}+ 2 sin 3t ; 
x! soe, i400 3 x, 0 

Xe | 3 4 0 -1 ;| Xe —e ‘cos 3t 


which is a system of five first-order differential equations. 


Hence, without loss of generality, consider a system of n-dimensional first-order 
linear ordinary differential equations with constant coefficients of the form 


x(t) = Ax(t) + f(t), 
where x(t) ={x,(1), x(t), -..5 O}', £O={fO. HO -.5 f(D}, and A 


is an n Xn matrix with constant entries. 


7.4.1. Complementary Solutions 
First consider the n-dimensional homogeneous system with f(t) =90, i.e., 
x(t) = Ax(t). (1) 


Seek a solution of the form x(t) =e*'v, where v is a constant vector. Substituting 
into equation (1) yields Xe*'v = Ae*'v. Since, e*! £0, one obtains 


(A—ADv=0, (2) 


where I is the n x n identity matrix, with 1’s on the main diagonal and 0’s elsewhere. 


Equation (2) is a system of homogeneous linear algebraic equations. To have 
nonzero solutions for v, the determinant of the coefficient matrix must be zero, i.e., 


det(A — AI) = 0, (3) 
which leads to the characteristic equation, a polynomial equation in 4 of degree n. 


Distinct Eigenvalues 


The n solutions 1,, 4,,..., A,, of the characteristic equation (3) are called the 
eigenvalues of A. Suppose the eigenvalues 4,, A,,...,4,, are distinct real numbers. 


A nonzero solution vi of system (2) with A = Ayo Le., 
(A—A,Dv, =0, [ke = hy Bs nboy te (4) 


is called an eigenvector corresponding to eigenvalue 1,. 
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From linear algebra it is well known that, if the eigenvalues 2,, A,,..., A, are 


distinct, the corresponding eigenvectors v,, V>,..., V, are linearly independent. 
135-2 n 


Hence, with n eigenvalue-eigenvector pairs 4,, v,, k=1,2,...,n, there are n 


linearly indenpendent solutions for system (2): eAity,, eaty,, eas ently 


Distinct Eigenvalues 

Suppose that matrix A of the homogeneous system x’(t)=Ax(t) has distinct 
eigenvalues A,,2,,...,4,, with corresponding eigenvectors v,,V,,..., V,- Then 
the complementary solution of the homogeneous system is 


x(t) — C, ity, + Cc eat, Ah SG eile (6s ently 


where C,, C,,..., C,, are constants. 


The n x n matrix 
dit Aot Nat. 
Miele hVine 2 Vem ce ew, 


whose columns are n linearly independent solutions of the homogeneous system, 


is called a fundamental matrix for x(t) = Ax(t). 
Using the fundamental matrix, the complementary solution can be written as 
x(t) =Ax(t) —> x()=X(C, C={C,,C,...,¢,}7. 


For the homogeneous system x’(t)=Ax(t) with the initial condition x(t)) =X, 
one has x(tj) =X(ty) C=x) = C=X7 (ty) Xp, 


RE — Ak (Ee XE eR) NG iy) Kee 


| Example 7.14 7.14 


Solve xX — X) — 6x, = 0, (-)' = d(-)/dt, (1) 
x, + 2x5 — 3x, =0. (2) 


Solve equations (1) and (2) for x; and x‘, 


2xEqn(1)+Eqn(2): 3x, —12x,-3x,=0 = = x, =x,+4x, 


Eqn(2)—Eqn(1): 3x, —3x,+6x,=0 = > x) =x,—2x,, 


which can be written in the matrix form as 


; x) 1 4 
x(t) = Ax(t), x(t) = ; A= : ai 
M5, — 
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The characteristic equation is 


1-A 
det(A—AI) = = 17 4+A4—6= (A+3)(A—2) = 0, 
1 —2-2z 
and the two eigenvalues are 4, = —3, A, =2. The corresponding eigenvectors are 
obtained as follows. 


(1) A=A, = —3: 


4 4) 1), 


Vo] 


v 1 
gal 


(2) A=A,=2: 


—-1 4 Vio 
(A—A,]Iv, = =O Vig 4a = 0, 
1 —4}] |v, 


: V19 4 
taking v,,=1, then v,,=4v,,=4 = > vw, = = ‘ 
io) 


Hence, the complementary solution is 


1 4 
x(t) = Cyet'v, + Che’2!v, = Cre | ‘It + Get {"} 


or 

x, (t) = Cje** +. 4C,e%, x,(f) = —C,e** + Ce". 
Complex Eigenvalues 
Consider the first-order homogeneous system 


x(t) = Ax(t), (1) 


where A is a real matrix. Suppose 1 =a +if is an eigenvalue, i.e., det(A — AIT) =0. 
Since the characteristic equation has real coefficients, then A =a —if is also an 
eigenvalue. 


Let the complex vector v be an eigenvector corresponding to A, i.e., 
(A—ADv=0. (2) 


Then x, (¢) =e"'v is a solution of the homogeneous system (1). 
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Taking complex conjugate of equation (2), one has 
(A—ADv = (A—ADv = (A—-ADV=0, 2A and [are real matrices. 


implying that v is an eigenvector corresponding to eigenvalue 4. Thus x,(h=e"¥ 
is a solution of the homogeneous system (1). 


Corresponding to the eigenvalues a +i £6, one obtains the complementary solu- 
tion 


x(t) = Ce'v + Cye”'v, V=Vvptiv, 


where C, and C, are complex constants, and vp and v, are, respectively, the real 
and imaginary parts of the eigenvector v. Applying Euler’s formula 


eH Bt — At (cos Bt +i sin Bt) 
leads to 
x(t) = C,e*'(cos Bt+i sin Bt) (vg tiv, + C,e™ (cos Bt—i sin Bt) (vp —iv;) 
= e"'[(C, +C,) (vp cos Bt —vy sin Bt) + i (Cy—Cy) (vg sin ft +-v; cos Bt)]. 


For the solution x(t) to be real, one must have C, + C, =A, i(C,—C,) =B, where 
A and B are real constants. This can be accomplished if C, = C,. Hence 


x(t) = Ae’ (vp cos Bt — v, sin Bt) + Be (vp sin Bt + v, cos Bt) 
= A Re(e*v) + BIm(e*'v). 


| Complex Eigenvalues | Eigenvalues 


Suppose that matrix A of the homogeneous system x’(t) =Ax(f) is a real ma- 
trix. If A=a+if is an eigenvalue with the corresponding eigenvector v, then, 
corresponding to the eigenvalues a +i, 


x, (t) = Re(e* v) = e**| Re(v) cos Bt — Im(v) sin Bt], 
X,(t) = Im(e“'v) = e“[Re(v) sin Bt + Im(v) cos Bt] 
are two linearly independent real-valued solutions, or 


x(t) = A Re(e*v) + B Im(e*'v). 


Ga 


Solve xy +x, —5x, =0, (-)' = d(-)/dt, 
4x, +x, +5x, =0. 
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In the matrix form, the system of differential equations can be written as 


(t) = Ax(t ee ae ees, 
x(t) = Ax(t), x(t) = al al ade koa 


The characteristic equation is 


==. 3 
det(A—AI) = = 4+6A425=0 => A=-3Hi4. 
—4 —5-i2 
For eigenvalue 4 = —3+i4, the corresponding eigenvector is 


a 5 ie | (2—i4)v,+5v, "| 
(A—ADv = = —} 4. 
—-4 —2-i4] |v, —4y,—(2+14)v, 0 


Note that the two equations (2—i4)v, +5v,=0 and 4v,+(2+i4)v,=0 are the 
same. Taking v, =5, then v, = — 4 (2—14)v, = —2+14, 


hd bead etd 


ety = e * (cos 4t + i sin 4t) (| : +i (") 
—2 4 
=e cos 4t — sin4t } +1 sin 4t + cos4t } |. 
—2 4 —2 4 


Hence, the complementary solution is 


aN 


5 0 
x(t) =A Re(e* v) +B Im(e* v) =Ae* (| | cos 4t — | nat) 


—3t 5 . 0 
+Be sin 4t + cos 4t }, 
—2 4 


x, (t) = 5e* (A cos 4t + Bsin 4), 


x,(t) = 2e-**[(—A+2B) cos 4t — (2A+B) sin 4t]. 


Multiple Eigenvalues 


For an nxn matrix A with constant entries, if its n eigenvalues Ayr Ags veer Age 
either real or complex, are distinct, then the corresponding n eigenvectors v,, v,, 


.., V,, are linearly independent and form a complete basis of eigenvectors. 
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If matrix A has a repeated eigenvalue with algebraic multiplicity m>1 (the 
number of times the eigenvalue is repeated as a root of the characteristic equation), 
it is possible that the multiple eigenvalue has m linearly independent eigenvec- 
tors. However, it is also possible that there are fewer than m linearly independent 
eigenvectors; in this case, matrix A is a defective or deficient matrix. 

In other words, an nxn matrix is defective if and only if it does not have n 
linearly independent eigenvectors. A complete basis is formed by augmenting the 
eigenvectors with generalized eigenvectors. 

Suppose A is an eigenvalue of multiplicity m, and there are only k < m linearly 
independent eigenvectors corresponding to 4. A complete basis of eigenvectors is 
obtained by including (m—k) generalized eigenvectors: 


(A—ADv; = 0 v;, i=1,2,...,k, linearly independent eigenvectors, 
(A-ADy,,,=V, => (A-Al?y,,, =9, 


= = =n). = 
UN See el ome Cora) IR es Generalized eigenvectors 


(A—ADV,_ = Vy) —> (A-AD™ Ht 1y, = 0. 


m—1 


Multiple Eigenvalues 

Suppose matrix A of the homogeneous system x/(t) = Ax(t) has an eigenvalue 
A of algebraic multiplicity m > 1, anda sequence of generalized eigenvectors cor- 

responding to A is v,, V,, ..-» V,,- Then, corresponding to the eigenvalues A, A, 
...,A (repeated m times), m linearly independent solutions of the homogeneous 


system are 
i iate Ua ea ag te LZ". Vy, V2)°*+ > Vy are eigenvectors 


At 
X41 (t) = eM (WE + Vey) 
2 
t) =e vp=—t+v,.,t+v 
X49( kT k+1 k+2 JP 


——- t a — eee = 
Xn (bt) ae ER (m—k)! TVp4y (m—k-—1)! a T+ Vin—-255 a ees + Yq 


| Example 7.16 | 7.16 


Solve xy — 4x, +x, =0, (-)' =d(-)/de, 
3x, — x5 +x, — x; = 0, 


/ 
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In the matrix form, the system of differential equations can be written as 


x Ai eat. 10 
x'(t) = Ax(t), MC) SA hs A=|3 1 -l 
x3 30. i 


The characteristic equation is 


Aah >. 0 
det(A-AI =| 3 1-A —-1] = —(3—6A?4+124—8) = —(A—2)° 
1 Oi ta} 


Hence, A =2 is an eigenvector of multiplicity 3. The eigenvector equation is 


2 -l O Vy 2V14 V1 0 
(A-ADv, =|3 -1 —-1 Vor ¢ = 43% —%21-V31 ¢ = 49 
1 O —l V31 V1 —Y31 0 


Taking v,, =1, then v,, =2v,, =2, v3, =v,,;=1L 


1 
Vi = yf = 72 
V3) 1 


It is not possible to find two more linearly independent eigenvectors. Hence, matrix 
A is defective and a complete basis of eigenvectors is obtained by including two 
generalized eigenvectors: 


2 -1 0 Vi2 2V19—Vo9 
(A-ADv, =v, — [3 -1 -1] Y¥50} = 93-5, —Va, p = 42 
2 l 22 12— Y22 — 32 
1 0 -l V39 Vi2— V30 


Taking v,,=2, then v,, =2v,, -1=3, v3, =v,,-1= 


2 
1 


(A—Al)v; =v, ==> |: —1 “| ee 3V13—V23—V33 ¢ = 42 


1 0 =i) V33 eee 1 


Taking v,,=1, then v,,=2v,,—2=0, v3; = 


2 -1 a 2V13—Vo3 2 


1 
0 
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Three linearly independent solutions are 


1 2 
x(t) =e*v, =e {2}, x,(t) = e* (v) f+V,) =e] eahe4 23h], 
1 
Fe 1 PP 2 1 
x(t) Sie" (v5 +¥2t+¥) =e] 32 z +43¢t+ 40 
1 1 0 
The complementary solution is 
1 1 2 1 2, 1 
12 
='Cpe*4 2} +C,e7] 42h ¢4+ 134 | 420,e7[ 42 rian teh ewe ed 
1 1 1 1 1 0 


X_(t) = e**[2C3t? +2(C,+3C3)t+(2C,+3C,)], 
x3(t) = e*[C,t?+(C)+2C3)t+(C, +C,)]. 


Solve a 2 ] = 9 
x(t) =Ax(t), x(t)= as? te! eae, 
X3 3 3° 23 


The characteristic equation is 


Sah 1 9) 
det(A—AIT =| 1 =O De QF age 5h 3) 
3 —3 5-A 


= —(A+1)?(A—3) =0. 


Hence, A, =A, = —1 is an eigenvalue of multiplicity 2, and 1, =3. The eigenvec- 
tors are determined as follows. 


(1) A=A, =a, =-—1: 


-l 1 ~-2] {v, —v,+v,—2¥3 0 
(A-ADv=0 =>]1 -1 2 WH (E9205) P= 1 0}, 
3  -3 6 V3 =3(=1,;4+95=213) 0 


which leads to v, =v, —2¥3. 
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Taking v, =1, v;=0 = v, =]; taking v, =0, v,=1 = v, = —2; 


1 —2 
vi, = 417, v= 0 
0 1 
(2) A=A3=3: 
—-5 1 —2 V13 —5V13+%3—-2V33 0 
(A—ADv; =0 —> 1 —5 2 eS V13—IVn3 +23, =20 


Taking v,,=3, then v,,=—1, v,,=1, 


V13 —1 
Stay re a a 
V33 3 
The complementary solution is 
3 1 —2 —1 
x(t) = ) Ce v, = Cet 11) +C,e%) 0 +Cse%s 1 fF, 
k=1 0 1 3 


Although 4=—1 is an eigenvalue of multiplicity 2, two linearly 
independent eigenvectors do exist. 


7.4.2 Particular Solutions 


The method of variation of parameters is applied to find a particular solution of the 
nonhomogeneous system 


x(t) = Ax(t) + f(t). 


The complementary solution of the homogeneous system x‘(t)=Ax(t) has 
been obtained as x(t)=X(t)C, where X(t) is a fundamental matrix, whose 
columns are linearly independent and each is a solution of the homogeneous system, 
ie, X/(t) =A X(t), and C is an n-dimensional constant vector. 


Applying the method of variation of parameters, vary the constant vector C in 
the complementary solution x(t) = X(t) C to make it a vector of functions of f, ie., 
C = c(t). Thus a particular solution is assumed to be of the form 


x(t) = X(t)c(t). 
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Differentiating with respect to t yields 
x(t) = X(t)c(t) + X(t) c(t) = Ax(t) + f(t). 
Substituting X/(t)=AX(f) and x(t) = X(t) c(t) yields 
AX(t)c(t) + X(t)e(t) = AX(t) c(t) + f(H), 
X(Nc(t) =f(t) —= c(t)=xX 'HME(. 


Integrating with respect to t gives 


c(t) =C+ [oor dt. 


Hence, the general solution is given by 


x(t) = X(t)c(t) = X(t) {e at [oo Fart, 


For the nonhomogeneous system x’(t) = Ax(t)+ f(t) with the initial condition 
X(t)) =X , the general solution can be written as 


t 
x(t) = X(t) {c+ x tortarl 


ty 
with 
x(t.) =X(t))C — > C=X7\(t)x(t)), 
which yields 


ip 
x(t) = X(t) [tases / xHorarl 


f 


To find a particular solution using the method of variation of parameters, one 
must evaluate the inverse X~1(t) of a fundamental matrix X(t). In the following, 
the Gauss-Jordan method is briefly reviewed. 


Gauss-Jordan Method for Finding the Inverse of a Matrix 


To find the inverse of an n x n matrix A, det(A) #0, augment matrix A with the 
nxn identity matrix I as 


ay, 419 es yo Qn 10 --- 0 
[ali]= Ay, Ay, ies Ay, O41: QO 


Pe Gyn °° Ann ec 1 | 
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Apply a series of elementary row operations, such as 
e® exchange row [k] and row LL], 
z@ multiply row [k| by a 40, 
% multiply row[1] by 6 £0 and add to row [kl], 


to convert the left half of the augmented matrix to the identity matrix. Then the 
right half of the augmented matrix becomes A7?: 


10 .:-- 0 by, DiS eas b,,, 
01 -- O b,, b,, sats Bos =[1} a7 ip 
ra moe. 


Use |k] x a+ LL] x B to denote the elementary row operations: 
@ multiply row Lk] by a £0; 
% multiply row [1] by 6 40 and add to row [kl]. 


In particular, for a 2 x 2 matrix, 


toe a? 1 G a 
ee 11 | eask Kee 22 | det(A) = 4, ,4,,—4)545,. 
ee eS det(A)|—a,, a, 


| Example 7.18 | 7.18 


Solve x, + 3x, +4x, =2e%, 
In the matrix form, the system of differential equations can be written as 


P x —3 -4 Dev 
x =AxH+fO, x)= \, ee | f(t) = r 
X, 1 1 0 


The characteristic equation is 


—3-A -4| , 
det(A—AI) = : [EA +2441 0 = A=-1, -1. 
Hence, A = —1 is an eigenvalue of multiplicity 2. The eigenvector equation is 
(A—AD) Se be lien : 9 0 
—AT)v, = = =v V1 = 0. 
1 1 a doko 0 ul 21 


Taking v,, = —1, then v,,; = —2v,, =2, 
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A second linearly independent eigenvector does not exist. Hence, matrix A is 
defective and a complete basis of eigenvectors is obtained by including a generalized 
eigenvector: 


—2 -4] (v5 2 


Taking v,. = —1, then v,, = —1—2v,,=1, 


Two linearly independent solutions are 


x(t) =e'v, =e! e: x,(t) =e" (v,t+v,) =e" (| | et {“1}): 


A fundamental matrix is 
2e* (2t+l)e* 


X(t) = [x,@) x,()] = ae = lye? 


| det(X) = —e *, 


and its inverse is obtained as 


l a ee ae ed 


sy e—2t ef 2 ef 


xt) = 
© —el —2e! 


It is easy to evaluate 


; (t+lye’ (2t+l)e’| [2e% 
[x wear = | dt 
—e! —2e! 0 
ieee fee 
=) dt = : 
—2 —2t 
The general solution is 


2e' (2t+loe* | (C,+0°4+2¢ 
x(t) = X(t) {e+ [x-voeear} = ; 


=F =@iiet | | C92 


x,(t) =e [—2074+2(C,+)t+(2C,+C,)], x(t) =e *[t?—C,t-(C,+C,)]. 


| Example 7.19 7.19 


Solve xX, —X, +x, = sect, 


2x, — x, —x, =0. 
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In the matrix form, the system of differential equations can be written as 


(t) = Ax(t Pee es Oe ee pe gal 
x=Axo, x=)", A=] Uf fO=P DF 


The characteristic equation is 


1-A —l 
—1-~A 


sath) = =)74+1=0 = A=Hi. 


For eigenvalue 4 =1, the corresponding eigenvector is 


es —l ("| | =)),= 7,5 °| 
(A-ADv = . = a ee oe 
4 —1-i] |», 2v,—(1+i)v, 0 


Taking v, =1, then v, =(1—i)v, =1—i, 


fb Ele (4) 


Hence, using Euler’s formula e!? = cos@ +i sin 6, 


1 0 
ory = tcost isin ({ | i) 
4 cost + sint+1 cost + sint }. 
1 1 —l 1 


Two linearly independent real-valued solutions are 
- cost , sint 
X,(t) = Re(e“'v) = } ; x,(t) = Im(e'v) =}, : 
sin t+ cost sin f— cost 


A fundamental matrix is 


cost sint 


sint+cost sint—cost 


X(t) = [x,(t) x,()] = | det(X) = —1, 


and its inverse is obtained as 


xt) aie sin t 
t)= : 


cost+sint —cost 


Evaluate the integral 


1—tant t+In|cos ¢| 
[otoas | dt = 
1+tant t—In|cost| 
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The general solution is 


x(t) = X(t) {ec + [rosea 


cost sin t C,+t+In|cost| 
sint+cost sint—cost | |C,+t—In|cost| 


x,(t) = (€+C,) cost + (t+C,) sint + (cost —sint) In| cost 


> 


X(t) = (C;-—C,) cost + (2t+C,+C,) sint + 2 cos t In| cos ¢|. 


| Example 7.20 7.20 


Solve ; 
xy 2 -1 -l 2e 
x()=AXO)+fO),. x0) = 4p; AS | 2 Kl =21, fO= 4 4e* 
, -1 1 2 0 
The characteristic equation is 
2-z —1 —1 
det(A-AIJ) =| 2 -1-A —2] = —(3-34?434-1) = —(A-1)? =0. 


—l 1 2-X 


Hence, A = 1 is an eigenvector of multiplicity 3. The eigenvector equation is 


| 1 -1 e| vy, V1 —V— V3 0 
(A-ADv=| 2 -2 —2] vb = 4 2(,-v)-¥5) } = YO}, 
ca ae 1 | V3 =p V5) 0 
which leads to v, =v, +v,. Asa result, there are two linearly independent eigen- 
vectors. Taking v,, =1 and v;, = —1, then v,, =v, +3, =0, 
Vi 0 
Y= yp =) ! 
V3) —1 


However, v, cannot be chosen arbitrarily; it has to satisfy a condition imposed by 
v3, which will be clear in a moment. 

A third linearly independent eigenvector does not exist. Hence, matrix A is de- 
fective and a complete basis of eigenvectors is obtained by including one generalized 
eigenvector: 


E —1 ‘| V3 ¥13— V23 — V33 Vi2 
(A-ADv3=Vv2 => | 20 —-2 —2] 4 %3 fp = 1 2013 —V%3 —V33) § = 4 Yop 


=) a 1 | V33 — (Vy3— V3 — V33) V39 
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If v}3—V53 —V33 =Vj) =4, one must have v,, =2a, v;, = —a. Taking a= 1, then 
Vipg=1, Vo,.=2, Vz9=—1. Taking v,;,=v,,=0, then v,,=v,,—Vv,,-—a=—l. 
Hence 
Vi0 1 V13 0 
V2 = 4% fp =1 2 o> V3 = 4%37 =} O 
V35 —1 V33 —1 
Three linearly independent solutions are 
0 
x,(t)=e*'v, =e'} 1 F, x,(t)=e"'v, =e'} 2 }, 
—l —l 
1 
X3(t) = e' (v,t+v;) =e’ 2 t+ 40 
—l —l 
A fundamental matrix is 
0 1 t 
X(t) = [x0 x,() x,Q]=e | 1 2 2t 
al ob, =e )) 


Apply the Gauss-Jordan method to find the inverse of fundamental matrix X: 


2 2t;0 1 =O 


0 1 
Exchange [1] and [2 01 t 1 0 0 
1 


0 1 t 1 
1 2 2t 0 


0 

1 
ah St SEF > 4 

0 

1 

0 


3] x (-1) 


1 t+1);0 0 -l 


a 


i De OF 
0 -1 1-t 


ree a9; 3 | 
Aiea EE a a eS a 
O02) A =P ct 


ie 1 el 
X"@Se3 se oe > |, 


Evaluate the integral 
=2e" 0 oe 


[otmar= | (l-t)ye! te’ te? 4e'} dt 


ef =e). Sect 0 
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SAgertt =47=26 7! 


2-2 44te-* } dé = {9t= PF — Ci De* 


I= det 2tt26° 7 


The general solution is 


x(t) = X(t) {ec + [oor ar| 


ie ef te! | C,-4t-2e-! 
=|e 2e! 2tet C,—-t?+2t—(2t+l)e*" 


hee se isp le C,+2t+2e-7 
x, (t) =[C,+C,t+0?+2¢t]e'-e, 
x_(t) = [Cy +2C,+2C;t+207]e’ —4e, 
x3(t) = —[C, +C,+C;(t+1) +t’ ]e' +e. 


Example 7.7! 


Solve x, = 3x, —3x,+x34+2€', 
xX) = 3x, — 2x, + 2x3, 
/ 


x3 = —X, +2x2, x, (0) = 3, x,(0) =2, x,(0) =1. 


In the matrix form, the system of differential equations can be written as 


x ie —3 ‘| 2e 
x(f)=Ax(t)+fO, xH=4x,}, A=] 3 —2 2|, (M= 


0 
x -1 2 0 
The characteristic equation is 
3-k —3 1 
det(A-AI)=| 2 -2-A 2 |= -d3 417-2 
—1 2 —k 


= (4 D07=210 42) = 0, 


which gives the eigenvalues A = —1, 1+i. 


(1) Ay=rl: 
4 —3 | Vit " bigs ; as 
V11,—-9V. Vv = JV, 
(A-ADv, =] 3 —-1 2] 4%,$ => 11.73%, +3} 
a a | —Vyy +25) +V31 = 0. (2) 


V3] 


Eqn (1)—Egqn (2): 5v,, —5v,,=0. Taking v,,=1— v,,;=¥,,=1. 
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From Eqn (1): v3; =3v,,—4v,, = —1. Hence 
V1 1 
Y= yf = 1 
V31 —1 
(2) A=1+i: 
75" = | "1 3v,-(3+i)v, +2; =0, (3) 
3 —3-i 2 y= es 
—v,+2v,—(1+i)v, = 0. (4) 


et 2 eed V3 


Eqn (3) +3 x Eqn (4): (3—i)v, —(1+3i) v, =0. 
ass fea : 

Taking a1 v= 23% O430040 _ 
3-j (3—-i)(3+i) 


From Eqn (4): v, =2v,—(1+i)v;=2i —(1+i) = —1+i. Hence 


Vv; —1+i 
V=4%t= i ; 
V3 1 
—l 1 
ey = e' (cost +i sint) 0}$+i 31 
1 0 


| —1 1 1 —1 | 
=e! 0 $cost—21$sint +i l$cost+% 0 $sint] |. 
0 0 
A fundamental matrix is 
X(t) = [e“'v,(t) Re(e“‘v) In(e“v)] 


ie —e'(cost+sint) saa eta 
=le —e' sint e' cost 


e' cost e sint 


Apply the Gauss-Jordan method to find the inverse of fundamental matrix, X~\(t): 


e'  —el(cost+sint) e'(cost—sint)| 1 0 0 
e! —e' sint e' cost 010 
—e! e’ cost e’ sint 00 1 


I" —e'(cost+sint) e'(cost—sint)| 1 0 | 
0 e’ cost e’ sint -1 10 
+0 ; 

| 0 —e! sint e cost 1 0 1| 
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i 0 0 —] 1 -1 | 
de ess : 
a 0 e'cost e'sint —1 1 0 
3| x cost + [2] x sint 7 i 
| 0 0 e! cost—sint sint cos | 
e- -O 0 —1 1 ae 
2|- [13 int ‘ : : : 
eae | 0 efcost 0 |—1—costsint+sin?t 1—sin2t —sintcost 
0 0 e! cost—sint sin t cost 
I] xe! 10 0 —e! ef —e! 
2] x et : - ol 
A 0 1 0} —e‘(cost+sint) e ‘cost e‘sint]. 
3) 3568- 
0 0 1] —e‘*(cost—sint) e-‘sint e ‘cost 
Evaluate the integral 
| —el e! —ef 2e! 
[oo f(t) dt = / —e‘(cost+sint) e ‘cost e ‘sint 0 }dt 
—e ‘(cost—sint) e'sint e ‘cost 0 
—2e2t —e2t 
— —2(cost+sint) } dt = { —2(sint— cost) 
2 (cost — sin t) 2 (sin t+ cos t) 


Given the initial condition x(0), the vector C is given by 


C= xX 1(0)x(0) — / xo foat| 


t=0 
[= b= i 3 —1 = 
=|-1 1 0 2h —-— 2 = 1-3 
1 0 1 1 2 2 
The solution satisfying the initial condition is 
x(t) = X(t) {© + [oo f(t) ar| 
| e! —el(cost+sint) e'(cost—sin a —l]—e¢?! 
SY | seme —e' sint e' cost —3-—2(sin t— cost) 
|e" e' cost e' sint 2+2(sin t+ cost) 


—e'+e!'(5cost+sint—1) 
= }—-e' + e'(2cost+3sint+1) 
e'+e'(—3cost+2sint+3) 
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7.4.3 Response of Multiple Degrees-of-Freedom Systems 


As shown in Section 7.1, the equations of motion of an n degrees-of-freedom 
system occur naturally as a system of n coupled second-order linear differential 
equations of the form 


Mx(t) + Cx(t) + Kx(t) = F(®), (1) 
where M, C, K are the mass, damping, and stiffness matrices of dimension n x n, 


respectively, and F(t) is the load vector of dimension n. Matrices M and K are 
symmetric, i.e., M’ =M, K? =K, and positive definite. 


Instead of converting system (1) to a system of 2n first-order differential equa- 
tions, it is more convenient and physically meaningful to study system (1) directly. 


Undamped Free Vibration 
The equations of motion of undamped free vibration, or complementary solution, 
are given by 

Mx(t) + Kx(t) = 0. (2) 
Seeking a solution of the form x(t) = X sin(wt+4) and substituting into equation 
(2) yield 

(K—@7M)x sin(wt +0) = 0. 
Since sin(wt +6) is not identically zero, one must have 
(K—w*M)x = 0. (3) 

Equation (3) is a system of n homogeneous linear algebraic equations. To have 
nonzero solutions for x, the determinant of the coefficient matrix must be zero: 


det(K —w*M) = 0, (4) 


which leads to the characteristic equation, a polynomial equation in w? of degree 
n. Equation (4) is also called the frequency equation. Since the mass and stiffness 
matrices M and K are symmetric and positive definite, it can be shown that all 
roots w” of the frequency equation are real and positive. The ith root w ; Which is 
called the ith eigenvalue (w, <@, < --- <@,,), is the natural circular frequency of 
the ith mode of the system or the ith modal frequency. 


Corresponding to the ith eigenvalue w,, a nonzero solution x; of system (3), 
(K-—@?M)%&,=0, i=1,2,...,n, (5) 


is the ith eigenvector or the ith mode shape. 


The response of the undamped free vibration is then given by 
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where the 2n constants a), 4, ..., Ay, 9), 9, ..., 9, are determined using the 
initial conditions x(0) and x(0). 
Orthogonality of Mode Shapes 
Corresponding to the ith mode, equation (3) becomes 
Multiplying this equation by xi from the left yields 
/ K%; = w7 & MX. (6) 
Similarly, corresponding to the jth mode, equation (3) becomes 
~ Ings 
Kx; = 0; Mx;. 
Multiplying this equation by %/ from the left gives 
&] KX, = w7 &/ MX. (7) 
Taking transpose of both sides of equation (7) leads to 
x) KT Cone wy & M" qi)! => RP KR, = w?%! Mx. (7') 
Subtracting equation (7’) from equation (6) results in 
(w; — oF) &! MR; = 0. 
Since o; #0; for different modes i 4j, one has 
x1 M%&,=0, i¥Fj. 
From equation (6), one has 
%/K%&;=0, iAj. 
The orthogonality conditions can be written as 
0, ji, 


. . 1 
Gay Ora J 


d (8) 


De eats 
x! MX, = ee 
J OFM; Jat. 


Construct the modal matrix from the eigenvectors (mode shapes) X,, X,,..., X,, as 
ed bene poorer alk 
The orthogonality conditions can then be written as 


Wa mot . 
o'M® = my , © ko = M70) sy (9) 
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Undamped Forced Vibration 
The equation of motion of the undamped forced vibration is 
Mx(t) + Kx(t) = F(t). (10) 


Letting x(t) = q(t), substituting into equation (10) and multiplying ®" from 
the left yields 
©'™Mq(t) + © K@q(t) = ©! F(t). 


Using the orthogonality conditions (9), one obtains a set of n uncoupled single 
degree-of-freedom systems 


m.q(t) + m,o7q,(t) = f(t), PSAs coastth (11) 
i4j 1 i4i 1 


where f;(t) = F(t). Each of equations (11) can be solved using the methods 
presented in Chapters 5 and 6. 


Having obtained q,(t), the response of the undamped forced vibration is 


XP qt gi) Xe oes ge ao) x.. (12) 
— 


Multiplying equation (12) by xi M from the left yields 


n 
aT AT nas . 


Hence, the initial conditions q;(0) and q;(0) are then given by 


x Mx(0 x Mx(0 
q;(0) — —— q;(0) = sane 


i i 


(13) 


Damped Forced Vibration 


The same approach for undamped system can be applied for damped system. 
Letting x(t)=@q(t), substituting into the equation of motion (1) of damped 
system and multiplying ®/ from the left yields 


©'Mq(t) + ©’ COq(t) + ©’ KGq(t) = © F(t). 
Assuming that the orthogonality condition applies to the damping matrix 
0, jAL 
soz,=4 7 77" 
Ci» J = 1, 
the equations of motion are then decoupled 
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or, in the standard form, 


1 


Gilt) + 26,0,4,(t) + oF q(t) = f=1)2;..250, (14) 


where ¢;=c,/(2@,m,) is the ith modal damping coefficient (ratio). 


In practice, it is often not practical to set up the damping matrix C by 
evaluating its elements. It is generally more convenient and physically reasonable 
to define the damping of a multiple degrees-of-freedom system by specifying the 
modal damping coefficients ¢,, i=1, 2,..., n, because the modal damping coef- 
ficient ¢; can be determined experimentally or estimated with adequate precision 
in many engineering applications. 

A more detailed discussion of damping in a multiple degrees-of-freedom system 
is beyond the scope of this book, and can be found in standard textbooks on 
structural dynamics. 


Except for the damping terms, the procedure of analysis for damped forced vibra- 
tion is the same as that for undamped forced vibration. 


An example of vibration of a two-story shear building is present in Section 8.4. 


7.5 Summary 


In this chapter, three methods, i.e., the method of operator, the method of Laplace 
transform, and the matrix method, are introduced for solving systems of linear 
ordinary differential equations. 


7.5.1 The Method of Operator 
The method of operator is an extension of the approach presented in Chapter 4 for 
nth-order linear ordinary differential equations with constant coefficients. 


Consider a system of linear ordinary differential equations with independent 
variable t and n dependent variables x,, x, ..., X, 


$1 (D) x1 + $12(D) x, +--+ + $),(D) x, = AO, D(-) = d(-)/dt, 
$2(D) x1 + $22(D) x) + +++ + bo(D) x, = fp), 


The determinant of the coefficient matrix is 


(D) = |,(D)]. 
Suppose the order of operator #(D) is N. 
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Complementary Solutions 


The characteristic equation is @(A) =0, which is a polynomial equation of degree 
N and gives N characteristic numbers 4,, 4,, ..., Ay. The complementary 
solutions for x,,x,, ..., X, all have the same form and can easily be obtained from 


the characteristic numbers, denoted as x,.(t; Cj, Cj...» Cy), = 1,2, -..5 0. 


i? 
Particular Solutions 


When the right-hand side functions f,(t),i=1,2, ...,.N, are of the form 
el (ag taytte + a,t*) cos Bt + (by) + byt +--+ b,t*) sin Bt], 


it is advantageous to obtain particular solutions using the method of D-operator 


Aj) 
x pt)=——, i=1,2,...,n, 
p(D) 
where A(t) is obtained by replacing the ith column of ¢(D) with the right-hand 


side vector. 


Otherwise, particular solutions have to be obtained using the method of varia- 
tion of parameters. 


General Solutions 


The general solutions are 


Since the order of ¢(D) is N, there should only be N arbitrary constants in the 
general solutions. The extra constants can be eliminated by substituting the general 
solutions into one of the original differential equations. 


7.5.2 The Method of Laplace Transform 


The procedure of the method of Laplace transform for solving systems of linear 
ordinary differential equations is the most straightforward. 


Applying the Laplace transform to a system of linear differential equations con- 
verts it to a system of linear algebraic equations for the Laplace transforms, which 
can easily be solved using Gaussian elimination or Cramer’s Rule. The solutions of 
the system of linear ordinary differential equations can then be obtained by finding 
the inverse Laplace transforms. 


The method of Laplace transform is advantageous in solving linear differential 
equations with the right-hand side functions involving the Heaviside step function 
and the Dirac delta function. The restriction of this method is that the Laplace 
transform of the right-hand sides should be easily obtained. 
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7.5.3 The Matrix Method 


The matrix method is the most general and systematic approach, especially in 
dealing with systems of higher dimensions. However, this method is the most diffi- 
cult to master because of the challenging concepts in eigenvalues and eigenvectors, 
particularly when multiple eigenvalues are involved. 


Rewrite a system of linear ordinary differential equations in the standard form 
of a system of n first-order linear ordinary differential equations 


x) 44, 42 °°* Ay f® 
X=ARO+EO, x)= |}, Aa pr Me Ged, gem 1h), 


n Qny Ayr °° * Aun bata) 


Complementary solutions are the solutions of the homogeneous differential 


x 


equations with f(t) =0 being set to zero: x(t) =Ax(t). The characteristic equa- 
tion of matrix A is 

det(A — AI) = 0, 
which is a polynomial equation in 4 of degree n. A solution of the characteristic 
equation 1, is called an eigenvalue and the corresponding eigenvector v, is given 
by 
Case 1. Distinct Eigenvalues 
When the n solutions A,, A,, ..., A, of the characteristic equations are distinct, 
the n corresponding eigenvectors v,, V,, ..., V,, Will be linearly independent. n 
linearly independent solutions for the homogeneous system are 


x, (t) = ey, xX, (t) = ely, Ley) 6 X,(t) = ernty 


Case 2. Complex Eigenvalues 


Suppose A=a+if is an eigenvalue with the corresponding eigenvector v. Then 
XA=a—if is also an eigenvalue. Corresponding to the eigenvalues a+if, two 
linearly independent real-valued solutions of the homogeneous system are 


x, (t) = Re(e*'v) = e**[Re(v) cos Bt — Im(v) sin Bt], 
x,(t) = Im(e“'v) = e“[ Re(v) sin Bt + Im(v) cos Br]. 
Case 3. Multiple Eigenvalues 


Suppose A is an eigenvalue of multiplicity m, and there are k linearly independent 
eigenvectors corresponding to 4. If k<m, then matrix A is defective and a com- 
plete basis of eigenvectors is obtained by including m—k generalized eigenvectors 
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obtained as follows: 


(A—ADv; = 0 v;, i=1,2,...,k, linearly independent eigenvectors, 


(A-ADVY=VYy == (A-AD*v,,; = 0, 


= = = 3 pas 
Qa ak or Ae AD Neg 9 Generalized eigenvectors 


(A—AD Vin = Vin) => (A-AD™ y= 0. 
m linearly independent solutions of the homogeneous system are 
x,(t) = ev, i= 1, 25 sey k, 


oat 
X(t) =e (vet +Vpe44), 


t2 
oat 
X,.49(1) =e (¥, TI PVE “112 


— t ee — eee — 
X,,(t) =e Vi. in —b! FVp4y oka + Vin—2 57 + Vm—1t + Yin . 


Complementary Solutions 


In general, if x, (t), x(t), ..., X,(t) are n linearly independent solutions of the 
homogeneous system, a fundamental matrix is 


X(t) =[x,(t) x(t) --- x,(0)]. 
The complementary solution is given by 
Xc(t) = X(t)C = C, x, (t) + C, x(t) +--+ C,x,(t). 


General Solutions 
A particular solution is xp(t) = x(t) [x f(t) dt. 


The general solution of the nonhomogeneous system is given by 


x(t) = X((t) + xp(t) = X(1) {ec + [oor ar} 


If the nonhomogeneous system satisfies the initial condition x(t)) =x), then 


t 
x(t) = X(t) [xtaos +/ x votioarl 


f 
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Problems 


The Method of Operator 
Solve the following systems of differential equations using the method of operator. 
7.1 (D+2)x-—y=0, x+(D-2)y=0, D(-)=d(-)/dt 
ED x= C,ev3! + GeV, i= (2+ V/3)C, ev! + (2—J3)C,e~ V3! 
7.2 (2D+1)x—(5D+4)y=0, (3D—2)x—(4D-1)y =0, D(-)=d(-)/dt 
GD «= 3Ce4+Cie%, y=Cekt+Cet 
73 (D-1)x+3y=0, 3x—(D-l)y=0, D(-)=d(-)/dt 
GD x =e'(Acos3t + Bsin3t), y = e'(Asin 3¢ — Bcos3t) 
74 (D?+D)x+(D-2)y=0, (D+1)x—Dy=0, D(.)=d(-)/dt 
GD x«=Ceb+ Ce +Cye", y=2Ce' + 5Cje7# 
7.5 (D*-3)x—4y=0, x+(D?4+1)y=0, D(.)=d(.)/dt 
GD x = —2e'(C, +C, + Ct) — 2e“(C, — C, + Cyt) 
y=el(C,+ Ct) +e"(C,+ Gt) 


dy dy dy 
7.6 = =O Aye Ay, = 2930, SP oe y= 


GD y =C, 4+ Ge4+ Cer, y= Coe + 206, 3 =2C,+ 5 Cye* 
7.7 (D—2)y, +3y,—3y3=0, —4y, + (D+5)y_ — 33 = 0; 
—4y,+4y, + (D—2)y3 =0, D(-)=d(-)/dx 
GD y, = Cie * 4 Cye**, yy = Cie* + Cie ** + Cye** 
Wn = CE 4 Ce 
78 (D+l)x+2y=8, 2x+(D—2)y=2e'-8 
GD x=Ce*+Ce%+e% y= SC —2C,e% +4 


ee a fre Me Lae Oe A 
a y Bae y 


GD x=C,4+Cet-re', y= 2c, +Ce'-(?-tHet 
710 (D-1)x-2y=e, —4x+(D-3)y=1 

= 1 2 = 1 1 
GD x= Ce% + Cet + ge’ = =, y= Cet + 2Ce" se + = 
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711 (D—4)x+3y=sint, —2x+(D+l)y =-—2cost 
GD x = Cre’ + Cye* + cost — 2sint, y =Cyel + $Cye% + 2cost — 2sint 


dx dy t, ,-t 
12 —-y=0, — — = 
7 a y=0 x+ ar e+e 
1 


GD x =Cyeb + Ce'+ Ste! Ste. 
y=(C\+$)e' + (—C)—F) et + Fre + Fret 

7.13 (D+2)x+5y=0, -—x+(D-—2)y =sin2t 

GD « = Acost + Bsint + 2 sin 2t 
y= + (2A + B) cost + +(A — 2B) sint — 4 (cos 2 + sin 21) 

7.14 (D—2)x+2Dy =—4e*, (QD-—3)x+(3D-1)y =0 

GD x= Cie 4+ Coe +5e%, y= —Cye + 4 Cae! — e7! 

7.15 (3D+2)x+(D—-6)y=5e', (4D+2)x+(D—8)y =5e'+2t—3 

GD x = Acos2t+ Bsin2t+2e'—3t+5, y = Bcos2t—Asin2t+e'—t 

7.16 (D—5)x+3y=2e%, -x+(D-l)y=5e™* 

GD x = Cie + 3C,e —e' — 4e**, y = C,e** + Cre! — 2e' — 2e*! 

717 (D-2)x+y=0, x+(D-—2)y= —5e'sint 

GD x=C,e'+Cye*+e'(2cost—sint), y=C,e! —C,e*! +e! (3 cost + sin t) 


2 3 

ie OLS. SSS 
DRA eh ay i Oa a 
GD x = C, +2C,e* + 2e' InJe’—1], y = —2C, — 3C,ef — 3e Infe’ —1| 


7.19 (D-l)x+y=sect, -—2x+(D+l)y=0 


GD x = C, cost + C, sint + t (cos t+ sin t) + (cost— sin t) In| cos t| 
y = (C,—C,) cost + (C,+C,) sint + 2tsint + 2 cost In| cos ¢| 


The Method of Laplace Transform 


Solve the following differential equations using the method of Laplace transform. 


dx ‘ dy 

7.20 ———x-—2y=lote, 2x-—-—2y=0, x(0)=4, yO) =0 
dt dt 

GD x = —e'(12t4+13) +77 + 16e*, y = —2e'(4t+3) — 2077! + Be 
dx t dy to: 

7.21 Pr —2x+y=5e' cost, x + ae —2y=10e sint, x(0) = y(0) = 0 


GD x =5e'(1—cost+sint), y =5e'(1 — cost) 
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dx . dy 
7.22 we a ee oe ee x(0) = xy, y(0) = V9 


GD x = (2x) +399 —Aet + 3 (xy— yo tle + cost — 2sint 
y = (—2x) +3 yy) —Ae! +2 (xy — yo tle + 2cost —2sint 


d d 
7.23 — —2x-y=2e, x- + 2y =3eM, x(0) =Xq, yO) = Yo 


GD x= F(x typ tse + 4 (xp — yo t2t-2)e! — ett 
= 4 (xp t+ yy + 4)e* _ + (Xp — Yo + 20)eF — 2e* 

d’x dx dy 3 

24 ——4+—4+—~—-2y=4 , 
Be Gee ae ade 
x(0) =1, y(0) = 3, x(0) =1 


x dy _ . 
Spe ae 


GD x= 22077 —33e' —3e! (2t-3) +3, y=lle—12e'(t+1)+4e* 
dx dz 


Jos oy ae Say Sapna 
dt dt dt 


x(0) =9, y(0) = 3, z(0) = 1 

GD x = 3t4+242e! —3e% +8e%, y= —6t—-1-4e' + 8e* 
z=3t—1+e'—e +2e* 
d?x dy dx  d’y 


7.26 ——+2x-2—=0, 3—+—~-—8y=240e' 
ae ig dt ap ae y 7 


x(0) = y(0) = x0) = y'(0) = 0 
GD x = 12cos2t — 24 sin 2t — 10e~*! + 30e7! — 32e! 


y = —12cos2t — 6sin2t + 15e~** + 45e7! — 48e! 


d d 
7.27 = -x-2y=0, x— <2 = 15 cost H(t—m), x(0) = x9, y(0) = Vo 


GD x= S (xy + ye + F (xp —2yp)e + [4e2-™) 4 5e~ G7) 
+9cost +3 sin t|H(t—z) 
ve F(X) +Yo) et — F(x) —2yye + [207 — 5e“F—™) 


— 3cost — 6sint|H(t—z) 


d d 
7.28 = —x+y=2sint[1-H@—m)} 2x— <2 —y=0, x(0) = y(0) =0 


GD x = (t+) sint —tcost + [—(t-2 +1) sint + (t(—) cost] H(t—7) 
y = 2(sint — tcost) +2|—sint + (t—z) cost]H(t—7z) 
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§506s Fo Boe OU Lae BER oe a ee 

: dt dt = > dt . rae a 
x(0) = 2, y(0) =0 

GD x = -—e 8 4+3e! + [Set — (6-7) e'] H(t—2) 


y= —ehte’+ [Set — (2t4+De'|H(t—-2) 


The Matrix Method 
Solve the following differential equations using the matrix method, in which 
(-)'=d(-)/dt. 
7.30 x, =X,—X, x, = —4x, +x, 
GD x, =Cye'+Cye*%, x, =2C,e% —2C,e* 
7.31 x) =X, —3X,, xX, = 3x, +X 
GD x, =e'(Acos3t+ Bsin3t), x, =e! (Asin 3t — Bcos3t) 
7.32 x) =5x,4+3x,, x) = —3x,—x, x,(0)=1, x, (0) = —2 
GD x, = (—3t+De*, x, = Bt—2)e* 
7.33 xX, = 2x, — xX, +%3, X= xX, +2x,—%3, x3 =x) — xX), +2x; 
GD x, = Coe 4+ Coe, x, = Cie + Cie", x, = Ce’ + Ce" + C,e* 
7.34 xX, = 3x) —X, +X, XY HX_ H+, x4 = 4x) —X) +4x, 
GD x, = Cie + Cre 4+ Cze%, x, = Ce’ —2C,e + C,e" 
x; = —C,e! — 3C,e** + 3C,e* 
7.35 xX, = 2x, +X), X= xX, +3X,—%3, X45 = —X) +2x, 43x, 
GD x, = Ce* + e* (Acost+Bsint), x, = e**[(A+B) cost +(B—A) sint| 
x, = Ce + e*|(2A—B) cost + (2B+A) sint] 
7.36 x; = 3x, —2x,—X3, xX, = 3x, —4x,—3x3, x4 = 2x, —4x, 
GD x, =(C,42C,)e%+C,e, x, =C,e*+3C,e-%, x; =C, 7 +2C, 07% 
7.37 xX, = Xp —X, +X, xX =X, +X, — x3, x5 = —X, + 2x, 
x,(0)=1, x,(0)= —2, x3(0) =0 
GD x, =tebte%, x, =(t-2)e, x, = (t—-le’ +e” 
7.38 x)= —x,+x,—-2x;, x) =4x,4+%,, x4 = 2x, +x —x; 
GD x, =[(C,4+C,@-Dle, x, = —[2C,+C,2t-)le* +2C,e 
x= SCG eta ee 
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7.39 x, =2x,+x,+26sint, x; = 3x, +4x, 
GD x, =C,eo + Ce" —-10cost—11 sint, x, =—C,e'+3C,e%+9 cost+6sint 
740 x} = —xX,+8x,+9t, xh=x, +x,+3e° 
GD x, =2C,e% + 4C,e% -—3e%+¢-1, x,=Cie*—Cye*-t 
3t 
7TAL x, = —x,+2x,, x) = —3x,+4x,+ a 
GD x, =C,e' + 2C,e*% — e'In(e* +1) + 2e* tan !e’ 


x, = Ce! +3C,e7 — e! In(e* +1) + 3e” tan !e! 
j 3 
ae AON Ne ea 


GY x, =2(C,+Infe'—i]Je*+C,, x,=—3(C,+nle’—1])e*—2C, 


742 x, = —4x,—2x,+ 


743 xp =x, +x, +e", x)= —2x, +3x, 


ED x, =e" (C,cost+C,sint—-1), x,=e*[(C,+C,)cost+(C,—C,)sint—2] 


744 x, =-x,-5x%, x=x,+x%4+— 
1 1 2 2 1 2 sin 2t 


GD x, = (C,—-2C, +102) cos 2t + (2C, +C,) sin 2t—5 sin 2¢ In| sin 2¢| 
X, = —(C,+2t) cos 2t — (C, —4f) sin 2t + (2cos 2t+ sin 2t) In| sin 2¢| 
745 x) =2x,+x,4+27t, xh = —x,+4x, 
GD x, = (C,+C,te* —12t-5, x, =[C,+C,¢+D]e* — 34-2 
746 x, =3x,-x, +e, x, =4x,—x, 
GD x, =e[C,4 C04) 4+ 41], x =e'[2C,+C, 241) +207] 
TAT xi =3x,-—2x,, x, =2x,—x%y +35e' 0°? 
GD x, =e [C, + C,2t4+) — 87], x, =e (C, +2C,¢ — 807? + 1487/7) 
748 xX, =X) —X, +X XL =X, +xX,—-x,+6e', x5 = 2x, —x, 
GD x, = —(C +e + Ce + Cye, x, =3(C,-De! + Ce! 
x, = (5C,—l)e' + Cye’ + C,e* 
749 x, =X, —2x,—-X, X= —X, +x, +%,412t, x4 =x,-%x, 
GD x, = 3C,e% 4+ 60 +6t4+(C,4+3), x, = —2C,e%+C,e*—6 
x; = C,e" —2C,e'+6t? —6t+(C,+9) 


7.53 


7.94 


7.55 
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xX, = —3x,1+4x,-2x, +e, x, =x, +%;, x; = 6x, —6x,+5x, 
x, =Ce'4+(-t+C,4+De', x, =(—t+C,—le’ + Cye# 

x, = —C,e '—3e! +2C,e* 

xX, =X, —X,—x,4+4e, xh =x, +x, x5 = 3x, +5 

x, = 2e'(—C, sin2t+ C,cos2t), x, = e'(C,+1+4+ C, cos2t + C, sin 2t) 
xX, = e' (—C, +3 + 3C, cos2t + 3C, sin 2t) 

X, = 2x, —X,+2x3, x, =x, +2x;,, x4 = —2x, +x, —-x,+4sint 
x, = —2(C,+2t) cost —2(C;—1)sint 

X, = 2C,e' — 2(C,+2t) cost — 2(C,—1) sint 

X, = Ce’ + (C,—C,+2t—1) cost + (C,+C,+2t—1) sint 

x, =4x,—x,—x, +e", xh =x, +2x,—x, x4 =x, +x, +2x, 

x, (0) = 1, x,(0) = 2, x,(0) = 3 

x, =5e%+4+2(t—2)e", x, =5e% + (t—3)e", x, = 5e% + (t—2)e* 
x, = 2x, —x,— x3 +2", x, = 3x, — 2x, — 3x3, x4 = —x, +x, + 2x, 
x, =C, +(C,+C,)e' +3e7, x, =3C,+ Cie’ +3e7 

x, = —C, + C,e’ — e*# 

xX, = 2x, —x3+24t, x) =x, —%, x4 = 3x, —X,—X; 

x, = t* +803 + (C,+12)t? + (C,+2C,)t + (C, +C,4+2C,) 

x, = t+4P4C,0 +C,t+4+ (C,+2C,) 

x, = 2t44 120° 4 2C,0? +.2(C,+C,)t + (2C, +C,+2C,) 


Applications of Systems of 
Linear Differential Equations 


In this chapter, examples are presented to illustrate engineering applications of 
systems of linear differential equations. 


8.1 Mathematical Modeling of Mechanical Vibrations 


In many engineering applications, such as vibration of mechanical systems, the sys- 
tems are usually complex and have to be modeled as multiple degrees-of-freedom 
systems, resulting in systems of linear ordinary differential equations. Modeling a 
complex engineering system as an appropriate, mathematically tractable problem 
and establishing the governing differential equations are often the first challenging 
step. In this section, a free vibration problem of a simple two degrees-of-freedom 
system is first considered to illustrated the basic procedure. The equations of mo- 
tion of a more complex problem, i.e., the vibration of an automobile, which is 
modeled as a four degrees-of-freedom system, are then established. 


Example 8.1 — Two Degrees-of-Freedom System 


Two uniform rods AB and CD of mass density per unit length p are hinged at A 
and C. Rotational springs of stiffnesses «, and «, provide resistance to rotations 
of end A and end C, respectively, as shown. The lengths of AB and CD are L, 
and L,, respectively. Rod AB carries a concentrated mass M at end B. The rods 
are connected by a spring of stiffness k. When the rods are hanging freely, they are 
vertical and there is no force in the spring. 


357 
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The motion of the system is described by two angles 0, and 6,. Consider only 
6,|<1 and |6,|<1, and neglect the effect of gravity. 


small oscillations, i.e., 


1. Set up the differential equations governing the angles of rotation 6, and 6). 

2. For the special case when L,=L, L,=2L, M=pL, x, =k,=0, and ini- 
tial conditions 6, (0) =6,9, 8,(0) =45); 6, (0) = 6,(0) =0, determine the re- 
sponses of the free vibration. 


3. For the special case when L, =L,=L, M=0, k, =k, =kL’, discuss the re- 
sponses of the free vibration. 


No; 
Mx, k(x, — xp) 


k(x,— x) 


1. When the rotation of rod AB about point A is 6,, the horizontal displacement of 
point B is x, =L, sin6, ~L,6,. The mass of rod AB is m, = pL, and its moment 
of inertia about point A is 


es aes ee 
ie 3m Ly = 3 PL}. 


When the rotation of rod CD about point C is 6,, the horizontal displacement of 
point D is x, =L, sin@, ~L,6,. The mass of rod CD is m, = pL, and its moment 
of inertia about point C is 

1 2 1 73 
i= 3 ML) = 3 PL). 

To establish the differential equations governing the angles 6, and 6,, consider 
the free-body diagrams of rods AB and CD, respectively. D’Alembert’s Principle 
is applied to set up the equation of motion. 


ta Rod AB. To find the spring force applied at end B, observe the spring at end D: 
end B moves toward the right by x, so that the spring is compressed and the spring 
force pushes end B toward the left. Since end D also moves toward the right by x,, 
the net compression of the spring is x, — x,; hence, the spring force is k (x,—x,). 
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Since the acceleration of point B is x, = £0; toward the right, the inertia force 
of mass M is ML,6, toward the left. 


Since the angular acceleration of rod AB about point A is 6, counterclockwise, 
the inertia moment of rod AB is J, 6, clockwise. 


Replace the hinge at A by two reaction force components R,, and R Ay: The 
rotational spring at A provides a clockwise resisting moment k,4). 


Applying D’Alembert’s Principle and summing up moments about point A yield 
rm M,=0: J,6, +ML,6,-L, +k(x,—x,)-L, +«,0, = 0, 


vs K 
(pL? +ML,)6, + k(L6,-L0,) + 6, =0. 
1 


ta Rod CD. To find the spring force applied at end D, observe the spring at end B: 
end D moves toward the right by x, so that the spring is extended and the spring 
force pulls end D toward the left. Since end B also moves toward the right by x,, 
the net extension of the spring is x, —x,; hence, the spring force is k(x, —x,). 


Since the angular acceleration of rod CD about point C is 6, counterclockwise, 
the inertia moment of rod CD is J,6, clockwise. 


Replace the hinge at C by two reaction force components R,, and Roy. The 
rotational spring at C provides a clockwise resisting moment x,6). 


Applying D’Alembert’s Principle and summing up moments about point C give 
aN Mc =0: Jy + k (xy —x,)-L, + ky = 0, 


ve K. 
+ pL}, + k(Ly,—L,0,) + 20, =0. 
y 


2. When L, =L, L, =2L, M=pL, k, =k, =0, the equations of motion become 
[F017+ (oL)L] 6, + k[L6,— 216] = 0, 
1 o 
5 e(2L)° 6, + k[(2L)6, —L6,] = 0, 


9k 
4oL 


ae 
Ci 3 (0,—20,) = 0, : 
wp = 


.  @ 
6, + =P 20,-0,) =0, 


Using the D-operator, D =d/dt, the equations of motion can be written as 
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The determinant of the coefficient matrix is 


2 2 
2,20 _ 2% 
p(D) = - 34) =D*t+03D?. 
=o p24. 220 
3 3 


The characteristic equation is then given by #(A) =0, which gives 
M+ of? =0 = > 17002 +02) =0 => 1=0,0, tia. 
Hence, the complementary solution for 6, is given by 
0,(t) = Co + Cyt + Acoswpt + Bsin wot. 
The complementary solution of @, can be obtained as 


(8 Jing 205 
a(t) = (PD +2) 6,(0) 


3 
— — (— Aw? cos w t— Basin w t) +2(C)+C,t+Acosa@ t+Bsin af) 
ae 0 0 0 0 oT Uy 0 0 
0 


= 2(C)+ C,t) —Acoswpt — Bsin wot. 


Hence, the complementary solutions or the responses of free vibration of the system 
are given by 
0,(t) = (Co +C,t) + (Acos apt + Bsin wot), 
— ———<—_—<— a, 
Nonoscillatory motion Harmonic oscillation at w 
in which the first two terms correspond to nonoscillatory motion with 6, = 20, 
(the length of the spring is not changed); whereas the last two terms correspond to 


harmonic oscillation with 6, = —6@, at circular frequency w). These two motions 
are shown schematically in the following figure. 


Cc C 


Nonoscillatory motion Harmonic oscillation at frequency wy 
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For the initial conditions 6, (0) = 6,9, 4,(0) = 4,9 6, (0) =6,(0) =0, and noting 
6, (t) =2C;+Aay sin apt —Bay cos wot, 6,(t) =C,—Aay sin wyt + Ba cos wot, 
one has 
6,(0) =2C, —Bay=0, —6,(0) = C; + Ba = 0= 
which gives 
1 1 

The responses of the free vibration are 

2 1 

1 1 


3. When L, =L, L, =L, M=0, k, =k, =kL’, the equations of motion become 


te ki? 
= pL, + k(LO,—L8,) + — 6, =0, 


= pL? + k(LO,—L6,) + wes 6) 
which yield 
6, + w* (20,—45) = 0, wee 3k 
6, + w* (26, —6,) = 0, pL 
Using the D-operator, D =d/dt, the equations of motion can be written as 
(D*+20*)0, — w6, = 0, 
—w"6, + (D* +20’) 6, = 0. 
The determinant of the coefficient matrix is 
D? +20 —w* 


= D*+ 4a’ D* + 30%. 
—w* D2+20? 


o(D) = 


The characteristic equation is then given by #(A) =0, which gives 
44 40712 +304 =0 = > (0? +07)(02430?) =0 => A= tio, tiv3o. 
Hence, the complementary solution for 6, is given by 


0, (t) = A, coswt + B, sinwt + A, cos V3at + B, sin V3at. 
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The complementary solution of @, can be obtained as 
6,(t) = — (D? +20)6 

NS ari +2@°) 6 (t) 


= — [(— Aw’ cos ot —Bo’sinwt — A,: 307 cos V3 ut — B,: 3” sin V3at) 
+ 20° (A, cos wt + B, sinwt + A, cos /30t + B, sin V3at)| 
= A, coswt + B, sinwt — A, cos V30t — B, sin V3at. 
The complementary solutions or the responses of free vibration of the system are 
0,(t) = (A, cost + B, sin wt) + (A, cos V3ut + B, sin V3ut), 
0,(t) = (A, cos wt + B, sinwt) — (A, cos V30t + B, sin V3at). 
First Mode Oscillation at w Second Mode Oscillation at V3 


The four constants A,, B,, A,, and B, are determined from the initial conditions 
6, (0), 6,(0), 6, (0), and 6, (0). The first two terms in the solutions correspond to 
the first mode of harmonic oscillation at circular frequency w, =@ with 6, =6,; 
whereas the last two terms correspond to the second mode of oscillation at circular 


frequency w, = /3 with 6, = —6@,. Note that natural frequencies are always or- 
dered in ascending order, i.e., @, < w,. These two motions are shown schematically 
in the following figure. 
A Cc A Cc A Cc A C 
Oy 62 0; 02 01 02 Ay 7) 
First Mode Second Mode 
Oscillation at frequency w, 0;=02 Oscillation at frequency V3, 6;=—02 


Example 8.2 — Vibration of an Automobile 


To study the dynamic response of an automobile on a wavy road, a simplified 

mechanical model shown in Figures 8.1(a) and (b) is used. 

ea The body of the vehicle is modeled as a rigid body of mass m and moment of 
inertia J about its center of gravity C. 

«® The front shock absorbers are modeled as a spring of stiffness k, and a damper 
of damping coefficient c,. The rear shock absorbers are modeled as a spring of 
stiffness k, and a damper of damping coefficient c,. 

«® The front axle is modeled as a point mass m,. The rear axle is modeled as a point 
mass m,. 
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Body — 
Shock absorbers 


Reference 
Positions 


k¢@Op—Yp) cp¢ gp) 


ky) Wen) 
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Figure 8.1. An automobile moving on a wavy road. 
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e® The front tires are modeled asa spring of stiffness k,,. The rear tires are modeled 
as a spring of stiffness k,,. 

ea The front axle, shock absorbers, and tires support the vehicle body at point B 
with BC = L,. The rear axle, shock absorbers, and tires support the vehicle body 
at point A with AC= L,. 

ta The wavy road is described as y)(x). The vehicle travels at a constant speed U. 
At time t =0, the front tires of the vehicle is at the origin of the road, ie., x =0. 

a The vibration of the vehicle is described by four variables: the vertical displace- 
ment y(t) and the rotation 6(t) about the center of gravity C of the vehicle body, 
the vertical displacement y,(t) and y,(t) of the front and rear axles. Vertical 
displacements are positive upward, and rotations are positive counterclockwise. 
Hence, the vehicle is modeled as a four degrees-of-freedom system. 


Assuming small angle of rotation 0, derive the equations of motion of the vehicle. 


Since the front tires are at x = 0 when time t = 0, and the vehicle travels at a constant 
speed U, the front tires are at x = Ut at time t. The vertical displacement of the 
front tires is yp )(t) = yy(Ut). At time f, the rear tires are at x = Ut -AB= Ut—L, 
L=L,+L,, and the vertical displacement of the rear tires is y,(t) = yg(Ut —L). 


Relative to the reference positions, impose vertical displacement y(t) to the 
center of gravity C and a rotation 6(t) about C to the vehicle body, vertical 
displacement y,(t) to the front axle (mass m,), and vertical displacement y,(t) to 
the rear axle (mass m,) as shown in Figure 8.1(b). 


«a The Body of the Vehicle. The vertical upward displacement of point B is 
Ya=yt+L, sind ~ y+L,6 for small angle of rotation. To find the spring force 
applied at B by the front shock absorbers, observe spring k, at the front axle: point 
B moves upward by yz so that the spring k, is extended and the spring force pulls 
point B downward. Since the front axle also moves upward by y,, the net extension 
of the spring is yz —y,5 hence the spring force is k,(yz — y,) downward. 


Since the damping force is proportional to the relative velocity of the two ends 
of the damper, the damping force applied at point B by the front shock absorber is 
C¢(Vp— Jp) downward. 

Similarly, the vertical upward displacement of point A is y,=y—L,0. The 
spring force and damping force applied at point A by the rear shock absorbers are 
k.(v4— yr) and c,.(y 4 — y,)> respectively, both downward. 

Since the acceleration of the center of gravity C is y upward, the inertia force is 
my downward. 


Since the angular acceleration of the vehicle body about C is 6 counterclockwise, 
the inertia moment is J6 clockwise. 
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Applying D’Alembert’s Principle, the free-body of the vehicle body as shown in 
Figure 8.1(c) is in dynamic equilibrium. Hence 


y LF, =0: my 7 Ce(Vp— Vp) a ke(¥p— ep) a (Va — Ir) ne k,(Va— Yr) =0, 
~ LM =0: JO + [ee a— Ip) + ke — yp] Le 
_ CAGa =¥,) Eh ka — y,)|L, =0. 
«e The Front Axle. To determine the spring force applied on the front axle m, 
by the front shock absorbers, observe spring k, at point B: the front axle m, 
moves upward by y, so that the spring k, is compressed and the spring force 
pushes the front axle m, downward. Since point B also moves upward by yz, 
the net compression of the spring is y;— yg; hence the spring force is k,(y;— yg) 


downward. Similarly, the damping force applied on the front axle m, by the front 
shock absorber is c,(y,— yz) downward. 


To determine the spring force applied on the front axle m, by the front tires, 
observe spring k,, at the bottom of the front tires: the front axle m, moves upward 
by y, so that the spring k,, is extended and the spring force pulls the front axle m, 
downward. Since the bottom of the front tires also moves upward by y;,,, the net 
extension of the spring is y;— y,); hence the spring force is k,,(y,¢— Vg.) downward. 


Since the acceleration of the front axle m, is j, upward, the inertia force is m,y, 
downward. 


Applying D’Alembert’s Principle, the free-body of the front axle as shown in 
Figure 8.1(c) is in dynamic equilibrium. Hence 


L EF, =O: meve + Ce(Y—p— Hp) + kee YB) + kee Yeo) = 9. 
ta The Rear Axle. Similarly, the equation of motion of the rear axle is 
L UF, =0: mY, + 6 e— Va) + he Oe Va) + ket ie — Vr0) = 0. 
Noting yg=y+L,0, v4 =Y—L,Os Veg (t) =Yo(UE), Yyq(t) =o (Ut — L), the equa- 
tions of motion of the automobile are four second-order differential equations 
my + (Cte) P+ (CeLyp—C,L,)9 — Ie — Ie 
+ (ke+k,)y + (kpLp—k,L,)O — kp yg — ky, = 0, 
JO + (cLe—¢,L,) 9 + (CeL7 +e, L2)0 = cL Vet CL De 
+ (kpLp—k,L,)y + (kpL7 +k,L7)0 — ke Le ye +k, Ly, = 0, 
Me Hie — CY — CpLgO + cp He — kgy — kL gO + (ke thy) Ve = kee YoU), 


mM, Vr, — Cry ar c.L,6 aie Cr Ve = key a kL, a Chi: = Ket Yo(Ut —L). 
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8.2 Vibration Absorbers or Tuned Mass Dampers 


In engineering applications, many systems can be modeled as single degree-of- 
freedom systems. For example, a machine mounted on a structure can be modeled 
using a mass-spring-damper system, in which the machine is considered to be rigid 
with mass m and the supporting structure is equivalent to a spring k and a damper 
c, as shown in Figure 8.2. The machine is subjected to a sinusoidal force F, sin Qt, 
which can be an externally applied load or due to imbalance in the machine. 


Mathematical 


A Supporting Structure A 


Supporting 


Structure 


Figure 8.2. A machine mounted on a structure. 


From Chapter 5 on the response of a single degree-of-freedom system, it is well 
known that when the excitation frequency is close to the natural frequency of 
the system w) = Jk/m, vibration of large amplitude occurs. In particular, when 
the system is undamped, i.e., c=0, resonance occurs when {2=, in which the 
amplitude of the response grows linearly with time. 


To reduce the vibration of the system, a vibration absorber or a tuned mass 
damper (TMD), which is an auxiliary mass-spring-damper system, is mounted 
on the main system as shown in Figure 8.3(a). The mass, spring stiffness, and 
damping coefficient of the viscous damper are m,, k,, and c,, respectively, where 
the subscript “a” stands for “auxiliary.” 

To derive the equation of motion of the main mass m, consider its free-body 
diagram as shown in Figure 8.3(b). Since mass m moves upward, spring k is 
extended and spring k, is compressed. 

a Because of the displacement x of mass m, the extension of spring k is x. Hence 
the spring k exerts a downward force kx and the damper c exerts a downward 
force cx on mass m. 

ta Because the mass m, also moves upward a distance x,, the net compression in 
spring k, is x —x,. Hence the spring k, and damper c, exert downward forces 
k,(x—x,) and c,(x—x,), respectively, on mass m. 


Newton’s Second Law requires 


¢t mk = SOF: mXk = —kx — cx —k,(x—x,) — ¢,(& —*,) + Fy sin Qt, 
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X,(t) 


Vibration 
Absorber 


Figure 8.3 A vibration absorber mounted on the main system. 


or 
mx + (c+c,)x + (k+k,)x — ¢,X, — k,x. = Fo sin Qt. 


Similarly, consider the free-body diagram of mass m,. Since mass m, moves 
upward a distance x,(t), spring k, is extended. The net extension of spring k, is 
x, —x. Hence, the spring k, and damper c, exert downward forces k,(x, —x) and 
C,(X, —X), respectively. Applying Newton’s Second Law gives 


+ m,X,=)> )F: mx, = —k,(x,—x) — ¢,(%,—X), 
MX, C0, +Kx, cx — kx =0. 
The equations of motion can be written using the D-operator as 
[mD? + (c+c,)D + (k+k,)]x — (cyD +k,) x, = Fo sin Qt, 
—(c,D+k,)x + (m,D?+c,D +k,)x, = 0. 


Because of the existence of damping, the responses of free vibration (com- 
plementary solutions) decay exponentially and approach zero as time increases. 
Hence, it is practically more important and useful to study responses of forced 
vibration (particular solutions). The determinant of the coefficient matrix is 


mD? + (c+c,)D + (k+k,) —(c,D+k,) 
gp(D) = 
—(c,D +k,) m,D?+c,D +k, 
= [mD* + (c+c,)D + (k+k,)](m,D? +¢,D +k,) — (¢yD +k)? 
= [(mD?+k)(m,D* +k,) -+ k,m,D? “+ c,cD? 
+ [c,(mD* +k) + c(m,D?+k,) + c,m,D7|D, 
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Fy sin Qt —(c,D +k,) 
A, = = (m,D*+c,D +k,)Fp sin Qt. 
0 m,D*+c,D +k, 
Applying Cramer’s Rule yields the particular solution xp(t) or response of forced 
vibration due to the excitation 
a (m,D?+k,) +¢6,D 
p(D) {[(nD?-+h)(m,D? +k,) + k,m,D? + c,cD?] 


+[c,(mD* +k) + c(m,D* +k,) + ¢m,D?]D } 


xp(t) = sin Qt 


k,—m,Q? D 
= Fy Eome ts sin Qt 
{ [(¢— m0?) (k, — m2?) — kym, 2? = ¢,c2?] 
+[eq(k—m&Q?) + c(k,—m,2”) — c,m,27]D } 
= Theorem 3 of Chapter 4: replace D? by — Q?. 
k,—m,Q? D 
= Fae ed sin Qt, 
A+BD 
where 
A= (k—mQ?)(k, —m,Q7) — k,m,Q? — ¢,cQ’, 
B= c,(k —mQ?) + c(k, —m,Q) — c,m,Q°. 
Hence 
[(ky—m,Q7)+¢,D](A—BD) , 
sin 2t 
(A+ BD)(A — BD) 
, (k, —m,Q°)A — c,BD? + [—(k, —m,Q7)B + c,A]D 
0 A2 — B2D2 
Lis [ (k, —m,Q7)A + c,BQ? | sin Qt + [- (k, —m,Q7)B + c,A]Q cos Qt 
— "0 A2 + B2Q2 
= Replace D* by —Q? and then evaluate using D sin Qt = Q cos Qt. 


Xp(t) = Fy 


sin Qt 


[(k,—m,22)A + ¢,BQ2]” + [—(k,—m,22)B + cA] Q? 
Fy) sin (Qt +9) 
A2 + B2Q2 


x Use asind+bcos6 =Va2+b? sin(@+y), y= tan (b/a). 
[(k, —m,Q7)? + 2Q?] (A? + BO?) — 
= = 7 oe 7 Bae sin(Qt+@) 


k,—m,Q7)? + 22? 
=, Se sin(ot+9). 
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The Dynamic Magnification Factor (DMF) for mass m is 


e (k,—m,Q7)? + c2Q? 
eaten 7 A2 + B22 (k, —m,27)? + 2? 
NG a ee 
A2 + B2Q2 


F 
X static 0 
k 


Adopting the following notations 


2 k 
O=— c=2mlo, tr=—, p= 
m Wo m 
one has 


k 2 
(k,—m, 22)? + 29? = m,(— = 2”) + (2m,b,@)°2? 


a 


we —Q?\2 2F,@)Q2\ 2 
= meh ( a ) # oP ) = moor — °° + kar)", 
% % 


A24+ BQ? = [(k—mQ2)(k, —m, 07) — km, Q? — ¢,e0?]? 


+ [e,(k—mOQ?) + c(k,—m,Q7) — em, Q?]? 2? 


= jmam( = ~ 9) (92) — nS? 2mtyoy means] 


m mM, 


2 
" amcson)m( = = 2”) 4 (2méeo9)m,(— = 2”) = (am,g,09)m, 2 | o 


4( 4 —?\ (0% — 2? tna 4 OF 
= |mmo|—>=— 5 —M, 0) sz — M,N 46,6 
ei) Wo ® % ai) 


2 


2 2 2 272 
w wr —Q Q 
+[mymeog 22, 2 A )+mymag-2¢( : a )-miog 22.55 | oy 
ea) Wo M 


2 
= mom? ws {[a =P )(r7 =r) — a a — 4¢,¢r°| 


+4r°[¢—7) +0027) — wer? b 


The Dynamic Magnification Factor becomes 
1 


ei (2-17)? + 2g,r)? F 
[a r?)(r2 —1?) — per2r? 4c,¢r2] +4r2[¢,(1 r?— pr?) +0 (r2 rf? , 


For the special case when 4 =0, r,=0, ¢,=0, the Dynamic Magnification 
Factor reduces to 


1 


(=r + Qgry? 


DMEF = 


370 
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which recovers the DMF of a single degree-of-freedom system, i.e., the main system 
without the auxiliary vibration absorber or TMD. 


Dynamic Magnification Factor 


Dynamic Magnification Factor 
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Figure 8.4 Dynamic Magnification Factor for ¢ =0. 
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Figure 8.5 Dynamic Magnification Factor for ¢ =0.04. 


The Dynamic Magnification Factors for an undamped main system, i.e., ¢ =0, 
are shown in Figure 8.4. Without the vibration absorber or TMD, the single degree- 
of-freedom system is in resonance when r=1 or 22=« , where the amplitude of 


the response grows linearly with time or DMF approaches infinite. 


In order to reduce the vibration of the main system at resonance, a vibration 
absorber or TMD is attached to the main mass m. The vibration absorber is usually 
tuned so that w, =, or r, =1, hence the name tuned mass damper. In practice, 
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the mass of the vibration absorber or TMD is normally much smaller than that of 
the main mass, i.e., m,<<m or 4<1; in Figure 8.4, jz is taken as 1/20 =0.05. 


If the vibration absorber or TMD is undamped, i.e., ¢, =0, then DMF =0 when 
Q =p, meaning that the vibration absorber eliminates vibration of the main mass 
m at the resonant frequency {2 = w,. However, it is seen that the vibration absorber 
or TMD introduces two resonant frequencies Q, and Q,, at which the amplitude 
of vibration of the main mass m is infinite. In practice, the excitation frequency Q 
must be kept away from the frequencies 2, and Q,. 


In order not to introduce extra resonant frequencies, vibration absorbers or 
TMD are usually damped. A typical result of DMF is shown in Figure 8.4 for 
¢,=0.1. It is seen that the vibration of the main mass m is effectively suppressed 
for all excitation frequencies. By varying the value of ¢,, an optimal vibration 
absorber can be designed. 


When the main system is also damped, typical results of DMF are shown in 
Figure 8.5. Similar conclusions can also be drawn. 


As an application, Figure 8.6 shows a schematic illustration of the tuned mass 
damper (TMD) in Taipei 101. Taipei 101 is a landmark skyscraper located in Taipei, 
Taiwan. The building has 101 floors above ground and 5 floors underground; the 
height of the top of its spire or Pinnacle is 509.2 m. It has been extolled as one of 
the Seven New Wonders of the World and Seven Wonders of Engineering. 


Taiwan lies in one of the most earthquake-prone regions of the world. A catas- 
trophic earthquake on September 21, 1999, measured 7.6 on the Richter scale, 


Primary 
hydraulic 
viscous 
Snubber 
hydraulic 
viscous 
damper 


Figure 8.6 Tuned mass damper (TMD) in Taipei 101. 
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killed over 2000 people, and seriously injured over 11,000 people in northern and 
central Taiwan. From summer to fall, Taiwan is also affected by typhoons. 


Taipei 101 is designed to withstand the strongest earthquakes likely to occur in a 
2500-year cycle and gale winds of 60 m/sec. 


A tuned mass damper (TMD), the largest and heaviest of its type in the world, 
is installed between the 87th and 91st floors. It consists of a sphere of 5.5 m in 
diameter constructed from 41 steel plates with a total weight of 660 metric tons 
(equivalent to 0.26 percent of building weight). The sphere is suspended from four 
groups of steel cables (each group has four 9-cm diameter cables) and supported by 
eight primary hydraulic viscous dampers as shown in Figure 8.6. A bumper system 
of eight snubber hydraulic viscous dampers placed at the bottom of the sphere 
absorbs vibration impacts, particularly in major typhoons or earthquakes where 
the movement of the TMD exceeds 1.5 m. The period of the TMD is tuned to be the 
same as that of the building, approximately 7 sec. The TMD helps to stabilize the 
tower to withstand earthquakes measuring above the magnitude of 7.0 and reduces 
the building’s vibration by as much as 45% in strong winds. 

Another two tuned mass dampers, each weighing 6 metric tons, are installed at 
the Pinnacle to reduce wind-induced fatigue of its steel structure, which vibrates 
approximately 180,000 cycles every year. The two Pinnacle-TMD’s reduce the 
vibration of the Pinnacle by 40%. 


8.3. An Electric Circuit 


Consider the electric circuit shown in the following figure. The differential equa- 
tions governing i,(t) and i, (t) for t > 0 are derived as follows. 


t For t<0-, V,(t)H(t)=0 and V,(t)H(t)=0. The circuit is source free and 
vc (0) =0, i, (0-) =0. 

%®@ For t>07, V,(t)H(t)= V(t) and V,(t)H(t)=V,(t). Since the current in an 
inductor cannot change abruptly, i, (Ot) =i 1 (0 )=0. Since the voltage across a 
capacitor cannot change abruptly, vo (OT)= vc (0) =0. Hence, 


+ 
v.07): = 7170") = ic(0*) = igo") = A. 
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Applying Kirchhoff’s Current Law at node 1 yields ig =i¢ —i,. 
Applying Kirchhoff’s Voltage Law on the left mesh gives 


1 t 
—oo 


Differentiating with respect to t leads to 


1, d(i,.—i,)  dV,(t) 

_ R ee : 

Get dt dt 
Applying Kirchhoff’s Voltage Law on the right mesh results in 


dt 


Hence, the system of differential equations governing i.(t) and i, (t) are 


—vatvpt+V,t)=0 => Rlic-iz)-L = V2). 


di 1. di dV, (t) 
Reig Re 
Ge oe dt dt 
di V, (07 
Ric _ Lo — Ri, = V,(t); ic(0*) = ———, i, (0T) = 0. 


Suppose that R=2 Q, C= 2 P, L=1H, V,(t)=6V, and V,(t) is as shown in 
the following figure, which can be expressed as V,(t) =24t —24(t—1)H(t—1). 


I 
1 
1 
1 
1 
1 
1 
l 
1 
1 


0 


The system of differential equations becomes 


di di 
C : 18 
—&£&i4j,—5—_—0, 
7 ae 
di 
dig — SE — 2i, = 24¢-24(¢-1) H(C-1), ic(0*) =3, i,(0T)=0. 


The method of Laplace transform and the matrix method will be applied to solve 
the differential equations for i, (tf) and i, (f). 

Method of Laplace Transform 

Let Ic(s)= Liic(t)} and I,(s) = {a (b) |. Taking the Laplace transform of 


both sides of the differential equations gives 


5[sI¢(s) ic (0*)] + 41¢(s) — 5[sI,(s)—i,0*)] = 0, 
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24(1—e7) 


2I¢(s) — [sI,(s)—i,(0*)] —21,(s) = r 


These equations lead to two algebraic equations for I. (s) and I; (s) 


24(1—e7) 
(5s+4)I¢(s) — 5sI,(s) = 15, 21¢(s) — (s+2)I,(s) = —Ta 
which can be solved using Cramer’s Rule 
5s+4 —5s ; 
= => —(5s +4s+8), 
2 —(s+2) 
5s+4 15 
120s +96 * 
A, = 24(1—e75) | = —a Le) — 30, 
s 
A —120s—96 30 
1,(s) = + = ——————— (1l-e 5) + — ——. 
Ue - SGea ae Seer 


Using partial fractions, one has 
=120s-96_ AB _Cs+D 
s2(5s2+4s+8) ss? 5 5s2?+4s+8° 
Comparing the coefficients of the numerators leads to 
1: 8A=—-96 => A= -12, 


s: 444+8B=-1200 => B=-15—-FA=~9, 


so: 5A+4B+D=0 == D=-—5A-4B= 96, 


so: 5B+C=0 = C= -—-5B=45. 


Taking the inverse Laplace transform, one has 


-12 -9 45s+ 96 30 
i(t)= Pol — — —— l-e° 
1) {( s? a s % —) ) =o} 


6 
5 — 
is o(3) =| f& £~'{F(s—a)} =e" 2{F(s)} 


ee Ne PEG) 


= —12t—-9-[-12(¢-l H(t-l) -9H(t-)] 2 = f(t—a)H(t—a) 
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-% 6t 6t 
=F =94 (1213) G1) te = { (90 = + 13sin +) 


6(t—1) 


6(t —1) ; a . 6t 
er + 13 sin —=— H(t—1)+5sin 5 


-4 6t . 6t 
= p< 94 91 DHE =A1) Le * (9cos + 18sin +) 


_ 2(t=1) 
—-e ° [9 cos 


6(t —1) . 6(t—1) 
5 + 13 sin 5 


|ne 1). 

The current i,(t) can also be obtained in the same way as i,. However, since i,(t) 
can be expressed in terms of i, (tf) from the second differential equation of the 
system, one can obtain i, using 


ic(t) = 12t — 12(t-1)H(t-1) +0 +552. 
Noting that seaera =5(t—a), f(t)d(t—a) = f(a) 4(t—a), and using the prod- 


uct rule, one has 


di 
aT = —12+4+ 12H(t—1) + (12t—3)d(t—1) 
le 6t 6t -%/ 54. 6t 108 _ 6t 
a, 5 ees si beaks 2, See as eal abcde Pac 
5 ¢ (9cos S + 18sin 2) +e ( = sin $+ cos 1) 
=e) = = 
sie Ses [9.cos SED + 13 sin SY Ge -1) 
5 5 5 
2(t—1) 
eae el 6(t—-1) , 78 —) _ 
e | 5 sin + 5 COS = H(t-1) 
_ 2-1) i = 
—-e ° [9.cos D + 13 sin ot 25-1) 
-% 6t 6t 
= —124+12H(t—-1)+ 18e ° (cos S — sin **) 
_ 2) i a 
+e > [ -12 cos SO + 16 sin Ca | He-9, 
—2t 
*, icf) = -15+15H(t-1) + 9e ” (2cos & + sin *) 
_ 2=1) 3 - 
—5e ° [3.cos SD 5 sin SE) ere -1). 
Matrix Method 
From the second differential equation, one has 


di 
= = 2icg — 2i, — 24t + 24(t-1)H(t-1). 
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Substituting into the first differential equation yields 


Be a3 i oy 2i, — 24t + 24(t-1) H(t—1) 
—= 1 — = -10- 21, - — —1). 
dt 5 © dt © E 


; : 6 
di) _ Ai(t), i(t) = {*} he i | 
dt ip 2 -2 


1 gO" ; 
f(t) = —24[t+(t-1) H(t-1)| {"} Oi ee ~ {of 
L 


The characteristic equation is 
a 


= $512 4+42+8)=0 => A=-4 
- =924 


det(A—AI) = 


: 2 ,:6 , . ; 
For eigenvalue A = — +i, the corresponding eigenvector is 


8 6 2 
55. 7 Mi 
(A—ADv = - = : 
5] U2) 22nt+(-5-i5)” 


Taking v, =5, then v, = 


Hence, using Euler’s formula e!° = cos 6 +isin@, 


ean int (( [Sf 
= [fJ=s-[]s-((S}-{8)} 


A fundamental matrix is 
6t 
-4| 5.cos = 5sin | 
6t 


I(t) =[Re(e“'v), Im(e“v)] = De 
| 3sin = +4.cos 5 4 sin [3.08 >| 


and its inverse is obtained as 
6t 
Me siiy eee sea 
5 5 5 


6t 6t il 


2t 

1) = = 
it 3sin 2 _ 4 5 

= 5 COS S 
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Evaluate the quantity 
roia+ ft maeede= 2b]? OTP? 
i 
~ 15 —4 5] [0 
a | sin $3.08 $ —5sin & 1 
(eo {-24 [t+ (t-1) H—-1)] fat 
0 1b | -3sin & 400s & sco |U 
5 5 5 
3 4, . 6t 6t 
S g rte (sin =+3 cos >)t ; 
= = t 
4 a a, . Ot 6t 
5 e (3 sin > —cos >)t 
2t 
3 ft e* (sin £43.08 ot) (t-1) 
1 Fo: OF Ot), 
e (3sin > cos alc 1) 
ig 6t 6t 
5 te (—4t sin = Se = + sin =) 
z eR 6t 2 6 6 
+[e * (arsin & +3 cos S 3 —5sin = e*(3cos = —sin = 5) |He- 
9 6t 6t 6t 
248 *(4r cos & — cos 4 —3 sin &) 
z 
—[e* * (4rcos $—5 cos %—3 sin ) +8 (cos 2+3sin 2) JH) 


Substituting into the solution of the system of differential equations 


t 
i(t) = I(t) {1-'@)i(0) +f I(t) £(t) ar], 


expanding, and simplifying by combining terms using trigonometric identities, 
one obtains the same results as obtained using the method of Laplace transform. 


The method of Laplace transform, while applicable, is easier than the 
matrix method; whereas the matrix method is the most general approach. 


8.4 Vibration of a Two-Story Shear Building 


Consider the vibration of an undamped two-story shear building under harmonic 
excitations with m, =m, =m, k, =k, =k, F,(t) =F, (t) =ma cos Qt, as shown in 
Figure 8.7. A two-story shear building is a two degrees-of-freedom system, i.e., it 
needs two variables x, and x, to describe its motion. 


From Example 7.2 in Chapter 7, equations of motion are given by 
mx, + 2kx, — kx, = macos Qt, 


mx, — kx, + kx, = macos Qt, 
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F,(t) m Xy 


F,() 


Figure 8.7 A two-story shear building. 
or, using the notations w,) =./k/m, 


X, + 2a@2x, — wrx, = acos Qt, 


%, — wax, + wrx, = acos Qt. 
In the matrix form, the equations of motion are 


Ix + Kx = F(t), 


2 ws = ws acos Qt 
K = : F(t) = : 
-o ow acos Qt 
The analysis of free and forced vibration follows the procedure presented in Section 
7.4.3. 


where 


8.4.1 Free Vibration—Complementary Solutions 


The frequency equation is given by 


2 2 2 
5 209 — — 
|K—a°l| = : > =o 
— 05 Wy — @ 
345 
0 — 30,0 +0,=0 => oo? = 3e op, 


2 
ie ae VEEN _ v5) s2vSH nan J5+1 “ 


2 0 


Hence, the eigenvalues or modal frequencies are 


V5=1 V5+1 
QO), = 5) Wo> CO a 


ES Natural frequencies are always ordered in ascending order, ie., @,<@,<.... 
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Corresponding to w,, the first mode shape X, is the eigenvector given by 


29 2 a 
2@)-@{ —% 11 
2 2 2| 1% =e 
—% 7) 1 


Taking x,, =1, then 


g 20-81 4 3ov5 _ 14 5 
21 — we = 2 2 . 


Corresponding to w,, the second mode shape X, is the eigenvector given by 


ay, 2 ~ 
rae — @ ("| 2G 
2 221 |2 ain 
— Wy — 7) (%22 
Taking x,,=1, then 


gp — 20-8} 4, 3+v5 _ 1-v5 
22° te — 2 2 7 
0 


Hence, the two mode shapes are given by 


ee a ae f eee a ee ; 
A). (~ )utv5 (>? 2) [7 pe 
21 2 22 2 


The responses of free vibration (or complementary solution) are of the form 
Xc(t) = a, X, sin(w,t+6,) + a, X, sin(w,t+4,), 


where the constants a,, 0), a), 6, are determined from the initial conditions x(0) 
and x(0). 


(a) First mode, w, (b) Second mode, w, 


Figure 8.8 Mode shapes of a two-story shear building. 


If the initial conditions are such that a, =0, 6, =0, the system is vibrating in the 
first mode with natural circular frequency w,. The responses of free vibration are 
of the form 


" ae ae : in 
Xc(t) = =a sin(w,t . 
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The ratio of the amplitudes of responses of the second and first floors is 


1+5 
X2¢() amplitude = vs = 1.618 
1c (t) | amplitude : : 


If the initial conditions are such that a, =0, 6, =0, the system is vibrating in the 
second mode with natural circular frequency w,. The responses of free vibration 
are of the form 


a fen me a 
xXc(t) = =a sin(w5t : 
C elt) 2 1 2 2 


The ratio of the amplitudes of responses of the second and first floors is 


1-5 


2 (€)| amplitude = 2 — 0.618 
aa | 1 


we (t) | amplitude 


The mode shapes x, and x, giving the ratios of the amplitudes of vibration of 
Xyc and x, are shown in Figure 8.8. In general, the responses of the system are 
linear combinations of the first and second modes. 


8.4.2. Forced Vibration— General Solutions 


The modal matrix is 

1 1 
=[%) %)=|iive iv) 

2 2 

with the orthogonality conditions 

S+v/5 0 m, 0 mo, 0 
T 2 T 
@' 16 = = ; ® K®= 
0 2—=v> = 0 m, 0 mw 


Letting x(t) = @q(t), substituting into the equation of motion, and multiplying 
©" from the left yields 


©’ q(t) + ©’ KGq(t) = ©’ F(t), 


1.e., 
m, q(t) +m, oi q(t) =f), m q(t) + mw 4,(t) = fo), 
where 
Fb) 1 1 acos Qt 345 
| = © F(t) = | = acos Qt, 
£0) 1 1—/5 | (acos Qt 3—/5 
2 2 
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or 
AO+oqUH=fO, Ht)+oiq(t)=f0, 


where 


f@= 10 TE: = 39 400s Qt. 


ia = 5+ V5 5 cos Qt, fit) = LO _ 5=v5 


Using the method of operators, particular solutions, or responses of the system due 
to forcing, are given by 


5+V5 a 5-J/5 a 
qyp(t) = COS Ot, = qQnp(t) = —— 0s Qt. 
10. D2+o 10. D2+an 
Hence, 
54+V/5 a 
1 1 70 Dae 
xp(t) = ®q,(t) = 
: = Lisle Lowe 5-5 _4 cos Qt 
10 
D*+05 
54/5 5-J5__ il 
10 D2 5 cos Qt + 10 Dry ce 
=a 
54+3./5 5-3/5 
“10 Ditap cos Qt + a= Dat cos Qt 


The general solutions, or the responses of the system, are given by 
x(t) = X(t) + xp(t), 
where, as obtained earlier, 
Xc(t) = a, X, sin(@,t+,) + a)X, sin(w,t+4,), 

in which the constants a,, 6,, a,, 0, are determined from the initial conditions x(0) 
and x(0). 

Depending on the values of the excitation frequency Q, the particular solutions 
will have different forms. 


1. 24, Or w,, i.e., No Resonance 


The following operators can be evaluated using Theorem 3 of Chapter 4 as 


cos Qt = 


_ ) Bae eas 
Dw gn Qt, i=1,2. B@& Replace D* by —Q 
1 1 
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10 wy — 2? a 10) w2—Q2 
Xp(t) = acos Qt. 
54375 1 ‘i 5-3/5 1 
10 wt-22? 10 w}—0? 


2. 2 =, 1.e., Resonance in the First Mode 


A particular solution q, p(t) can be evaluated using Theorem 4 of Chapter 4 


1 1 
———— cos 0, t = Re( —— 1"), 
D? +02 W; Garr, ) 
$(D) =D? +o}, (ia) = (ia)? +a7 = 0, 
¢(D)=2D, $(ia,) = 2ia,, 


Re( ei") = R[ seeiant] = Re{ —— (cos at + isinc,t)| 
1 1 


i 1 
J5+1 


= —tsinw,t. 
4Wy l 


A particular solution q,p(t) can be evaluated using Theorem 3 of Chapter 4 


1 V5 
SS (608 wt = C08 Wt = —5 COS@,;t. LT Replace D? by —at 
D?+05 5 —@ 5a 


1 0 
Hence, 
1 = 1 
cae ie tsina,t + ot cos yt 
20 w 10 Ww 
—_—_——— 0 0 
Y1 
1 = 1 
S425 1 poy V5-3 1 
10 w 1 10 we 1 
—_—_————— 0 0 
Y2 


Note that, when Q=a,, the terms involving (f sin w,t) have amplitudes growing 
linearly in time t and are dominant in the responses of the system. The ratio of the 
amplitudes of these two terms is 


My S295 20s 15. 1.618 


Y1 10 543752 i 


which conforms to the mode shape of the first mode as depicted in Figure 8.8(a), 
indicating that the system is in resonance in the first mode. 
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3. 2 =), .e., Resonance in the Second Mode 


A particular solution q, p(t) can be evaluated using Theorem 3 of Chapter 4 


1 1 5 

——. cos wt = ees een t. £&c Replace D? by — a3 
2 2 2 2 2 2 2 2 P y y) 

D*+o; Wt — 5 5@ 


A particular solution q,p(t) can be evaluated using Theorem 4 of Chapter 4 


l t R ( 1 ae) 
—— cos w,t = Re( ——— e : 
D2+05 : D?+03 
¢(D) =D? +03, (iw) = (i@,)? +0} = 0, 


¢(D)=2D, ¢'(ia,) = 2ia,, 


1 F 1 F t 
Re(———s ei") = Re| rei'] - Re| — (cos Wt + isin ct) | 
210, 


D? +05 $'(iw,) 
= V5 =I tsin wyt. 
40 a 
Hence, 
J5+1 1 3/5—5 | -_ 
—" a COS Wyt + 20 ae tsin @,t 
——/—— 
al 
1 = 1 
ts “== COS @,f + 2b ‘— tsinaw,t 
10 we 10 Wp 
——/—s— 
io) 


Note that, when Q=a.,, the terms involving (ft sin w,t) have amplitudes growing 
linearly in time t and are dominant in the responses of the system. The ratio of the 
amplitudes of these two terms is 


% _ 275-5 __20 1-J/5__ —0.618 


Yi; IQ). ayes, oe 8 


which conforms to the mode shape of the second mode as depicted in Figure 8.8(b), 
indicating that the system is in resonance in the second mode. 
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Problems 


8.1 An object is launched with initial velocity vj at an angle of 6) as shown in the 
following figure. Neglect the air resistance. 


1. Show that the equation of the projectile is given by 
gx" 


=xtnh-—-——. 
° 22 cos?6, 


2. Determine the maximum horizontal distance L = OA and the time T it takes 
to reach point A. 
ve sin 26 r 2V, sin 65 


PAN Xmax = > 


& & 


8.2 A light rod AB is supported at each end by two similar springs with spring 
stiffness k, and carries two objects of concentrated mass m, one at end B and the 
other at the center C, as shown in the following figure. Neglect the effect of gravity. 


A 
G 

ay oe 

1. Show that the equations of motion are given by 


2. Show that the two natural circular frequencies of vibration of the system are 


3—VJ5)k 3 5)k 
re [G=5)k, ee [GAvoyk 
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8.3. Two light rods AB and CD, each of length 2L, are hinged at A and C and 
carry concentrated masses of m each at B and D. The rods are supported by three 
springs, each of stiffness k, as shown in the following figure. The motion of the 
system is described by two angles 6, and @,. Consider only small oscillations, i.e., 
|0,|<1 and |6,|<1, and neglect the effect of gravity. 


1. Show that the equations of motion are given by 
Ge Oe co 6, BEG AO SO 
Le peg As oe ET Ay 2 ae 


2. Determine the two natural circular frequencies w,, w,, and the ratio of the 
amplitudes 0, /0, for the two modes of vibration. 


‘ tally ile a 
TAN First mode: Or = Fal a> 6, =1 
fe 0 


Second mode: w, = 5 —=-1 
m 05 

8.4 In many engineering applications, the structures or foundations vibrate when 
the machines mounted on them operate. For example, the engines of an airplane 
mounted on wings excite the wings when they operate. To reduce the vibration 
of the supporting structures, vibration isolators are used to connect between the 
machines and the supporting structures. 

The following figure shows the model of a machine of mass m, supported on 
a structure of mass m,. The vibration isolator is modeled by a spring of stiffness 


k and a dashpot damper of damping coefficient c. The machine is subjected to a 
harmonic load F(t) = Fp sin Qt. 


1. Show that the equations of motion are given by 
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2. For the case when c—>0, show that the steady-state responses of both the 
machine and the supporting structure, i.e., x; p(t) and x,p(t) are given by 
(k—m,Q7)F, sin Qt 

mm, 94 —k(m, +m,)Q?’ 


k Fy sin Qt 


AKue6e-_—_—————_—_—_—_—_—_—. 
*oph) m,m,Q4 —k(m, +m,)Q2 


X p(t) = 


8.5 Amass m, hangs bya spring of stiffness k, from another mass m, which in 
turn hangs by a spring of stiffness k, from the support as shown. 


es =asinQt 


1. Show that the two natural circular frequencies of vibration are given by the 
equation 


mym,o* — [m,(k, +k) + mk, |]o* + kyky = 0. 


2. If the support vibrates with x, (t) =a cos Qt, show that the amplitudes of the 
forced vibration are 


= k,k,a 

© mm, 4 — [my (ky +k) + yk, JQ? + ky ky’ 
ms (k, — m,27)k,a 

mm, 24 — [m, (k, +k.) + mk, ]Q? + kk, 


8.6 Amass m, supported by an elastic structure which may be modeled as a spring 
with stiffness k, is subjected to a simple harmonic disturbing force of maximum 
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value F) and frequency 02 = 2r7 f, i.e., F(t) = Fy sin Qt. To reduce the amplitude of 
vibration of this system, a vibration absorber is attached to the mass. The absorber 
consists of a mass of m, ona spring of stiffness k,. 


1. Show that response of forced vibration of mass m is 
(k, — m,2°)F, sin Qt 


j)>=————+_ 2 
“eM mm, Q4 — [mk,+m,(k+k,)]Q2+kk, 


2. If m=250 kg, k=1 kN/m, F)>=100 N, f =35 Hz, m,=0.5 kg, and the 
amplitude of forced vibration of mass m is to be reduced to zero, determine 
the value of k,, GB k,=24.18kN/m 


8.7 For the system shown in the following figure, show that the equations of 


motion are given by 
m,X, + (ky +k) x, = ky Xx = F, (0), 
MX + (ky +k3) x, = ky x, = F,(t). 


X(t) X(t) 
a F,(t) [ F,(t) 


Consider the special case m, =m, =1, k; =k, =k, =1, and the initial conditions 
x,(0) = x,(0)=0, x,(0)=x,(0)=0. Using the matrix method, determine the 
responses of the system for the following excitations: 


1. F,(t) = 3 sin2t, F,(t) = 0; 
GD x= sin t +73 sin /3t — 2 sin 2t, xX, = sin t— V3 sin V3t + sin 2t 
2. F(t) =4sint, F,(t) = 0; 
a x= 2sint—t cost ——e sin V3, Gs —t eos t+ —m sin V31 
3. F,(t) = 12sin /3t, F,(t) = 0; 
GD x, = 3v3sint—2sin V3t—V3t cos V3t 
x, = 3V3sint—4sin V3t+V3t cos V3t 
4, F,(t) = 12sint, F,(t) = 12sin V3¢. 
G x= (6+3V3) sint —3t cost—(4+ V3) sin V3t+ V3t cos V3t 
x) = 3V3 sint—3t cost+(—24+ V3) sin V3t— V3t cos V3t 
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8.8 For the circuit shown in Figure 8.9(a), the voltage source is given by 
V(t) = V,» H(-H+ VHA). 


Show that the differential equations governing i,(t) and i,(t) for t >0 are 


di di i di, 1. dv(t) 
Lt RP St = VG), Roo) — — 4 5, = ; 
dt dee dt © ( ws Tie ‘dt ™ C2 dt 


with the initial conditions 


V(Or) V(OT)—V, 
i(0ot)=—, (0+) = —” 
{(0") = 2(0") > 
For R=6Q, C=1F, L=1H, a=2, and 
6V, t<0-, 
V(t) = {30V, 0+ <t<1, 
0, t>1, 
determine i, (t) and i,(t) for t >0. 
4-2 4 _ 2¢-)) _ 30@-)) 
ED i) =5[1-HU-]-Fe *+F0 Tle eer a ~* |He=1) (A) 


SP He-p (A) 


Figure 8.9 Electric circuits. 


8.9 For the circuit shown in Figure 8.9(b), the voltage source is given by 
V(t) = Vp» H(-H+VMHA(). 


Show that the differential equations governing i,(t) and i,(t) for t >0 are 


Thy. 1, dV (t) 


di 
R,i, +R,i, + L— = V0), Ri ay eat ce aaa 
Ae gee dt © lat ee as dt 
with the initial conditions 
1 V, 
Ore [vior) a2 Vol; Oo 
R, R, +R, R, +R, 
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Por R, =1Q, R,=3 Q, C=1F, L=1H, and 


4V, t<0-, 
Vt)=%8V, Ot<t<2, 
12 V, £>2, 


determine i, (t) and i,(t) for t >0. 
ED i) =24+ 3420 7% + [14+(-14+2He | H(t—-2) (A) 
in(t) =2 — (14+ 2t)e** + [14+ B—2t)e "| H(t—2) (A) 
8.10 For the circuit shown in the following figure, the voltage source is given by 


V(t)=V,) H(—t)+V(t) H(t). Show that the differential equations governing i, (t) 
and i,(t) for t >0 are 
di, 


a 
2 ++1,—4=+R, 
C dt 


di, ee ee 
ao Rp ea ee Pe) 


with the initial conditions 


V, di, (0* 
0 in( i, 


R, +R,’ dt 


For R, =R,=12, C=8F, L,=L,=1H, and V(t)=8H(—t)+8e 7 H(t) (V), 
find i, (t) and i,(t) for t>0. 


CAns i (t)=(@—)e? —4e7'(A), in(t)=(8+02)e 2 —4e'(A) 


Series Solutions 
of Differential Equations 


Various analytical methods have been presented in previous chapters for solving 
ordinary differential equations to obtain exact solutions. However, in applied 
mathematics, science, and engineering applications, there are a large number of 
differential equations, especially those with variable coefficients, that cannot be 
solved exactly in terms of elementary functions, such as exponential, logarithmic, 
and trigonometric functions. For many of these differential equations, it is possible 
to find solutions in terms of series. 


For example, Bessel’s differential equation of the form 


dy dy 
Z 2 2 
a Pe or re —v’)y=0, 


where v is an arbitrary real or complex number, finds many applications in engi- 
neering disciplines. Some examples include heat conduction in a cylindrical object, 
vibration of a thin circular or annular membrane, and electromagnetic waves in 
a cylindrical waveguide. Bessel’s equation cannot be solved exactly in terms of 
elementary functions; it can be solved using series, which were first defined by 
Daniel Bernoulli and then generalized by Friedrich Bessel and are known as Bessel 
functions. 


The objective of this chapter is to present the essential techniques for solving 
such ordinary differential equations, in particular second-order linear ordinary 
differential equations with variable coefficients. 

Before explaining how series can be used to solve ordinary differential equations, 
some relevant results on power series are briefly reviewed in the following section. 
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9.1 Review of Power Series 


| Definition — Power Series — Power Series 


A power series is an infinite series of the form 


CO 
a= xq) = ap od Og) a ee ae we — yy ey) 
n=0 


where dp, a), 45, ... are constants, and x, isa fixed number. 


This series usually arises as the Taylor series of some function f(x). If x) =0, the 
power series becomes 


Cc 

n __ 2 3 
So a,x" = day ta,x+a,x* +a,x°+--- 
n=0 


| Convergence of a Power Series of a Power Series 


Power series (1) is convergent at x if the limit 


lim Sis (x—Xxy)” 


N+ y—9 
exists and is finite. Otherwise, the power series is divergent. A power series will 
converge for some values of x and may diverge for other values. Series (1) is always 
convergent at x =X». 
If power series (1) is convergent for all x in the interval |x—x,|<r and is 
divergent whenever |x—x,|>r, where 0<r<oo, then r is called the radius of 
convergence of the power series. 


The radius of convergence r is given by 


a 
r= lim = 
n—>co Aniy 
if this limit exists. 
Four very important power series are 
1 
Ts itete! +x? =e, —l<x<l, 
=e 
2 3 oO yn 
x x x 
~S1ltxtemetete =) =, -0OK<x<00, 
2) 3! 7 
an 48 ee =F 1" x2ntl 
sinx=x-——4f+—-— = — —00<x<M, 
3! 5! 7! Qn+))!’ 
2 4 6 x2n 
x bs x 
cosx = 1] — —— + —— — —— + - Le 1)” —00<x<0o 


a4 6 = Om!” 


392 9 SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS 


| Operations of Power Series | of Power Series 


Suppose functions f(x) and g(x) can be expanded into power series as 


fx) = Xa, (x—x9)", for |x—x9| <r, 
(oe) 

g(x) = >) b, (x—x9)", for |x—x9| <r. 
n=0 


Then, for |2 —x,| <r, r=min(r,,1r,), 


f®+g@) = > G@,+b,)(e—x)", 
n=0 


i.e., the power series of the sum or difference of the functions can be obtained by 
termwise addition and substraction. For multiplication, 


f(x) g(x) = » a (ea) » b,, om)" =o) ab waa 
0 n=0 


m=0n=0 
ae ( Bin On ») (x— Xo)", 


and for division, 


s an (x Xp)” oO 


nee — = CicHm)" 
g(x) > b,, (x—xp)" n=0 
n=0 
==>. Ya.) = [> b,, (w—m)"| Ss és (—x)"} 
n=0 n=0 n=0 


in which c, can be obtained by expanding the right-hand side and comparing 
coefficients of (x —x))",n=0,1,2,.... 

If the power series of f(x) is convergent in the interval |x—x)|<r,, then f(x) 
is continuous and has continuous derivatives of all orders in this interval. The 
derivatives can be obtained by differentiating the power series termwise 


(oe) 
f'@ = Yia,n«—-x)" 7, for |x—x9| <r. 
n=1 


The integral of f(x) can be obtained by integrating the power series termwise 


A, (X—Xy)"t1 


d C, fe a. 5) 
[ fo cS YS aH + or |x—x9| <r, 
n+l=m 3 An-1 (x ee ii Change the index 
m of summation. 


m=1 
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Definition — Analytic Function 
A function f(x) defined in the interval I containing x, is one to be analytic at xp 
if f(x) can be expressed as a power (Taylor) series f(x) = = a,(x—X,)", which 


n=0 


has a positive radius of convergence. 


| Example 9.1 | 9.1 


Determine the radius of convergence for 


a) Se (2) oe 
x— 
n=0 2"n 9 (3n )! 
_ 1 = 1 
On = ag Stl = Se GE EY’ 
1 
gurl 1 
r= lim = lim as DH, it OD 
nO lays) n—> oo n> oo 2™n 


gntl (n+1) 


(2) a, = (n!)" _ [m+1!P 
on Gor = BaD 
ae ita == ity (3n)! 
n—> oo Qnty n—>oo [((n+1)-n!]> 
(3n+3)! 
= jim | D2 Gat3)Gnt2)Gnt+)Gn)! 
n—>oo | (3n)! (n+1)3(n!)3 


 (Bn+3)(3n+2)(3n+1) .-27(n+1)(n+4)(n+4) 
Sige ee eI i 
n=P00 (n+ nareo (n+) 


| Example 9.2 | 9.2 


1 ae 
Expand ———— asa power series in x —1. 


= 27. 


x(x+1) 
Letting t =x —1 yields 
1 _ 1 7 1 1 _ 1 1 1 
x@+1) (¢+1)G+2) 1+t 246 14+ 24,8 
2 


= Bor BE C-2"= Econ) 
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- =Ee "(1 — sq) @—D". 


: : F dt, 
Since the interval of convergence of the power series of aa is —1<t<1 and 


1 
that of Tat is —2<t<2, hence the region of convergence of the power series 
of ——— is —1<t<1 or 0<(x=t+1) <2. 
x(x+1) ( ) 
| Example 9.3 | 9.3 
E d ; ies i 
xpan as a power series in x. 
1 a Me ae eee 
——. = -(——) =— | Sox") Hlexe1, 
(l—x)? 2\1—x DN ay 


1 Cc 
-»> n(n—1)x"*, —-l<x<1, 


Change the index 


of summation. 


aie K -> (m+2)(m+1)x". 


2 m=0 


| Example 9.4 | 9.4 


Expand In(1+ x) asa power series in x. 
1 = non 
In(1 = | —dx= —1 dx, —-l 1, 
n(1+x) l= BN [lsc | x <x< 
y( yn 2 ate, —— xe yt tex<t 
= = -1<X<l. 
n= n+1 m- 


9.2 Series Solution about an Ordinary Point 


Two simple ordinary differential equations with closed-form solutions are consid- 
ered first as motivating examples. 


| Motivating Example 1| ting Example 1 


Consider the first-order ordinary differential equation 
yy =0. 


Let the solution of the equation be in the form of a power series 


[o.@) 
VO aye ae... (xeon, 
n=0 
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for some r >0, where a,, are constants to be determined. Differentiating y(x) with 
respect to x yields 
CO 


(oe) 
yo= ia nx!) EY Amy (m+1)x™. @& 
n=1 


m=0 


Change the index 
of summation. 


Substituting into the differential equation leads to 


Sapa 413" eg 8 yee a,|x" = 0. 


n=0 n=0 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero: 
x a;—ag=0 = 4), =4); 
1. 1 1 
x: 2a,—a,=0 a= 5 Fi 50 
; : , 1 fai 1 
es a3;—a,= a4,=—~a _—a : 
3 42 eae hee Day 31 10 
ee ‘ 1 iD 1 
x": (nt)ai,-4,=0 = 44,=——4,=— - -—a = — 
n+1 n n+1 n+l n n+1 nl! 0 (n+1)! 0 


Hence, the solution is 


1 
V2) = ay + agx + 59%? ar so" ey at eae ee 


=a(ltxt sx ger =x +- tax" te) 
aye”: dy isan one constant, 
which recovers the general solution of y’— y=0. 
| Motivating Example 2| Example 2 
Consider the second-order ordinary differential equation 
yt y= 0, 
Suppose that the solution is in the form of a power series y(x) = 4,3", |x| <r, 


for some r>0, where a,, are constants to be determined. Differentiating y(x) 
with respect to x twice yields 


[e,2) 
OS oa gi, 
n=1 


y"(x) = Yo a,n(n—-1) x"? nom YS @mng2 (M+2)(m+1)x™. 


n=2 m=0 
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Substituting into the differential equation leads to 


CO io eS 
DE Gna (N42) (N41) x" + Yi a,x" =0 => DO [(n+2)+1) any) +4, ]x" =. 
n=0 


n=0 n=0 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero: 
0 1 
x: 2-la;t+a,>=0 ==> eke 
1 1 
2: ASB ag + 0 : : 
x": 4:3a,+a,=0 = ag=-—a=-—, 
47 Ay 4 7.3 42> 77% 
3: 5-4ast+a,=0 : : 
x’: 5:-4a,t+a,=0 — as=—-—a,=—4,, 
5 7 43 5 5.4 3 51 
x*: 6-5a,+a,=0 a a as 
: : = => =e _ =_-—_ : 
6t4 6 6.54 61 0 
32 7 6a9+ 0 : : 
x: 7:-6a,t+a,=0 — a=-—a=- a, 
77 45 7 765 ae 
In general, for k= 1,2,3,..., 
Co (-1)' ay, ee oe (-1)$§ ——~ ay. 
(2k)! . (2k+1)! 
Hence, the solution is 
yF okt 
x a, eS 8 1 +a —_—_— 
Mr > De opr ay Den (Qk-+1)! 
= dy cosx + a, sinx, dy and a, are arbitrary constants, 


which recovers the general solution of y”+ y=0. 


These two examples show that it is possible to solve an ordinary 


differential equation using power series. 


| Definition — Ordinary Point | — Ordinary Point 
Consider the nth-order linear ordinary differential equation 

y¥ %) + Pn 1) YP) + Pp_2@) ¥" 1G) + ++ + pole) x) = fx). 
A point x, is called an ordinary point of the given differential equation if each 
of the coefficients pp(x), p,(x),.-., P,1(x) and f(x) is analytic at x =x, ie., 
p;(x), for i=0,1,...,n—1, and f(x) can be expressed as power series about x, 
that are convergent for |x —X,| 1, >; 


pj) = a Pin xa fw= De Cee ie 
n=0 n=0 
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Theorem — Series Solution about an Ordinary Point 
Suppose that x, is an ordinary point of the nth-order linear ordinary differential 
equation 

YO + Ppa) IY + Ppa YO +++ + Poy = FO), 
i.e., the coefficients p(x), p(X)...» P,—1(x) and f(x) are all analytic at x =x, 
and each can be expressed as a power series about x) convergent for |x —x,| Zifi 
r>0. Then every solution of this differential equation can be expanded in one 


and only one way as a power series in (x — Xp) 
CO 
y(x) = Ya, (x—x)",  |x—x9|<R, 
n=0 


where the radius of convergence R =r. 


| Example 9.5 — Legendre Equation | 9.5 — Legendre Equation 


Find the power series solution in x of the Legendre equation 


(1—x*)y” —2xy’+p(ptly=0, p>. 


The differential equation can be written as 


" / 2 +1 
y"tPi@y' +PeOy=0 — @)=—-—Ay, poy = RPE? 


Both p,(x) and p)(x) can be expanded in power series as 


1 (oe) [o.@) 
ee ~ 2x5 == —2x Sx)" = -25027"4!) [xl <1, 
—x n=0 n=0 


1 Cc CO 
Po(x) = p(pt+D- = p(ptl) © (x*)" = p(pt+) dx", |x| <1. 
n=0 n=0 


1—x? 
Hence, x =0 is an ordinary point and a unique power series solution exists 
[e,2) 
n 
Ios oa. l=, 
n=0 


where a,,, n=0, 1,..., are constants to be determined. Differentiating y(x) with 
respect to x yields 


[o.@) [o.@) 
y'(x) = Vina, x", y"(«~) = Vi n(n—-la, x". 
n=l n=2 


Substituting y, y’, and y” into the differential equation yields 
& Vy y q y 


[o.@) [o.@) [o.@) 
(1—x”) )° n(n—1)a, x" * — 2x > na, x"! + p(ptl) > a,x" =0, 
n=2 n=0 


7S 1 
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or, noting that 


Co [o) ‘ 
_ n—-2 n-2=m Change the index 
dn ae LD OMt2HMTD asa : HF ee i ation. 
one has 
CO CO [e.2) [e,2) 
do (n+ 2)(n+ Vay x"— Do n(n—1)a,x"— >) 2na,x"+ D> p(p+Da,x" = 0. 
n=0 n= n=1 n=0 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero: 
tl 
x”: 2-lay+ p(p+l)ay=0 = a, = - PET as, 
—l 2 
bee 3:2a,—2a,+p(ptl)a,=0 ==> a= — PO a, 


For n> 2, the coefficient of x” gives 


(n+2)(n+1)a,4. —n(n—l1)a, — 2na, + p(pt+lja, =0 
_ (pn) ptt) 


=> And = Gt wth) An: 
Hence, 
Be gee a es 
4.3 4.3 2! 
p(p+1) (p—2) (p+3) 
=) 
Pe a, = LODE, = Pera _ Gera] 
5-4 5-4 3! 
Be oe hy cess 8 caer eae AG aa 
7 5! B 
—4)(p+5 
x*: a6 = ae) at Tes 
— (p—4)(p+5) 2 P(pt+)) (p—2) (p+3) 
ToS 165 [(-» rm a9] 
Zi pesih p(p+1) (p—2) (p+3) (p—4)(p+5) Bs 
6! ; 
Dee. Sees a D=S)(PT5). 
> 7-6 3 
_ _ (p—5)(p +9) ey (p—1) (p+2) (p—3)(pt+4) a,| 
7-6 5! 


sO DP ep OF) 8), 
a Se 


ee 7! 
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In general, 
ak P (P+) (p—2) (pt3) --: (p—2k+2)(p+2k—-1) 
Ax, = (- 1) 3 oo —— = = — 
Cor : 
= pi TT [(p—2i+2)(p+24—1)] ao» 
aang = CK LDEH2 B= 3) P44) (PHARTDP42B , 
2kH1 = OkED! ; 
ape panies a 
= arr LIle- i+1)(pt+2i)] ay. 


Thus, the power series solution of Legendre equation is 


(—1)k 
TI [(p—2i-+2)(p+2i—1)] x” 


yx) = ay ar } (2k)! a 


— (-1)' : . \] 2k+1 
1D pep Le eres » Ixl<h 


where a, and a, are arbitrary constants. 
| Example 9.6 | 9.6 
Find the power series solution in x of the equation xy”+ yln(1—x)=0, |x|<1. 


The differential equation can be written as 


Indl — 
fa 


which is of the form 
In(1 —x) 


y" +p) y’ + pol(x)y = 0, P(x) =0,  po(x) = 


Since 

1 es 
et ee 
1-x n=0 


integrating both sides of the equation with respect to x yields 


1 oo ee) xntl 
In(d—x) = — f de = - f Yoxtdx = - re |x| <1, 
=X n=0 n 


In(l—x) _ 
5 — 


Hence, both p(x) and p,(x) can be expanded in power series, leading to x =0 
being an ordinary point. The solution of the differential equation can be expressed 
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in a power series 
CO 
vo = oa. xls 
n=0 


where a,, n=0, 1,..., are constants to be determined. Differentiating y(x) with 
respect to x gives 


CO CO 
yx) = Dina, x", yx) = Di n(n—-1)a,x" 7, |x| <1. 
#=1 n=2 


Substituting into the differential equation results in 


[o.2) > CO 
—] ENE is 
2a a,x et Ya, x” 


Noting that 


Cc CO 
yi n(n—la, x”? silat tlie D2 (m+2)(m41) amy oX”, 


f=2 m=0 


m=0 


one obtains 


y ” +2)(n+1) y | "=0 
n n a x" =0. 
n=0 ‘ak mao M+1 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero: 
1 ie An—m 
1.5 => ‘ 
mh? (n+2)(n+1) ro M+1 
Hence, 
0 1 Ay 
n=0: a =—a,=-—, 
ae Dedee 
1 a a a 
= == ( 3) =3 eg 
u Gea 5 12° 6 
1 a a lisa a a 5a a 
n=2 a,= (a u 2)=<(2 eal =?) = aig 
Soa er cena D2 7273 72° 2A 
1 a a a 1 a a lvja a a 
3 a5 = (a 2 vet t) = = (= =) ;(=) 1, 40 
beige og 50 |\i2 7 6) TF 23 3° 4 
7dy . a 
=—_—_—+—, 
240 0 
1 a a a a 
n=4 as = —=(a “342441 =) 
eg eo Bam S 
1 | (5a <1) 1/d) 4a 1/d)\ 4, 4} 43a) a 
=— — +5(2+2)+=(2)+24+2 =—24 1. 
30 (= 24 2\1 6 3\2 4 5 2700 80 
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It is difficult to obtain the general expression for a, Stopping at x°, the series 
solution is given by 


= a a a 5d) a 
yx) = Yo a,x" = ay +ayxt+ ae (2+) x3 + (+54) x! 


n=O 6 2 24 
7a a 43a a 
uaa) wae Or ng ee 
We RP BRE GO = Age 
SG pi a 
gs ag. gs 6 
+a,(x+S+54+5454--), 


where a, and a, are arbitrary constants. 


| Example 9.7 | 9.7 


Find the power series solution in x of the equation y’””—xy”+(x—2)y’+y=0. 


The differential equation is of the form 


UA 


yr +pr@y"+pi@y'+po@)y =0, pr(x)= —x, py(*)=x—-2, po(x)=1. 


Each of po(x), p,(x) and p,(x) can be expressed in power series. Hence, x =0 is 
an ordinary point and there exists a unique power series solution 


Co 
y(x) = do a,x", —00<x<0o0, 
n=0 
where a,,, n=0,1,..., are constants to be determined. Differentiating with respect 


to x yields, for —oo<x<m, 


[e,2) CO CO 
y= >ona,x" |, y= Don—-la,x"?, y” = Yo nn—-)(n—Da,x" >. 
n=1 n=2 n=3 


Substituting into the differential equation results in 


CO [o.@) 
> ate—D(—2)a, x"? = Do ntn—a, x" | 
n=3 n=2 
CO [o.@) CO 
+ > na,x" —2>¢ na,x” | + > a,x" = 0. 
n=1 n=1 n=0 


Changing the indices of summations 
es n-—3=m = 
Yo n(n—-1)(n—2)a, x" > > YM (m+ 3)(M+2) (M41) Ay 4 3 Xs 
n=3 m=0 
= n—-l=m = 
Si n(n—-la,x"! ——— > 2 (m+ Dmaing 1" 
n=2 m= 
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(oe) 
l=m 
Yo na,x®) SS VY m4 Daa x”, 
m=0 


one obtains 


D) (2+3)(n+2)(n+1) a, 3x" — Xu (n+1)na,,,x" 


n=0 
+ Serre x” 285 eae + ya, x"=0, 
n=1 n=0 
Co 
DY [2+3)9+2) (41) ayy 3 —2(nt+ Days tay] x" 
n=0 
CO 
+ )°[-(n4+1na,,,;+na,|x" = 0. 
n=1 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero. When 


n= 0, one has 


4, 4 
3-2-1; —2-1a; +a =0 => a= —-2+2. 
For n> 1, one obtains 
[(n+3)(n+2)(n+l)a,,3—2(n+1)a,,,;+4,] + [—(n+)na,,,+na,] = 0, 


ay Ant 


1.35= > OoOoDS—— } —. 
ae (n+3)\(n+2)  n+3 
Hence, 
a a a a 
Se eer eed ae Dg a” ed 
a ta a 12° 4 
a a a 1 a a a a a 
WeDo eS ek 24-(-2+4)=-2 ey 
: 5-4 5 20 5\ 6. 3 30 «15.20 
a a 1 a a 1 a a 
n=35. a = - 26445 -—(-4244)+—(-444) 
6 6-5 6 30\ 6 3 6\ 12. 4 
_ & a, a, 
~ 180 40 24° 


It is difficult to obtain the general expression for a, Stopping at x°, the series 
solution is given by 


+ 2 Gy Giy 3 a, 42\ 4 
y(x) = So a,x" = ay +a,x+a,x +(-2+2)x + (-44+22)x 


fan 12° 4 
86. BO SGI a9 6 
eee cer a ras al = 
ge ae. ah ie RE 
Sie en ae ie +++.) 
Pe er 
+(x? $24 —+. - 


where dp, 4,, and a, are arbitrary constants. 
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9.3 Series Solution about a Regular Singular Point 


Definition — Singular Point 
Consider the nth-order linear homogeneous ordinary differential equation 
YF Pn) YOY + Pya@ yO +--+ poy = 0. 
® A point x is called a singular point of the given differential equation if it 
is not an ordinary point, i.e., not all of the coefficients pp(x), p,(x),..., 
Py—1(*) are analytic at x= Xp. 
e® A point x, is a regular singular point of the given differential equation if it is 
not an ordinary point, i.e., not all of the coefficients p, (x) are analytic, but 
all of (x —xy)"* p, (x) are analytic for k=0,1,...,n—1. 
e® A point x, is an irregular singular point of the given differential equation if 
it is neither an ordinary point nor a regular singular point. 


Consider the second-order linear homogeneous ordinary differential equation 
y" + Pix)y’ + Q(x)y =0. 


If x=0 is a regular singular point, then xP(x) and x”Q(x) can be expanded as 
power series 


[e,2) CO 
PPS, Pa x OG) Sa Ox. ‘eer 
n=0 n=0 


which leads to 

[e.2) [e.2) 

PQ) = Px). OOS ¥ O.20" 4. cer: AO: 
n=0 n=0 
Seek the power series solution of the differential equation of the form 
Co CO 
JOSEY ax So. OSee?7, 
n=0 n=0 

which is called a Frobenius series solution. Differentiating with respect to x yields 


y'(x) — y (nta)a,x"t°-}, y"(x) = y (nta)(n+a—l)a,x"t*~?, 


n=0 n=0 


Substituting into the differential equation results in 


(oe) (oe) CO 
> @to)(nt+e-Da,x"t? 7+ Yo Px?) (nta)a, x"! 


n=0 n=0 n=0 


CO (oe) 
4 Oe Oe ax 0, 
n=0 n=0 
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Noting that 


n 


CO oC CO 
So Pox > atoax | = YY Px ant ea, x 


n=0 n=0 n=0m=0 
oo n 
=e [> (m+) Py nt gies, 
n=0 Lm=0 
oo oo oo n 
Ps O,x? : Ss axes = Ps (> iat alae 
n=0 n=0 n=0 \m=0 


one obtains 


CO n 
by {(r+ayinta—na, + 0 [(m+a)Pyiin + Qn-ml nf xtte-2 _ 9, 
n=0 m=0 

For this equation to be true, the coefficient of x"**~?, n=0, 1,..., must be zero. 


For n=0, one has 


which implies either a) =0 or a(a —1)+aP,)+Q, =0. For n> 1, one obtains 


(nta)(nt+a—l)a, + 3 [(m+a)Py_m + Qm|4n = 9. 


m=0 


1 n-1 


= P 
on CrFay (nto —l) + (n-+a) Py + Qs Plena) nom + Qum| 4m 


Case 1. If ay =0, then a, =a, = --- =0, resulting in the zero solution y(x) =0. 
Case 2. If ay 40, then 
a(a—1)+aP)+Q,=9, 


which is called the indicial equation. Solving this quadratic equation for a, one 
obtains two roots a, and a. 

Hence, in order to have a nonzero solution, it is required that ay 40 and a@ isa 
root of the indicial equation. 


If a series solution about a point x =x, 40 is to be determined, 
one can change the independent variable to t =x — x, and then solve the resulting 
differential equation about t =0. If a solution valid for x <0 is to be determined, 
let t= —x and then solve the resulting differential equation. 
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Fuchs’ Theorem — Series Solution about a Regular Singular Point 
For the second-order linear homogeneous ordinary differential equation 
y"(x) + P(x)y"(x) + Q(x) y(x) = 0, 


if x =0 is a regular singular point, then 
CO CO 
RPC) n Dee OW ae Cex ae xl ore 
n=0 n=0 


Suppose that the indicial equation 
a(a—1)+aP,+Q,=90 
has two real roots a, and a@,, a, >a,. Then the differential equation has at least 


one Frobenius series solution given by 
CO 
Vix lap say 0, Cex 
n=0 


where the coefficients a,, can be determined by substituting y,(x) into the differ- 
ential equation. A second linearly independent solution is obtained as follows: 


1. If ~,—a, is not equal to an integer, then a second Frobenius series solution 
is given by 


[o@) 
SCA a De are eu Nl dae 
n=0 


in which the coefficients b,, can be determined by substituting y,(x) into 
the differential equation. 
2. If a, =o, =a, then 
CO 
Vie —y,Colnnt x bx Oa ear, 
n=0 
in which the coefficients b,, can be determined by substituting y,(x) into 
the differential equation, once y,(x) is known. In this case, the second 
solution y,(x) is not a Frobenius series solution. 
3. If a,—a, isa positive integer, then 
CO 
y,(x) = ay (x) Inx +x >> bx", O<x<r, 
n=0 
where the coefficients b,, and a can be determined by substituting y, into 
the differential equation, once y, is known. The parameter a may be zero, 
in which case the second solution y,(x) is also a Frobenius series solution. 


The general solution of the differential equation is then given by 


y(x) = Cy yy (%) + Cy yn). 
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| Example 9.8 | 9.8 


Obtain series solution about x = 0 of the equation 


2x*y" +x(2x+1)y’— y=0. 
The differential equation is of the form 


" ! 2x+1 1 
yi +PO)y' + Q@)y=0, PR)=- QH)=—- Fs. 


Obviously, x =0 isa singular point. Note that 


2x+1 
KPO) = =F txt 0x7 40-02 +... — Py=5, 
VP Q(x) = —F = —-FHO-K+O-V HOV +--- —= Q=-F. 


Both x P(x) and x?Q(x) are analytic at x =0 and can be expanded as power series 
that are convergent for |x| <oo. Hence, x =0 is a regular singular point. 


The indicial equation is a (a —1)+a@P,+Q,=0: 


a(a—l) +a-4—-4=0 = (w+ 4)(@—-1) =0 a,=1, a= —4. 


Thus the equation has a Frobenius series solution of the form 
(oe) [oe 
WOS oS watt. ash0,. 0Sk< 06, 
n=0 n=0 


where a,,, n=0,1,..., are constants to be determined. Differentiating with respect 
to x yields 


[e,2) [e,2) 
yi) = n+Da,x", yi) = (nt+Dna, x". 
n=0 n=1 
Substituting y,, y}, and y/ into the differential equation results in 


CO oC Co Co 
> 2(n+1)na, x"! + Do 2(nt1)a, x"? + > (n+Da,x"t! — a,x"! =0. 
n=1 n=0 n=0 n=0 

Changing the indices of the summations 


CO Co 
¥\2(n+1)na, x"! SEE SY am(m—la,_ 1x”, 
n=1 m=2 


< n+2=m a 
> 2(n41)a, x"? SS YY 20m-1)a,,_> x", 
n=0 m=2 


0° oe) 

l= 
a na, x"! Stee eae ba (m—1)a,,_4x"s 
n=0 m=1 
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one obtains 


CO CO 
> [2a@-Da,_; +2(2—-1)a,_,]x* + 0 (a@—-Da,_ x" = 0. 
n=2 n=1 
For this equation to be true, the coefficient of x”, n=1,2,..., must be zero. For 


n=1, one has 
0-49 =0 = > a, £0 isarbitrary; take ay=1. 


For n> 2, one has 


2a,_> 
2n(n—l)a,_,; +2(n—l)a, ,.+(n-la,_,=0 == a,_,= rai 
Hence, 
2a 2 
n=2: ay = — o = 
2-2+1 5 
2a ing 
n=3: a=-—- 1 =(-1°—, 
‘ 2-341 =H) 7-5 
2a, phi 3-2" 
n+1: @,= ———— = 1)" —_ “— =e" ——, 
2(n4+1)+1 (2n+3)(2n+1)---5 (2n+3)!! 


where (2n+3)!!=(2n+3)(2n+1)---5-3-1 is the double factorial. The first 
Frobenius series solution is 


CO 41 CO 3.2” 41 
x)= a,x = —1)"” ————x"", 0<x<00. 
na = Laat! = Sy 


Since a,—a, = 3, according to Fuchs’ Theorem, a second linearly independent 


solution is also a Frobenius series given by 


(oe) (oe) 
yy(x) = x2 3b, x" = Db, x3, by £0, 0<x<00, 
n=0 


n=0 
! ~ 1 n—3 " ~ 1 3 n—2 
vax) = Yo (n—F) b,x" 2, ye) = Yo (n—F)(n-F)b, x"?. 
n=0 n=0 


Substituting y,, y5, and y¥ into the differential equation leads to 


2 1 3 3 2 = 1 (oe Re eS 
2x? Y_(n=5) (n= = \bux"-2i4-Ox- +a) (Aas lb x” 2 = pbx” P=, 
n=0 n=0 n=0 
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Multiplying this equation by x2 yields 


¥ [n2n—3) b,x" + Qn—-1)b, x") ee 


n=0 
Changing the index of the summation 
CO Paes Co 
>> Qn-1)b, x") = YS Qm—3)b,,_ x", 
n=0 m=1 
one obtains 


CO CO 

S\ n(Q2n—3)b,x" + > (2n—3)b,_ x" =0. 

n=0 n=1 
For this equation to be true, the coefficient of x”, n=0, 1,..., must be zero. For 
n= 0, one has 


0-(—3)b) =0 = > by) £0 isarbitrary; take by =1. 


For n> 1, one has 


b 
n(2n—3)b, + (2n—3)b,_,=0 = > b,=- — 
Hence, 

by ae See: eee 
ees ea oe em Te ae ed aT 

1 

b, = a = (-)"—. 

n! 


Thus, a second linearly independent solution is 
ne i ae eee 
Yo(x) = x72 YTB, x" =x TD ("= x Fe™. 
n=0 n=0 n. 
The general solution of the differential equation is 


3-2" 


Ontayh x14 Cx de, 


y(x) = Cy yy (%) + Ch yy (x) = Cy y Career: 
=0 
9.3.1 Bessel’s Equation and Its Applications 
9.3.1.1 Solutions of Bessel’s Equation 
Bessel’s equation of the form 


xy" + xy! + (x*-v*)y=0, x>0, 


where v >0 is a constant, is of great importance in applied mathematics and 
has numerous applications in engineering and science. Furthermore, in solving 
Bessel’s equation using series, it exhibits all possibilities in Fuchs’ Theorem. As a 
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result, it is an excellent example to illustrate the procedure and nuances for solving 
a second-order differential equation using series about a regular singular point. 


Bessel’s equation is of the form 


y+ Py +Qa)y=0, Px)= -, Q(x) = — Z 
It is obvious that x =0 is a singular point. Since 
xP(x) =1=14+0-x+0-x*+..- => P)=1, 
x°Q(x) =x? —v* = —v* + 0x 42740-40074... = Q=-v’, 


both x P(x) and x?Q(x) are analytic at x =0 and can be expanded as power series 
convergent for |x| < oo. Hence, x =0 isa regular singular point. 


The indicial equation is a (a —1)+a@P,+Q,=0: 


a(@—l)+@-l-v=0 => a-v’=0 => =v, A= Dd. 


Bessel’s equation has a Frobenius series solution of the form 
(oe) (oe) 
OH ax = a ag 40, axe co: 
n=0 n=0 
Differentiating with respect to x yields 
[oe [o@) 
yi(x) = (nt+vya,x" 4, yi) = i (at v)(ntv-la, x". 
n=0 n=0 
Substituting y,, y|, and y/ into Bessel’s equation results in 
[o,6) [oe] [oe] 
x? (ntv)(ntv—la, xt? 4+ x (ntvyagxtt’ | + x? —v?) Va, xt? = 
n=0 n=0 n=0 
Changing the index of the summation 
n+2=m = 
Sa, atte? Ae py Am 2X" = Di ay _ax""”, 
n=0 n=2 
one obtains 


am X [at v)@+v—-l+(ntv)—v]a,x" zis :} oy 2%"| = 0, 
n=0 paces 


CO Co 
x*A0 = > Yin(n+2v)a,x" + D\a,_>x" =0. 
n=0 n=2 
For this equation to be true, the coefficient of x”, n=0,1,..., must be zero: 


x°: 0-(0+2v)a9=0 = > ay £0 is arbitrary, 
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x': 1-(1+2v)a,=0 = > a,=0. 


For n> 2, one obtains 


a 
x": n(nt2v)a,ta,5,=0 = a, = -—e. 
( Jay + Oy—2 o n(n+2v) 
Hence, a,,,,, =0, for n=0,1,..., and 
Ag Ay 
oS EE e——— ————— 
JQ420) 22.1(1+v) 
a, a, 2 Ay 
a —1)*——————————, 
4 CD dat) 


~  4442v)  22-202+v) 


ton = (WS pa OY 
and 
yy) = agx” Yo 1)" (2) 0<x<0o. 
=O ni(ltv)(2+v)---(n+v)\2 


To simplify the solution, use the Gamma function defined by 
CO 
Tw+l1)= i Pocmnde,s ns Us 
0 


Using integration by parts, it is easy to show that 


Tvl) = -| t’d(e‘) = —t’e 
0 


love) CO 
+ at ape de 
t=0 0 


CO 
vf t’ te'dt = vF(v), 
0 


T(ntvt+l) = atv) (nt+v) = (nt+v)(nt+v—-1)T(n+v-])) =:--- 


= (n+v)(n+v—1)---(+v)P(+p). 


When v =k is an integer, one obtains 


Co 


rd)= [eta =-—e! =1, 
0 t=0 
r2=1-TQ)=1, FG) =2-TQ)=2-1=2!, 


P(k+1) =k-T(k) =k. 
Hence, letting ay =[2” (1+ vy the first Frobenius series solution is 


yy (x) = J, (x), 
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where J,,(x) is called the Bessel function of the first kind of order v given by 


x? 1 x \2n 
Da ra yo ee : 
eo 5 1 x \ 2n-+v 
I= a) Pa EES , O0<x<00. 


According to Fuchs’ Theorem, the form of a second linearly independent solu- 
tion depends on whether the difference of the roots of the indicial equation, i.e., 
a, — @, = 2v, is noninteger, Zero, or a positive integer. 

Case 1. 2v is not an integer 


A second Frobenius series solution is 
Cc 
yin =x” ) bx. LK Oo 
n=0 


Following the same procedure, it is easy to show that, for n=1,2,..., 
ee 
22 .nl(1—v)(2—v)---(n—v)’ 


1 x\2n P 
WD O Dyn (7) > <x<0O. 


Letting by) =[2-’ rd — yy one obtains 


Arn», = 9; Ay, = (—1)" 


yx(x) = byx~” ¥> (-1)" 
n=0 


2n—v 
y2(x) = me J (5) =J_,(x), O<x<oo. 


nil — —v+l) 
The general solution is 

y(x) = Cy Jy (x) + Cy Jy). 
The general solution can also be written as 

y(x) = Dy J, (x) + Dy Y, (x), 
ares Iv() Jul) 

x) cos vit — x 
Y,¢) = —$—$<$<—$$$$<<$<$<—<_—“— 
sin vir 


is the Bessel function of the second kind of order v. 


Case 2. v=0, then a, =a,=0 


The first Frobenius series solution is simplified as 


2n 
¥1(2) = Jo(x) = G (5 =<)", 0<x<ov. 
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A second linearly independent solution is 
Co 
yx(x) = y, (x) Inx + 2b, x", O0<x<oo. 
n=0 


Differentiating with respect to x yields 


yy(x) = yyinx + a te SS nue ; 


n=1 
2yi ee 
yy(x) = y{ nx + — — 4 + >> n(n-1)b, x"? 
n=2 


Substituting y,, yj, and y¥ into Bessel’s equation results in, with v =0, 


(oe) (oe) (oe) 
(x2 yl bxy, +x?y,)Inx + 2xy, + a + Dente + be =0. 
n= n= n= 


Since y, (x) is a solution of Bessel’s equation, oe +xy+xy, =0, and noting 


1 o2n- 7 aaa 2 x 2n 
one obtains 
3 —(5)" Wa ate y boo 
n= A ” on + Donn cea ue n=2 i i 


For this equation to be true, the coefficient of x”, n=0,1,..., must be zero. 
From the coefficient of x, one has 1-b, =0 => b, =0. 


From the coefficient of x”, n>1, one obtains b,,,,;=0, and 
1\2n 
(5 ) + [2n(2n-1) +21] Boy + Boy 9 = 0, 


— ¢_4yntl 1 ce - — Pan—2 
bon = (-1) n(n!)2 (5) (2n)2° 


(<1? 


ae 


For simplicity, take b) =0. Using mathematical induction, it can be shown that 


1 1 1 
papacy ee (+)" 
a (n!)2 pe as 


Hence, a second linearly independent solution is 


joa bale 2n 
(=) 3 0<x<~aM, 


Yo(x) = Jg(x) Inx + PS (—1)"41 : 


n=l (n!)? 


or, in terms of the Bessel function of the second kind of order 0, Yo(x), 
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V(x) = = Yo(x) + (In2—y)Jo(x), O<x<om. 


The Bessel function of the second kind of order 0 is defined as, for 0 <x < ov, 


> jets aT, page 2n 
Y)(x) = - {(Z+r)io+ 3 DG pe Se) ; 


in which ny 
y = 0.57721566490153--- = lim coin ") 


noo k=1 
is the Euler constant. The general solution is given by 


y(x) = Cy Jo(x) + Cy Yo(x). 


Case 3. v Is a positive integer 


The first Frobenius series solution is simplified as 


2n+v 
yy (x) = J, (x) = xc 1)” ——l5 ) , O<x<o. 


A second linearly independent solution is 


(oe) 
y,(x) = ay,(x)Inx+x~">0 b,x", O0<x<00, 
n=0 


yi(x) = a(yjInx + 2 2) + (nv) bys" aa 


a 1 n—v—2 
yyx) = aly! Inx+— ~ 4) + Down v1) : 


Substituting into Bessel’s equation results in 


Cc 
alx?y{ +xy,+ (x?—v*)y, | Inx + 2axy, + D> (n—v)(n—v—1)b,,x"” 


n=0 

[e,2) CO Co 
+ > (n—v)b x"? + bx A = > yb x = 0 

n=0 n=0 n=0 

Since y, (x) isa solution of Bessel’s equation, x”y//-+x y, + (x* —v) y, =0; noting 
22 (Qn+v)-x2ntvol ee ,2a(2n+v) 2n+v 
2axy, = 2ax —1)"————————_ = az (> ) ) 
m1 2 ) nl(n+v)!22"+v 2 a ni(n+v)! 


and multiplying the equation by x” yield 


Ge) > n(n—2v)b,,x "4 by 9x" =0. 


oo no tla(2nt v) (=r + oo 
n=0 nl(n+v)! 2 n=0 


For this equation to be true, the coefficient of x”, n=0,1,..., must be zero. 
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z@ From the coefficient of x”, 0 <n <2v, the first summation in the above equation 
has no contribution, 


x°: 0-(0—2v)by) =0 = > by isarbitrary; take by = 1, 


xi: 1-(1—2v)b, =0 = > 5b,=0. 


From the coefficient of x”, 2<n<2v, one has 


n-(n—2v)b,+b, .=0 = > b=, 
nat besa TE 
mats = = eT 
Wits 1 (v—k-1)! 


=2 z S_—_—"""__—./-(-— 9 nn a 
es ah Pap 2k(2v—2k) 22k. kN(v—1)(v—2)---(v—k)—-2?KkI(v—1)! 


It is easy to see that b?”*! =0, for all n=0,1,2,.... 


ez From the coefficient of x2”, one obtains 


1 
2-l(v-1)! 


2+ lay x \2v _ 
(=) +by-2=0 = — a=—2"'(V-D! bay) = 


v! 2 


The value of b,,, is arbitrary; for simplicity, take b,,, =0. 


2® From the coefficient of x2“"+”), n> 1, one obtains 


(1) 


2°tla(Qntv) (1\2n+r) 
"—__<—~(=) + (2n+2v)2n) dy n4y) + ban-14 v) = % 


ni(n+v)! 2: 


ntl 2°-la(2n+v) ‘Cee bo n—-14v) 


Dont) on) n(n+v)n!\(n+v)! 2 22n(n+v)- 


Using mathematical induction, it can be shown that 


ime a ee 
ni(n+v)!\2 


A,=(=+54 t-)+(= eee —) 
aa. le n l+v  2+v n+v/- 


Hence, a second linearly independent solution is 


bony) = (-1) 


> 


where 


v-l ae n 
y,(x) = aJ,(x) Inx He ca (=) 


nao N(v—1)! 


oo ave h A 2(n+v) 
tay) (-1)" 1 —— (=) \ 0<x<oo. 
f= ni(n+v)!\2 


9.3. SERIES SOLUTION ABOUT A REGULAR SINGULAR POINT 415 
Using the notation 


1 1 
LS Seer) y, wd) =—-y, 


where w(n) =I''(n)/T(n) is the psi function, 
y(x) can be expressed in terms of the Bessel function of the second kind of order 
v, Y,,(x), as 


: x YY (y=n—l)! 7x \2n 
yita) =a J p(x) ins YG) 
1= ni Vnt)+y(ntvt)D—wot+tDt+y (x\2ntv 
toe) ni(n-+v)! (5) 


1%! (v—n-—1)! 2n-v 
0 [inn 3S PO Cz) 


2 n=0 n! 


Le nvnt)D+v(ntvt+)) (x \2ntv 
= pe a ni(n+v)! (5) | 


1 
“Fh —-worn-ama]iion} 


1 1 
=a} =Y¥,@) — s[y-wo+)-2nZ]J,@}, 
where, for 0<x<@, 
me x 1etbw-n-1)! x y2n-» 
We) = ele eS _ oer Oy 


12 wnt) +¢0(ntv4)) (x \20+v 
a) ni(n+v)! ie) 


Using the Bessel functions of the first and second kinds, the general solution is 
y(x) = Cy J, (x) + Cy Y, (x). 


This is the case that, when a, —a, is a positive integer, the second 
solution contains the logarithmic term In x. 


Case 4. v =k+4, k=0,1,..., and a,—a,=2k+1 is a positive integer 


The first Frobenius series solution becomes 


2ntk+4 
yy (x) = ea ae ) Te reaE Te) , O0<x<00, 


oo 2ntk+4 2n+k— + 
ne) => can inthe a 
n=0 ) 


2n!P(n+k+4 
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A second linearly independent solution is 
kt e 
yy(x) = ay,(x)Inx +x “FD Sb x", 0<x<0w, 


n=0 


3 


yi(x) = a(y{Inx + 2 2) +3 (s ~k-4)b,x"--4, 


_ ~ ee . 1 3\p, yn-k-F 
yy(x) = a(y{Inx+ ae +) (n—k-$)(n—-k-4)b,x ae 
n=0 
Substituting into Bessel’s equation results in 


alx?y{ +xy, +(x? —v*)y, ]Inx + 2axy} 
oo sper oo as 
+) n(n—2k—1)b, x" 7 + Yb x" +8 = 0. 
n=0 n=0 
Noting that xy//+xy,+(x?—v?)y, =0 and multiplying the equation by xkt 
lead to 


09 2A+F(2n+k+4) px 2nt2kt+1 

adr" ett) (2) + n(n—2k—1)b,x "4S b, et) 
n=0 n!P(n+k+s) 2 n=0 

For this equation to be true, the coefficient of x”, n=0,1,..., must be zero. 


For the coefficient of x”, 0<n<2k+1, the first summation in the above equa- 
tion has no contribution, 


x°: 0-(0—2k-1)b) =0 == Jy isarbitrary, 


x': 1-(1—2k-1)b,=0 = > 5,=0. 


It is easy to see that 


Dom—1 
ee | ee | 
Pam (2m+1)(2m—2k) oS Pes ® 


2k-+1 


From the coefficient of x , one has 


k+$ 

a» + + (2k+1)-0-by4, +b, =0 => a=0. 

2'- 21 (k+ 4) 
With a=0, the coefficient of x” gives 

2) = oe bom—2 _ 

n(n—2v)b,+b,_5 =): > a =(); bom =— Gn m=1,2,.... 
It can be easily shown that 
by 


Pag =) 22m! (1—v)(2—v)---(m—v) 
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Taking by =[2-’T— wir one obtains 
(-—1)™ 1 \ 2m—v 
bo in ee Qu44y (=) 5) 
m! T(m—v+l1)\2 
ioe) (-1)" 


yo(x) = x7” > oe ae = ds 
n=0 


x \ 2n-v 
—______ (=) =J_,(x), 0<x<oo. 
nao MW! (n—v+l1) \2 


The general solution is 
yx) = CJ, (x) + Cy J_,@), 
which is the same as Case 1 when 2v is not an integer. 


This is the case that, when a, —«a, is a positive integer, the second 
solution does not contain the logarithmic term In x and is a Frobenius series. 


In practice, Bessel’s equation rarely appears in its standard form. A second-order 


linear ordinary differential equation of the form 
o2 — y2p? 


d’y 1-20 d 
y = + [60x + =F" | y=0, x>0, (1) 


ae oe 


where a, 6, v, p are constants, can be transformed to Bessel’s equation 


THESE + v)n=0, &>0. (2) 


This result is established as follows. 


pf 


Changing the variable € = 6x®, one has 


a I py O_O 
dé dé /dx Box’! dx =p dx dé p dx 
Equation (2) becomes 
goal Di i xd x dy 2.20 _ = 
cf(eZre a ace in) te v)n=0 


Making the transformation 7 =x “y, one has 


dn _ .1l-a dy —a 
are ag ae 
d dn 2-a dy l-a dy 2..-a 
feta) * gate ee 
Hence, the differential equation becomes 
2 
d 
x2 + —20)x" “+ ax xy + (B2x2? — v2) p2x-“y = 0, 


which leads to equation (1). 
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If the solution of Bessel’s equation (2) is denoted as 7 = B,,(€), then the solution 
of equation (1) is y=x°B,(Bx®). 


| Solutions of Bessel’s Equation | of Bessel’s Equation 


z@ Denote the solution of Bessel’s equation 
xy” + xy! + (x*-v?)y=0, x>0, 
where v >0 isa constant, as y(x) =B,,(x), where 
Bip Jeter, eG), 


in which J,,(x) and Y,,(x) are the Bessel functions of the first and second kinds, 
respectively, of order v. When v £0, 1, 2, ..., the solution can also be written as 


Beemer ol at Coben le ee OR Vee cre. 


z@ ~The solution of the differential equation 


where a, B, v, p are constants, is given by 
i — Aen ae oe 
Some useful formulas of Bessel functions are 


2v 
Ty) + Jy) s ho, 


, v v 1 
FO) = hha@) — SyO) = hai @) + Th @) = 7 [v-1@) —Ir4i1@), 


(—)"[x" 1,0] = 2°. 


xdx 
d \m 
(So) Pe] = Dn. 


Bessel functions of the second kind Y,,(x) satisfy the same recurrence relations as 
Bessel functions of the first kind J, (x). 


9.3.2 Applications of Bessel’s Equation 


Example 9.9 — Buckling of a Tapered Column 


Consider the stability of a tapered column of length L fixed at the base x =0 and 
free at the top x=L. The column is subjected to an axial compressive load P at 
the top. The cross-section of the column is of circular shape, with radii rp at the 
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base and r, <r, at the top, respectively, varying linearly along the length x. The 
modulus of elasticity for the column material is E. Determine the buckling load 
P.,. when the column loses its stability. 


Figure 9.1. Buckling of a fixed-free tapered column. 


The deflected shape of the column is shown in Figure 9.1. Consider the equilibrium 
of a segment between x and L. The lateral deflection of the column at x is y(x). 
The bending moment at x is M(x) =P [5 — y(x)], where 6 is the deflection at the 
free end of the column. The moment-curvature relation requires that 


El(x)y"(x) = M(x) = P[S— y(x)], 


where I(x) is the moment of inertia of the circular cross-section at x given by 


IU TU ToT, x\74 
Ix) = Sr) = <Ir (i-- 1.=)| =1,(1—Kx)', 
(x) Fi (x) rah ,  E o( ) 
in which r 
rr ty—?r x 
lhb=—, «=o, x==. 
4 ro L 


Letting »=y/L and 5=6/L, the moment-curvature relation leads to a second- 
order linear differential equation of the form 


d?n(X) 


ae + P[Ln(x)| = P(L4) 


Ely (1—Kx)* : 
—kK —— 
: D 


_, (x) - F PL? 
—xx)* —_ 2 = k*8, agen 
(1—Kx) a +kn(ix) =k k EL, 
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The general solution is 
n(x) = nc (X) + np), 
where 1p(x) = 6 isa particular solution and n c(x) is the complementary solution, 


which is the solution of the homogeneous equation 


(ieee ou) ss pay 


Letting € =1—K«x, x £0, the homogeneous differential equation becomes 


d?n(é) a’) (€) 
dé? dé? 
which is of the form 


d’n(§) | 1—2a dn(&) 
dé? & dé 


E47 mame + kn (E) =0 => + K*E4n(&) =0, K=5, 


+ | (Bog? 145 ee |g) =0, 


with 
1 1 
a=7F> B=K, p=-l, voy 


and can be transformed to Bessel’s equation. Hence, the complementary solution 
is 
1 —_ 
nc) = £°B, (B§?) = §7 B (KE). 
The deflection of the column is then given by 
1 = = = 
m(E) = €7 [CJ (KEN) + CJ_g (KE) +5, 


where C,, C,, and 5 are constants to be determined using the boundary conditions 


at x=0 or €=1: n—é)=0, —-'(&) =0, 
at x=L or &=1-—k: n(é) =6. 


Note that 


1 
= 1 
Je) =Ja_,@) - =Ji@) =J_1@) - —Ji&), 
7 2 x 7 2 2x 72 


1 


—5 1 
J! 4) = —J_4y1@) + +146) = -Jy@- FL 4. 


Differentiating ’(€) with respect to & yields 


n'(é) = ele (= )+QIa(F =))+ v8 falLa(S)-24 (2) 
[8-218] -&) 
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n'(1) = Jy(K) — KJ_y@)]C, + [J_y(K) + KJ (K)]C = 0. 


Atx=L or €=1-—k: 


nd—«) = V1—« [CJ (Ky) + C _4(K,)] +6 =6, K, = : 
J4(K,) Cy +4 (Kz) Cy = 0. 


These give two linear homogeneous algebraic equations for C, and C,. To have 
nontrivial solutions, the determinant of the coefficient matrix must be zero: 


Jy(K)—KI_y(K) Jy (K) + KI) 
J (K;) J_4(K;) 


J_4(K,) [J4(K) — KJ_4(K)] — Jy (Ki) J_4(®) + K Jy (K)] = 0, 


which is called the buckling equation. 


For a given value of k=(ry—r,)/T 9, the roots of this algebraic equation K,,, 
n=1,2,..., can be determined, from which the nth buckling load can be found 


k PL? EI KK 
KS (eS SS eS eal =—{, n=1,2,3,.... 
é El, to Pa. Ba 


A numerical method must be used to solve the nonlinear buckling equation to 
obtain the roots K,,. Because of its remarkable ability in handling special func- 
tions, symbolic computation software, such as Maple, is well-suited for solving the 
buckling equation, as illustrated in Section 12.2. 


Some numerical results are shown in the following table for the first three buck- 
ling loads; the last row gives the results for the prismatic column with r, = rp: 


2n—-1 2 Ely 2n—1 
re 5 1) TR Pr= 5) 5 n=1,2,3,.... 


Buckling loads for a fixed-free tapered column with circular cross-section. 


ee ee | 
Pevofe TK fa | & |» Tk [| 
P05 [0.5 I 2.0288 | 0.3229 | 4.9132 | 0.7820 |] __ 7.9787 | 1.2698 | 
Jos Joa I 2.8606 | 0.3642 || 7.2735 | 0.9261 |{_ 11.9067 | 1.5160 | 


[o7 [03 Jf 4.2004 [ 0.4020 J[_11.2033 [1.0698 IP 18.4523 [1.7621 | 
[os [02 J] 6.8620 | 0.4369 || 19.0592 | 1.2133 [31.5427 | 2.0081 | 
[os [on ff 14.7465 | 0.4604 || 42.6226 | 13567 [| 70.8129 | 22540 | 
[0.99 [0.01 Jf 156.1429 | 0.4970 J 466.7386 | 1.4857 If 777.6715 | 2.4754 | 
a a ene CC a ae ee 
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Example 9.10 — Ascending Motion of a Rocket 


Consider the ascending motion of a rocket of initial mass m, (including shell 
and fuel). The fuel is consumed at a constant rate q= —dm/dt and is expelled 
at a constant speed u relative to the rocket. At time ft, the mass of the rocket 
is m(t)=m,—qt. If the velocity of the rocket is v=v, at t=f), determine the 
velocity v(t). 


| 
mv (Bv?+mg) At 
+ — 


hal Wail 
Momentum at ¢ Impulse during At | 1 l 
(qAt)(u-v) 


(m-q At)(v+ Ay) 


Momentum at t+At 


Figure 9.2. Ascending motion of a rocket. 
The aerodynamic drag force F ,, which is opposed to the direction of motion, is 
oa phat 29: 
Fy= sev C,A, 


where A is the the frontal (or projected) area of the rocket, p is the density of the air, 
and C,, is the dimensionless drag coefficient, a number used to model the complex 
dependencies of drag on shape inclination and some flow conditions. Note that the 
drag force F, depends not on the velocity but on the velocity squared. If the fluid 
properties are considered constant, the drag force can be written as 


Fy = Bv’, 


where f is the damping coefficient. 
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To set up the equation of motion of the rocket, apply the Impulse-Momentum 
Principle between time t and time t+ Af: 


(Momentum at time t) + (Impulse during At) = (Momentum at time f+ At), 
where, as shown in Figure 9.2, 
Momentum at time t = m(t) v(t), 
Impulse during At = — [Bv(t) + m(t)g| At, 
Momentum at time t+ At = m(t+ At) v(t+ At) — (qAt) [u — v(t) | 
= [m(t) — qAt| [v(t) + Ay] — (qAt) [u- v(t)]. 
Hence 
m(t)v(t) — [Bv?(t)+m(t)g] At = [m(t)—qAt] [v(t)+ Av] — (qAt)[u-v@], 


and, by taking the limit At—0, one obtains the equation of motion of a rocket 
moving upward at high speed during the propelled phase 


m(t) se + pvr(t) + mg - qu = 0, 
— — er Saya 
Inertia Drag Giavity Thrust 
force force force 


which is a first-order nonlinear differential equation with variable coefficients. The 
equation can be reduced to Bessel’s equation by the following change of variables. 
Letting the velocity be 
m(t) V(t) 
BV(t) 
where V(t) is the new transformed “velocity,” one has 


dv m(t)VQ) m@)V7(t) meV) 


dt BV@ BV2(t) BV(t) 


Substituting into the equation of motion yields 


> 


v(t) = 


, mt) = —@. 


av dv 
m?(t) — — qm(t) a + [Bg m(t) — Bqu| V(t) =0. 


Now changing the time t to the dimensionless variable t 


2 q 
==_— t t)= > 
T : JPgm(t) => vVm(t) 2 Bg 


one has 
dv dVdt_ = 2Bg dV 
dt dt dt 


qe de 
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de dt \ qt dt) dt dr? t dt 


PV od ( 2BgdV\ dt 4f*q? (dV 1 dV 
qt dt) dt = q?r? 
The equation of motion becomes Bessel’s equation 


dV(r) dV(r) 
2 
rege ne 


(t? —v”) V(t) =0, v=2 = 


The solution of Bessel’s equation is 


V@= Cy Jv(t) + C, Y, (tT), 
dV(t) 
dt 
The velocity of the rocket is 


ERG [= Je) —Iyyi | ai c,| = Y,(t) — Yy41(7)]. 


2pg dV(t) 
m/(t) V(t) m(z)-|-=% =| 
v(t) = FS _____ 
BV(t) BV(t) 
D2 2B ‘ 
= tig ji 5 =) (= [Cy @M+G, ¥,@)] — [Ci +C, eet) 
- B[C, Jv(t) +C, Y, (7) ] 
fe ORO NO 4) wee 
2B CJ, (t) +Y,(t) G, 


The constant C is determined by the initial condition v =v) when t=f,) or T=); 
and is given by 


AY, (t,) — Y,.,(%) 1 /2Bv 2 
C= —-— tt A= HK (240), ==, /Bem(t). 
AJ, (T%) hig) T ( q ) : q . , 
9.4 Summary 
® A point x, is an ordinary point of the linear ordinary differential equation 


y™ (x) + py 0) yx) + Ppa (0) y () + + + pox) yx) = F(x), 


if each of the coefficients py(x), p(x)...» P,_;(x) and f(x) is analytic at x=xp, 
i.e., each of them can be expressed as a power series about x, that is convergent for 
|x—x)|<r, r>0. Every solution of this differential equation can be expanded in 
one and only one way as a power series in (x — Xp) 


CO 
y(x) = Yo a, (x—X9)"s |x—x9|<R, RE=r. 
n=0 
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ta Consider the second-order linear homogeneous ordinary differential equation 


y"(x) + P(x) y"(x) + Q(x) y(x) = 0. 
If x =0 is a regular singular point, then 
e itis not an ordinary point, i.e., not all P(x) and Q(x) are analytic at x =0; 


e xP(x) and x*Q(x) are analytic at x =0, ice., 


(oe) (oe) 
xP(x) = >> Px", x?Q(x) = 2 Q,x", |xl<r. 
n=0 n=0 


Let a, >a, be the two real roots of the indicial equation a (a@—1)+aP)+Q)=0. 
The differential equation has at least one Frobenius series solution given by 


Co 
NSS ae apse), Oe r, 
n=0 
A second linearly independent solution is given as follows: 


e If ~,—a, is not an integer, then a second Frobenius solution is 
CO 
ye) = x2 be, Caner. 
n=0 


e If a, =a, =a, then 


(oe) 
y2(x) = y, (x) Inx + x* >> b,x", O<x<r, 


n=0 
which is not a Frobenius series solution. 


e If ~,—a@, isa positive integer, then 


Co 
y(x) = ay, (x) Inx +x >> bx", O<x<r, 


n=0 


which is a Frobenius series solution if a=0. 
The general solution of the differential equation is then given by 
W(X) = Cy yy) + Cy yp (x). 
«a The solution of Bessel’s equation 
x?y"+xy' + (x2-v*)y=0, x>0, 
where v > 0 isa constant, is 
y(x) = By) = CJ, &) + CY, @), 


in which J,,(x) and Y,(x) are the Bessel functions of the first and second kinds, 
respectively, of order v. When v 40, 1, 2, ..., the solution can also be written as 


OO). = 3.) = Cl Gy GI ey. 040, ye 
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The differential equation 


d’y , Lx2a dy 
dx? x dx 


where a, 8, v, p are constants, can be transformed to Bessel’s equation and the 
solution is given by 


¥aH=x" B(Bx"). 


Problems 


9.1 Show that the general solution of the Airy equation 
y" —xy= 0, 


is, for |x| <0, 


9.2 Show that the general solution of the equation 
(1t+-x*)y" + 4xy'+2y =0, 


is, for |x| <1, 


ge dy +a,x 
y(x) = 7S (—1)"(ayx?” am ape) = 0 . ‘ 
n=0 +x 


Determine the general solution of the following differential equations in terms of 
power series about x =0. 


0° TT (4k—3) 


930 y"”+xy=0. ED 700) =ag}14+ D — Tan —_—_—_—*" 


(4n+1)! be (4n+2)! 


Ge TT (4k? —2k—1) 
94 (1-x*)y"+y=0. ED 0) =af1-5 ae a (2n)! 


n=2 


oe 2 T1¢ (4k? +2k—1) 
+a{x—% Se =1 xn 


00 [] Gk—2) 0° TT (4k-1) 
bay [e+ yo (-1) ait ea {3 ae we ———— a 
n=1 
n=2 (2n+1)! 
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9.5 y"”—2x?y=0. 


— 2” 4n = 2” 4n+1 
ED v(x) = a9) 1 oe eer +a; (hae ce, 
n=1 Leak») n=1 LGA UGS) 
‘ se 88 TI (6k- 1)(3k+1) ; 
" / = ae = n 
96 y"—2x*y’+xy=0. ED (0) =a 1 - 7 5 aaron ee x 
n-1 
co [TOK+IGR+2) . 
=0 n 
ta,{s Aa Gn+))! 
2 ” ! eS 13x" 
9.7) (x°-Dy" 4+ (4x-l)y’+2y=0. éDd y(x) = ay (1427 era ara 
Lx? re ) ae (x a sf 7x3 19x* 53x? ) 
20 } 6 24 40 
. bee 23K° 195° 
: =0. = a)(1—x?4+4$— —- —— + — 
98 y’+(1+cosx)y =0 GD yw= ao( x74 a Gao | Sol 
27x" i )+a (x x 2x 13x? n 151x? ) 
725760 : 3 120 1680 181440 


2 4 6 8 
x2 x4 31x  379x 
99 y"+y'si =0. Sea a as ae 
y +y sinx + ycosx ED yx) a) a hg 720 | 40320 
6 ale Rye Hy 
_ bene a —— aont 

907200 : 


*~ 3°" To 2520 ' 6480 

9.10 Show that the general solution of the modified Bessel’s equation of order 0 
xy" +y'’—xy=0, x>0, 

is, for 0<x<~M, 

at ee 


yo) = (Cy +GInay Yo 4 [anvil ah a [(2n)!!]2 


9.11 Show that the first Frobenius series solution of the Laguerre equation 
xy” +(1—-x)y’+ky=0, k =nonnegative integer, 
is given by 


n= Oe 


For the case of k =3, show that a second linearly independent solution is given by 


‘ss (1 i 3x =) ac9 23x? Ux © 6-(n—4)! ,, 
x) = (1-—3x4+ ——— — ) Inx+7x-—— +} —— ——_ 
“ 2 6 4 12° Gy? 
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Determine two linearly independent solutions of the following equations. 
9.12 x*y" + (x—2x*)y’ —xy =0. 


@ y=14 es 4, 35x! {2 i 
A x)=1+x meet a tt 
y1 192 | 320 


Vo(x) = y, (x) Inx + (-—-—-——-=-... 


9.13 xy” — Qx+x*)y’+2y =0. 


a ae 5 BB: ht 
xe xt x x 
; aes e re )= DN ee ee 
GD y.W= xO (1te+— tet ay oat ie Ser x7e 
(x) ey ine: (1+ x? 5x4 13x? ) 
x) = y, (x) Inx + x(1+*-—-—-——-... 
Wad 4 36 288 


9.14 xy" + (5 x+x*)y’+xy =0. 


x2 3 4 5 Biv Tee 
GD y=Vx R(I-x+——-= 4-4. JavEys x) _ fee 


6 24 120 


Benes + 8x3 Lox! 32x° in 
y2 15 105. 945 


9.15 xy" + (x—x*)y’ — (x+)ly =0. 


x2 3 x4 5 


ED y=ax(14s ++ 5+ S+oa+-:) 
3 » xd xt x8 
y2(x) =x (1+x +S +5454) 
9.16 x?y” +2xy’ a ae 
4 6 8 10 


GD y,() =x += a me +— * fe a i, EE 
280 


15120 1330560 =172972800 


2 8 144 5760 403200 
9.17 xy” —2xy’-y=0. 


Bx, OK? 30K COIR 77 
GD yooax(4> +7 ae Te? Sh ee) 
RP RP TIRE - AK? 
Maes pis (ier EB.) 


9.18 xy" +2y'’—xy=0. 
gs 6 x8 x10 
x)=1 Ton Bndn | 2498280 | 200142800 
GD n@=l+s+ oe en 


x4 x6 x x 
ax (14> 4 ++...) 
Ya(x) (ie! 720 ' 40320 | 3628800 
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9.19 x*y"” —x?y'’4+2(x-l)y =0. 
ee 
ED 1) =x’, yx) =x? Inxtxo!(—2-3x-3x° +S +4.) 


9.20 xy"+y'—xy=0. 


x4 x6 x8 x10 


Pe) 
GD 1 =1+-5+ G+ i500 + Tease * Tavaso00 
ae ae eee 7 
yale) =) nx (— “4 = 128 13824 1769472 884736000 ) 

9.21 Consider the stability of a simply supported tapered column of length L. 
The column is subjected to an axial compressive load P. The cross-section of the 
column is of rectangular shape. The thickness of the column is constant h, and the 
width changes from b, at the bottom to b, (b, < bo) at the top linearly along the 
length x as shown in Figure 9.3. The modulus of elasticity for the column material 
is E. Determine the first three buckling loads when the column loses its stability in 
the x-y plane for b, /by =0.5, 0.6, 0.7, 0.8, 0.9, 0.99. 


Figure 9.3. Buckling of a simply supported tapered column. 
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d2 
GD Moment-curvature relation: - + K*é“'n(é) =0 
k PL? b x b,h? 
K=-—, r=—, =1- xX, =|-—, x=—, l= 
ER) Sree ee gt reg es 


Buckling equation: J,(2K) Y,(2K,) —J,(2K,) Y,(2K) =0, K,=KV/1-—k 


EI, 


Buckling loads: P,, = (Pat) = 


KK, 
Pr=—*, 0=1,2,3,...5 
For a prismatic beam with b,}=b,, p, =n, n=1,2,3,... 


Buckling loads for a simply supported tapered column with rectangular cross-section. 


a ee a ee | 
pei/bo| « | XK |e | x |» | K | a | 
Jo.5 [0.5 | 5.3873] 0.85741] 10.7384] 1.7091]] 16.0973] 2.5620] 
[0.6 [0.4 || 6.9860] 0.8895]] 13.9463] 1.7757] 20.9123] 2.6626] 


[0.7 [0.3 || 9.0283| o.s194lf 19.2393 1.8372|] 28.8541 2.7554] 
[os [0.2 || 14.8858] o.s477l| 29.7611 | 1.8947|]_44.0387| 2.8418 
[os fo. J s0.s13| 09744] 61.2213] 1.9487]] 91.8306] 2.9231] 
[0.99 _[o.oiff 313.3722 0.9975|] 626.7439] 1.9950] 940.1158] 2.9925] 
Db ttf of Pe rp | 


9.22 An experimental race car developed to break land speed record is propelled 
by a rocket engine. The drag force (air resistance) is given by R= fv’, where v 
is the velocity of the car. The friction force between the wheels and pavement is 
F=ymg, where 1 is the coefficient of friction. The initial mass of the car, which 
includes fuel of mass m,, 1, is mp. The rocket engine is burning fuel at the rate of q 
with an exhaust velocity of u relative to the car. The car is at rest at t =0. Show that 
the differential equation governing the velocity of the car is given by, for 0<t<T, 


d 
m(t) = + Bv? + um()g — qu = 0, mt) = my — qt, 


where T = m,_.,/q is the time when the fuel is burnt out. 


For my =5000 kg, m,,., = 4000 kg, q=50 kg/sec, u=700 m/sec, B =0.1, and 


jc=0.5, what is the burnout velocity of the car? GB v(T) = 1683.9 km/hr 


Numerical Solutions 
of Differential Equations 


In previous chapters, various analytical methods are introduced to solve first-order 
and simple higher-order differential equations (Chapter 2), linear differential equa- 
tions with constant coefficients (Chapters 4 and 6), systems of linear differential 
equations with constant coefficients (Chapter 7), and linear differential equations 
with variable coefficients (Chapter 9). 


However, in practical applications, there are many equations, especially non- 
linear differential equations and differential equations with variable coefficients, 
which cannot be solved analytically. In these situations, numerical approaches 
have to be applied to obtain numerical solutions. 


In this chapter, a number of classical numerical methods are presented, through 
which the concepts of error and stability are introduced. 


10.1. Numerical Solutions of First-Order Initial Value 
Problems 


Consider the first-order differential equation 


d 
— =f(xy), y(Xo) = Yo- 


The solution y(x) is required to satisfy the initial condition, ie., y= yy at x= Xp. 
The differential equation, along with the initial condition, is therefore called an 
initial value problem, as discussed in Chapter 1. Discretize the independent variable 
x at points x, X,,X, ...,in which x,,,=x,+h,i=0,1,2,...,and h is called the 
stepsize. 


431 
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Knowing the initial point (xp, yo), solutions of the differential equation at the 


discrete points x,,x,, ... are required. Adopt the following notations: 
%@ y(x,), i=1,2,..., isthe exact value of the solution of the differential equation 
at x=x;5 
%® y,,i=1,2,..., isanumerical approximation of the solution of the differential 


equation at x=x,. 
Expand y(x+qah) in Taylor series about x as 


ah 3 
y(xtah) = yo) + Zyl) + D: —y"(x + rate 


By selecting different values of a and te the Taylor series at different orders 
of h, various approximate schemes can be developed. 


10.1.1 The Euler Method or Constant Slope Method 
Taking a = 1, x =x,, and keeping only the first two terms in the Taylor series give 
y(x; +h) © y(x;) + hy'(x;); 

or, noting y'(x,) = f(x;, y;); 
Vin =y,thfx,y,), i=0,1,2,.... 


This formula forwards the approximate solution y, at x; a step h to y,,, at x; 
and is called the (forward) Euler method. 


i+)? 


Note that, unless the slope y’ = f(x, y) =constant for x, <x<x;,,,,i=0,1,..., 


— not be the true value of y at x.,,. Since the Euler method assumes the 


Vit i+1' 
slope y’ for x;<x<x;,,, asaconstant f(x;, y;) using the value at the left end x,, it 
is also called the constant slope method. A schematic diagram for the Euler method 


is shown in Figure 10.1. 


| Example 10.1 10.1 


For the initial value problem y’=x y?—y, y(0)=0.5, determine y(1.0) using the 
Euler method with h=0.5. 


The differential equation is a Bernoulli equation and can be written as 


Le gent 
syto=x. 
ae: 
1 d 1d du 
Letting u=—, one has ate — which leads to —-——+u=x, a first- 
y dx y* dx dx 


order linear equation of the form 


= 4+ P(x)u=Qix), with P(x)\=-1, Q@)=—x. 
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Yo 

' Exact solution 
y(Xn) 

H } Exact values 

I : y(%2) Cumulative 
WX) — 
eNOS si 
eee 4 
Approximate" 1 
PG wales FEE 

H h h h i h h 


Xo x] x2 Xy-] Xy x 


Figure 10.1 The Euler method. 


It is easy to evaluate 


[rc dx = —x, ef Pande er, e [Pads =e", 


[ocrel ae = pe =e *(x+1). 


The general solution is 


parame! fae! ax +c | =e[e a4 +C]=144+Ce" 
y 


Using the initial condition y(0) =0.5, 
1 
<a 1404+C-&=14+C = C=1. 
Hence the exact solution of the initial value problem is 


y(x) = = > (0.5) = 0.317589, _y(1.0) = 0.211942. 


1 
l+x-+e* 
The Euler method is, with h=0.5, 


fOpyD=*IP-Yo Vig = + AFO% y)- 
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The results are as follows 


i=0: x)=0, yy =0.5, f(0,0.5)=0x0.5*—0.5 = —0.5, 
y, = 0.5+0.5 x (—0.5) = 0.25; 

i=1: x, =0.5, y,=0.25, f(0.5,0.25) = 0.5 x 0.257—0.25 = —0.21875, 
yx = 0.25+0.5 x (— 0.21875) = 0.140625. 


The difference between the exact value and the approximate value at x = 1.0 is 


|_y(1.0) —y,| = 0.211942 — 0.140625| = 0.071317. 


10.1.2 Error Analysis 


In general, there are two types of error in numerical solutions of a differential 
equation, i.e., roundoff error and truncation error. 


In floating-point representation, arithmetic among numbers is not exact. For 
a particular computer, the smallest number ¢ that, when added to 1.0, produces 
a floating-point result that is different from 1.0 is called the machine accuracy or 
the floating-point accuracy. In general, every floating-point arithmetic operation 
introduces an error at least equal to the machine accuracy into the result. This error 
is known as roundoff error and is a characteristic of computer hardware. Roundoff 
errors are cumulative. Depending on the algorithm used, a calculation involving n 
arithmetic operations might have a total roundoff error between ./ne and ne. 


The discrepancy between the exact result and the result obtained through a 
numerical algorithm is called the truncation error. Truncation error is introduced 
in the process of numerically approximating a continuous solution by evaluating 
it at a finite number of discrete points. It is the error that a numerical algorithm 
would have if it were run on an infinite-precision computer. Truncation error can be 
reduced, at the cost of computation effort, by developing and selecting algorithms 
that are of higher orders of the stepsizes. 


y 
Slope k= y"(x;) =f(xi yi) 


Euler point y;,;=y;t+hk 


Local error 


Exact solution 


xj Xi+] x 


Figure 10.2 Local error of the Euler method. 
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In most cases, truncation error is independent of the roundoff error. A numerical 
result thus includes the accumulation of truncation errors due to the approximation 
in the numerical algorithm and the roundoff errors associated with the machine 
accuracy and the number of operations performed. 


Truncation Error of the Euler Method 


To study the truncation error in the (i+1)th step, refer to Figure 10.2, in which 
y(x;,,) is the exact solution satisfying y= y; at x=x,. 


Consider the Taylor series 


= y(x;) + hy"(x) + ; Wy), %;< 1; <Xi41- 


The local error or truncation error at the (i+1)th step is 


2 nN 
< mh’, ly (r;)| < 2m; xX; <7; <Xj4). 


2 
N 
[ya — Vir = sy (r;) 


Starting from the initial point y(x))= yo, the cumulative error at x=x,, after 
following the Euler method for n steps is (Figure 10.1) 


n—1 
ly(%n) —In| < Yo m;h? < Moh’, M = max{m,,m),...,m,}; 
i=0 


= M (x,,—X9)h, nh = x,,—Xq» 


= Ch, M(%,=x5) = C. 
The cumulative error is of the first order of h, ice., O(h) or | y(x,)— y,|<Ch. 


Table 10.1. Comparison of solutions and cumulative errors for different stepsizes. 


rr ee eee ee ee 
Pe) Ty [ped yi Idi a] 
XD | | CS | | 
Forffossaasoy | iT | _jo45 | 0.003480, 
10.2 []0.412984][ 
0.3 110377379 |_| Pf 0.369636 | 0.007743 | 
10.4 110.345802][ 336771 | 0.009031 | 
307631 
= 281599] 0.010617 | 
a Pf 0.258197] 0.011072 | 
ae 
ae aes ees) 


0.211942 ]] 0.140625 | 0.071317 |] 0.187611} 0.024330 
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As a numerical example, Table 10.1 shows the solutions and the cumulative 
errors for the initial value problem in Example 10.1 with different stepsizes. Since 
the cumulative error is of the order O(h), the accuracy of numerical approximation 
can be increased by using a smaller stepsize. 


However, there are two caveats with increasing numerical accuracy by decreasing 
stepsize: 

e It is not efficient. It is more preferable to use higher order algorithms that are 
more accurate and efficient. 

ea The use of arbitrarily small stepsizes in numerical computation is prevented 
by roundoff error. When the stepsize is small enough, the local truncation 
error may be smaller than the roundoff error. Furthermore, to determine 
the solution of a differential equation at some point x, a smaller stepsize h 
means a larger number of steps x/h; the accuracy may actually decrease as 
the roundoff errors accumulate while the computation steps along. 


The Euler method is the simplest algorithm for numerically solving an ordinary 
differential equation. However, it is not recommended for any practical use because 
it is not very accurate when compared to other higher order methods, such as the 
Runge-Kutta methods, which will be introduced in Section 10.1.5. It is presented 
here for understanding the essential procedure of solving an ordinary differential 
numerically and the concept of error analysis. 


10.1.3. The Backward Euler Method 


Taking a= —1, x=x;,,,, and keeping only the first two terms in the Taylor series 
give 
V(Xi41 fh) © yxi1) — hyip), 
or, noting y"(x;, 1) =f j41> Vig1)> 
Vi = Vin — HF pv Viga> 
or 
Vier =VithSOiyp Vig 1= 012... 
This formula is called the backward Euler method, since y, is derived in terms of 
bees 
If function f(x, y) is linear in y, then f(x, y)=a(x)y+b(x) and 
Vi = Vir — hlaG ip) Yin + OD]. 
Yj41 can be expressed explicitly in terms of y; 
y, th-b@&;,,) 


_ i 
JVi+1 =; [* h-a(x;,1) . 
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Otherwise, the backward Euler method gives an implicit equation for y;, ,. A root- 
finding algorithm has to be applied to solve the nonlinear algebraic equation for 
Piel 

The backward Euler method is one of a class of numerical techniques known 
as implicit methods. The main disadvantage of implicit methods is that nonlinear 
algebraic equations must be solved at each step. However, the most important 
advantage of implicit methods over explicit methods is that they give better stability, 
which will be illustrated in Section 10.3. 


| Example 10.2 10.2 


For the initial value problem y’=x y*—y, y(0) =0.5, determine y(1.0) using the 
backward Euler method with h=0.5. 


The backward Euler method is, with f(x, y) =x y?—y and h=0.5, 
Vian =Vit HF Cigp Vig: 
The results are as follows 
i=0: x9=0, yy=0.5, 
y, =0.5+0.5x (0.5x yf—y,) => 0.25 yf -1.5 y, +0.5=0, 
y= 0.354249, S-6645754; 


#& Since the difference between y,,,, and y,, ly, ees |, is of the order O(h’), 
the root 0.354249 is selected. The root 5.6645751 is not reasonable and should be 
discarded. 


i=1: x,=0.5, y,=0.354249, 
Yq =0.354249+0.5 x (1.0 y3— yp) => 0.5 y3—-1.5 y,+0.354249 =0, 
Y= 0.258427,  Benbt57S; 
Cumulative error: | y(1.0) —y,| = |0.211942 — 0.258427| = 0.046486. 


# Similarly, the root 0.258427 is selected and the root 2.741573 is discarded. 


For nonlinear algebraic equations, there are usually more than one 
real root; care must be taken to pick the correct root, especially when the roots are 


closely spaced. 


10.1.4 Improved Euler Method—Average Slope Method 


The Euler method y,,; = y, +h f(x; y;) isnot symmetric; it uses the slope f(x; y;) 
at the left end point of the interval [x,, x; 4,1 as the actual slope of the solution y/(x) 
over the entire interval. 
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On the other hand, the backward Euler method y;, = y;+h f(x; 
the slope f(x;, 1, 
slope of the solution y’/(x) over the entire interval. 


itp Viz1) uses 


Yj41) at the right end point of the interval [x;, x;, ;] as the actual 


a 
The improved Euler method combines the Euler method and the backward 
Euler method. It uses the average of the slopes f(x;,, y,) at the left end point and 


F(X}, > ¥i44) at the right end point of the interval [x;, x; 
the solution y/(x) over the entire interval, ie., 


i411] as the actual slope of 


Sees es Ten Vd + fGizp Vind) i=0,1,2,.... 


The improved Euler method or the average slope method is also called the trapezoidal 
rule method because of its close relation to the trapezoidal rule for integration 


Xi41 h 
Vesna) — ye) = fo" y'Gode = [ye + yd) 


i 


Expanding y’(x;, ;) in Taylor series yields 


I Sig) = y'%+A) = ye) + = ye) + O(h’). 
Noting that 


Yin = Ii + Shp y+ fOinp Yew] = 9+ FhL'@d+y' Ov) 


the truncation error of the improved Euler method at the (i+1)th step is 
ly@inn) Vig] = | [y(x,) + hy") + Fh? yo) + 0h) 
—{y;+ Shly'@) + bye) +hy"Ge) +008)]}] 
= O(h’). 


Hence, the truncation error of the improved Euler method in each step is of the 
order O(h>), and the cumulative error is of the second order of h, i.e., O(h?) or 
|7(%&n) — Yn] <Ch?. 


The improved Euler method is obviously implicit and shares the advantage of 
implicit methods in terms of stability, which is particularly important in solving 
stiff equations (see Section 10.3 for a brief discussion). 


On the other hand, it also shares the disadvantage of having to solve a nonlinear 
algebraic equation at each step with the backward Euler method. To overcome this 
problem, a numerical technique known as predictor-corrector can be applied, in 
which the value y,,, on the right-hand side of the equation is approximated using 
an explicit method, such as the Euler method. Unfortunately, while the improved 
Euler method is rendered explicit by applying the predictor-corrector technique, it 
also loses its stability characteristic as an implicit method. 
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A schematic diagram is shown in Figure 10.3 to illustrate the procedure of the 
improved Euler predictor-corrector method. 


Improved Euler Predictor-Corrector Method 


At the (i+1)th step, i=0, 1, 2,..., 


(1) k, = f(xy) Slope at the left end point x; 

(2) Predictor y; 4, =)ithk, Predict y at x;,, using the Euler method 
(3) ky = fj. a 41) Predicted slope at the right end point x;,, 
(4) k= os The averaged slope is used on [x;, x; 1] 


(5) Corrector y;,,; = y; +hk Improved Euler point 


4 @ Slope ko=f(isy Yin) 


@ Euler point y? ,=y,+hk, 


O Slope k,=f(x; y;) Exact solution 


k,+k 
@ Average slope k= = 


Exact value © Improved Euler point 
y(xi+1) t Via =Vit hk 


h 


Shaan 


i Xi+1 Xin Xx 


Figure 10.3 Improved Euler predictor-corrector method. 


| Example 10.3 10.3 


For the initial value problem y’=x y?—y, y(0)=0.5, determine y(1.0) using the 
improved Euler method and the improved Euler predictor-corrector method with 
h=0.5. 


(1) The improved Euler method is, with f(x, y) =x y?— y and h=0.5, 
1 
Viner =Vit Zh[SOp yp) + fOipv Yin]. 
The results are as follows 


i=0: x»=0, yy=0.5, 
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y= 0.545 x0.5 x [(0x0.57-0.5)+.0.5x yt—y,)] 
==> 0.125 y7-1.25 y, +0.375=0 => y, =0.309584, 97690446; 
i=1: x,;=0.5, y,=0.309584, 
y= 0.309584+4+4 x 0.5 x [(0.5 x 0.309584” — 0.309584) + (1.0 x y3— y>)] 
==> 0.25 y5—-1.25 y, + 0.281373 =0 => y,=0.236262, 4763738; 
Cumulative error: | y(1.0) —y,| = |0.211942 — 0.236262| = 0.024321. 


(2) The improved Euler predictor-corrector method is 
k, +k 
2 


k, =f (xp yj)» Vint =y,+hk,, ky = finn View» k= 2, Vig =yj th. 
The results are as follows 
i=0: x=0, yy = 0.5, 
k, = f(0,0.5) = 0x0.57—0.5 = —0.5, 
y? =0.5+ +0.5x(—0.5) = 0.25, 2 Predictor 
ky = f(0.5, 0.25) = 0.5 x 0.257 —0.25 = —0.21875, 
k = 4(—0.5—0.21875) = —0.359375, 
y, = 0.5+0.5 x (— 0.359375) = 0.320313; & Corrector 
i=1: x,=0.5, y, = 0.320313, 
k, = f(0.5, 0.320313) = 0.5 x 0.320313 — 0.320313 = — 0.269012, 
yk = 0.320313+ + 0.5 x (—0.269012) = 0.185806, 2 Predictor 
ky = f(1.0, 0.185806) = 1.0 x 0.185806? — 0.185806 = — 0.151282, 
k= 5 (0.269012 — 0.151282) = —0.210147, 
Yo = 0.320313+0.5 x (— 0.210147) = 0.215239; @& Corrector 
Cumulative error: | y(1.0) —y,| = |0.211942 — 0.215239] = 0.003297. 


10.1.5 The Runge-Kutta Methods 


Taking w= 1, x=x,, and keeping only the first three terms in the Taylor series give 


h2 
y(x; +h) x y(x;) + hy'(x;) + sy"@- (1) 
Since y/(x) = f(x, y), differentiating with respect to x yields 


of fay af, yah 


M 
=— —_. 2 
ee be Oy dx Ox oy @) 
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On the other hand, applying the Taylor series for function F(x,, x,) of two variables 


OF 1 02°F 
F(x), X)) = F(a, a,) + [os\-4 a) = + (x. — a) =| +— 7 Co a)" —= 


2( )( —_— es ( yt 
+ 2(x A, )\Xx a + (X,—a +... 
1 1 2 2 ax OX; 2 2 ax? 


to function f(x+ sh, yt = hf) yields, keeping only the first two terms, 


fet zh ytghf) ~ fon d+] (Zh t+ (4 Sed 


= f(x, y)+ Shy"(x). #= Using equation (2) 


Hence, an approximation of y”(x) is given by 


" 2 
ya) x S[fatgh yt Zhf) — fle y)]. (3) 
Substituting equation (3) into equation (1) results in 
ylx; +h) © y(x,) +hfxpy) +h f(x; + 5h y: +5 hf ep ¥)) — fp yd) 


or 
1 1 
OT Oi pe hf (x; + 5h, y,+5hf(x; y;))- 
From this equation, the second-order Runge-Kutta method or midpoint method can 
be developed. 


A schematic diagram is shown in Figure 10.4 to illustrate the procedure of the 
second-order Runge-Kutta method. The cumulative error is of the second order of 
h, ie, OCF?) or |y(X_)—Yp| <CH. 


| Example 10.4 10.4 


For the initial value problem y’=x y?—y, y(0)=0.5, determine y(1.0) using the 
second-order Runge-Kutta method with h=0.5. 


The second-order Runge-Kutta method is, with f(x, y)=x y?— y and h=0.5, 
1 1 
ky =f xj yj)» Visa = Di + 5hky, k,=fx;+5h, Ving)? Vig =Vithk. 
The results are as follows 


i=0: x9=0, y,9=0.5, 
k, = f(0,0.5) = 0x 0.57—0.5 = —0.5, 
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| Second-Order Runge-Kutta Method | Runge-Kutta Method 


At the (i+1)th step, i=0, 1, 2,..., 


(1) ky = f(xy) Slope at the left end point x; 


1 Predicted y at the midpoint x,+ 4) 
2 4 = y.t+=hk vs 1p: ia DD 
o Ming ~ Fi mea using the Euler method 
(3) kp = f(;t+ sh, Visa ) Predicted slope at the midpoint x;+ sh 
(4) k=k, Slope on [x;, x;,;] is taken as the midpoint slope 


(5) Yin, = yi thk Second-order Runge-Kutta method 


y 9 Euler point y;,;=y;+hk, 
§ Euler point y;4; if step size is Sh 


@ 2nd-order Runge-Kutta y;,;=y;+hk, 


Exact value y(x;+1) 


Exact solution 


Rd ee 
ey eer 


i+] x 


Figure 10.4 Second-order Runge-Kutta method. 


Youg = 05+ +x 0.5 x (—0.5) = 0.375, 
k, = f(0.25, 0.375) = 0.25 x 0.375? —0.375 = —0.339844, 
y, = 0.5+0.5 x (— 0.339844) = 0.330078; 
i=1: x,=0.5, y, = 0.330078, 
k, = f(0.5, 0.330078) = 0.5 x 0.330078? — 0.330078 = — 0.275602, 


Y, 44, = 0.330078 + + x 0.5 x (—0.275602) = 0.261178, 

k, = (0.75, 0.261178) = 0.75 x 0.261178" — 0.261178 = —0.210017, 
yx = 0.330078+0.5 x (— 0.210017) = 0.225069; 

Cumulative error: | y(1.0)—y,| = |0.211942 — 0.225069] = 0.013128. 
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Higher-order Runge-Kutta methods can also be developed. For most practical 
applications, the fourth-order Runge-Kutta method is the most popular method. 


A schematic diagram is shown in Figure 10.5 to illustrate the procedure of the 
fourth-order Runge-Kutta method. The cumulative error is of the fourth order of 
h, i.e. O(h*) or | y(X,)— Jn | <Ch*. 


| Example 10.5 10.5 


For the initial value problem y’=x y?—y, y(0) =0.5, determine y(1.0) using the 
fourth-order Runge-Kutta method with h=0.5. 


The fourth-order Runge-Kutta method is, with f(x, y)=x y’?—y and h=0.5, 
k= f (Xp yj)» bara =yitzhk, ky = f(x; + Zh, Viggo Vid = yt zhk, 
ks = f(x; +h J, 1) Vin =Vi thks ky=fOt+hs via), 
k= 2 (ky +2k,+2ks thy) Yigy =yithk. 
The results are as follows 
i=0: x» =0, yy = 0.5, 
k, = f(0,0.5) = 0x 0.57—0.5 = —0.5, 
Yoga = 05+ +x 0.5 x (—0.5) = 0.375, 
k, = f(0.25, 0.375) = 0.25 x 0.375* —0.375 = —0.339844, 
Foyg = 05+ +x 0.5 x (— 0.339844) = 0.415039, 
k, = f(0.25, 0.415039) = 0.25 x 0.415039" — 0.415039 = —0.371975, 
Yq = 0.5+0.5 x (— 0.371975) = 0.314012, 
k, = f(0.5, 0.314012) = 0.5 x 0.314012? — 0.314012 = —0.264711, 
k= z(- 0.5—2 x 0.339844 —2 x 0.371975 —0.264711) = —0.364725, 
y, = 0.5+0.5 x (— 0.364725) = 0.317638; 
i=1: x, =0.5, y, = 0.317638, 
k, = f(0.5, 0.317638) = 0.5 x 0.317638 — 0.317638 = —0.267191, 


1 
Viet = 0.317638 + 5x 0.5 x (—0.267191) = 0.250840, 


k, = f(0.75, 0.250840) = 0.75 x 0.2508407 — 0.250840 = — 0.203649, 


ta = 0.317638 + + x 0.5 x (— 0.203649) = 0.266725, 


2 
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| Fourth-Order Runge-Kutta Method Runge-Kutta Method 

At the (i+1)th step, i=0, 1, 2,..., 

Ci ki fey) Slope at the left end point x; 


1 Predicted y at the midpoint x.+ Ly, 
@) Vind Nae an using the Euler method 
(GQ Ka +5h, sare 4 ) Predicted slope at the midpoint x;+ sh 
(4) k=k, Slope on |x; x; +Fh| is taken as the midpoint slope 


Improved predicted y at the midpoint x, + sh 


5) 9... =y,+5hk 
ES ay (similar to second-order Runge-Kutta method) 


(6) kz = f(x; +5h, an ‘i ) Improved predicted slope at the midpoint x;+ sh 


(oka, Slope on Es x, + 5h] is taken as the improved 
midpoint slope 
(8) Yin =Hi+ hk Predicted y at the right end point x;, | 


(9) ky = f(x; +h, y;,,) Predicted slope at the right end point x;, 


k,+2k,+2k,+k, Slope on [x;, x,+h] is taken as the weighted 
6 average slope 


(10) k= 


(11) yu) = yj, + hk Fourth-order Runge-Kutta method 


@ Slope k,=flx+5h, Visy) 
@ Slope k;=f(xj+ 5h, F;44) 


4th-order Runge-Kutta 
Visi =Yithk 


@ 457+ ghk, 


Oat ghk, 


@O 


1) Slope k,=f(x;; yj) 


@ Slope k=k, 


(EN k= = (k, + 2k) +2k3+k4) 


@ Slope k=k, 
1 
sh 


© Slope ky= f(x;+h, Vist ) 


I- 
= 


Ra’ — 
oy 


i+] x 


xj+oh 


Figure 10.5 Fourth-order Runge-Kutta method. 
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k3 = f(0.75, 0.266725) = 0.75 x 0.266725 — 0.266725 = — 0.213369, 

Jy = 0.317638 +0.5 x (— 0.213369) = 0.210953, 

ky = f(1.0,0.210953) = 1.0 x 0.210953” — 0.210953 = —0.166452, 

k = 4(—0.267191 —2x 0.203649 — 2x 0.213369 — 0.166452) = — 0.211280, 
¥, = 0.317638 +0.5 x (— 0.211280) = 0.211998; 

Cumulative error: | y(1.0)—y,| = |0.211942 — 0.211998] = 0.000056. 


10.2 Numerical Solutions of Systems of Differential 
Equations 

As discussed in Section 7.4, any ordinary differential equation or system of differ- 

ential equations can be expressed as a system of first-order differential equations. 


For example, consider the following equations of motion of a two-dimensional 
nonlinear system 


dy + By4y + Op + 1419} + 11293) 41 = 4 COS AE, 
Go + Boda + O31 + Yai} + 2293) 2 = 4 COS Nt. 


Letting x=t, y) =4)> V2 =4>> V3 =4,> and y, =q, changes the equations to 
V3 + Byy3 + oF (1+ Viryt + Y1292) 1 = ay COs Qx, 


Vat Boyg + 03 (1+ Yo YT + Y2299) Yr = ay COS OX. 


In the matrix form, one has 


Nn y3 
Vol _ V4 
V3 7 a, cos Qx — oF (Lt My Yt + M1292) V1 — BLY 
V4 ay cos 2X — 03 (1 + Yo, Vp + 29.93) Yo — Baa 


Hence, without loss of generality, consider the initial value problem of a system 
of m first-order differential equations 


y’ = f(x, y)s y (Xo) = Yo> 


where x is the independentvariable and y= {y,, y),---s ¥m} " isan m-dimensional 
vector of dependent variables, and f(x, y) ={ fi, fo ---> ae is an m-dimensional 
vector of functions of x, y,, Vx, ---> Vin- 


The numerical methods presented in Section 10.1 for a first-order ordinary 
differential equation can be readily extended to a system of first-order ordinary 
differential equations. 
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1. The (Forward) Euler Method or Constant Slope Method 
Yin =Y¥,+hfxpy), i= 0,1,2,.... 
2. The Backward Euler Method 
Yinr =VithfOupYay 1=0,1,2,.... 
3. Improved Euler Method or Average Slope Method 
Yin =Vit ZhE@pyD +fav Vavdh 1=0,12,-... 
4. Improved Euler Predictor-Corrector Method 


At the (i+1)th step, i=0, 1, 2,..., 


(1) k, = f(x; y,) Vector of slopes at the left end point x; 
(2) Predictor v4 =y,;t+hk, Predict y at x;,, using the Euler method 
(3) k, = f(x;4,5 Vid Predicted slopes at the right end point x;, | 
k, +k 
(4) k= al Vector of averaged slopes is used on [x;, x; 1] 


2: 
(5) Corrector y;,; =y;+hk Improved Euler point 


5. Second-Order Runge-Kutta Method 
At the (i+1)th step, i=0, 1, 2,..., 
(1) k, =f(x;, y;) Vector of slopes at the left end point x; 


Predicted y at the midpoint x,+ sh 
using the Euler method 


2g YF zhk, 
(3) k, =f(«;+ Sh, Yi4 r ) Vector of predicted slopes at the midpoint x; + sh 
(4) k=k, Slopes on [x;, x;,,] are taken as the midpoint slopes 
(5) Yin = yj; + hk Second-order Runge-Kutta method 

6. Fourth-Order Runge-Kutta Method 
At the (i+1)th step, i=0, 1, 2,..., 

(1) k, = f(x; y,) Vector of slopes at the left end point x; 


Vector of predicted y at the midpoint x, + 5 h 


1 
2 —, =y-+ehk 
@) Ying tears! using the Euler method 


(3) k, =f(x; +5h, Yua ) Vector of predicted slopes at the midpoint x;+ sh 
2 
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4 E=k, Slopes on [x;, x; +$h] are taken as the midpoint 
slopes 
Mies i 
(5) Find Sy 4h k Improved predicted y at the midpoint x;+ 5h 


(similar to second-order Runge-Kutta method) 


(6) k; =f(x;+ 5 h, y,,1) Improved predicted slopes at the midpoint x; + sh 
2 


(7) k=k, Slopes on Ee x;+$h] are taken as the improved 
midpoint slope 
(8) Yur=yit hk Predicted y at the right end point x;, ; 


(9) ky =f(x;+h, y;,,) | Vector of predicted slopes at the right end x; ; 


(10) k= k,+2k, +2k,+k, Slopes on [x,, x, +h] are taken as the weighted 
7 6 average slopes 
(11) y;,,; =y,; + hk Fourth-order Runge-Kutta method 


| Example 10.6 10.6 


Consider the initial value problem 2” — y” sin2x=0, y(0)=0, y/(0)=1. 
1. Determine the exact solution y(x) of the initial value problem. 


2. Determine y(0.5) using the fourth-order Runge-Kutta method with h=0.5. 


(1) This second-order equation is of the type of y absent. Letting u=y’ and 
u' = y” give 2u’ =u? sin 2x. The equation is now variable separable 


du 1 1 
[oq [sinzxax +c => «=== —cos2x —C. 
ur uv ~=—-2 


Using the initial condition u= y’ =1 at x =0 yields 


1 
= =-cos0-C => C=--. 
02 2 
Hence, 
1 1+ cos2x 2 } 
= = = COS X SS Uy’ = SECX. 
u2 2 


#2 Since u= y’=1>0 at x=0, the + sign is taken. 


Integrating with respect to x results in 
y= [ secxae +D= In| secx+ tan x| + D. 


Using the initial condition y=0 at x=0 gives 0=In|sec0+tan0|+D, which 
leads to D=0 and 


y= In| sec x+ tan x]. 
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(2) Letting y,=y, y= y’, one has 
2y, —yzsin2x =0 = > y,= iy; sin 2x, 

or, in the matrix form, 

y _ Y2 = f,@y) = F,O3 p> Vo) i= | 

Y, 373 sin 2x fy) AG Ip 2) V2 
The fourth-order Runge-Kutta method is 

1 1 ~ 1 
k, =f(x;, y,), Yigg Vit hk, k, =f(x,+5h, Vien? Vid =y,+ 5hk,, 
1, ~ = = 

ks=f£j,+7 94) Yai =yithks, ky=fO, +h, ¥i41)> 


k= Z(k, +2k,+2k;+ky), Yq p =yj thk. 


The results are as follows 


02" S50: 997 =O) = Hg HF OH LG hH OD, 
a f,(0; 0, 1) 7 4x1 x sino lof 
0 1 1 0.25 
Yous = 1 + 2 x 0.5 x 0 = , ‘ 
k f, (0.25; 0.25, 1) 1 l 
* | f0.25;0.25, J [Fxi3x sino.sf — | 0.239713)" 


; ae eee 1 0.25 
= + =x0.5~x = ‘ 
Yous ~ Yi 7 2 0.239713 1.059928 


‘ f, (0.25; 0.25, 1.059928) 1.059928 1.059928 
* | f,0.255 0.25, 1.059928) | ~ [4x 1.0599283xsino.5J | 0.285444” 
: o) , 1.059928 0.529964 
Y.= + zx 0.5 x = ; 
1 0.285444 1.142722 
. f, (0.25; 0.529964, 1.142722) 1.142722 1.142722 
* | £0.25; 0.529964, 1.142722) 1.142722" sin LO 0.627814 |’ 


1 1 1 1.059928 1.142722 1.043763 
k== iis x +2~x + = : 
2 0.239713 0.285444 0.627814 0.279688 


Vii y, (0.5) 0 ie 1.043763 0.521882 
Nia y(0.5) 1 > * 1 0.279688(  } 1.139844 
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lea 0.5+ tan = feeesy 
ree sec 0.5 1.139494 
and the error is 


0.522238 0.521882 0.000356 
y(0.5)— yy = 2 = 
1.139494 1.139844 —0.000350 


10.3 Stiff Differential Equations 


The exact solution at x =0.5 is 


secx 


In| secx+ tan x| 
y(0.5) = 


Consider the simple first-order ordinary differential equation 


y (x) = —ay, y(0) = yy, a>0. 


The solution of this initial value problem is y(x) = y)e~ *, which approaches zero 
as X > 00. 


Applying the Euler method gives 
Vip =Vj thay) = > Yiu, =C-ah)y, i1=0,1,2,.... 
Noting that y) = y(0) = 1, one has 


Vn = (1—ah)" yo, N14 23. 


Since a>0, for 0<h<2/a, 
if h>2/a, 
unstable for this initial value problem when h > 2/a. The Euler method is therefore 
conditionally stable. 


1—ah|<1 and |y,| 0 when noo. However, 


1—ah|>1 and |y,,|—>0oo when noo. Hence, the Euler method is 


Using the backward Euler method yields 


Ni : 
Vir =i thay) = Jnr = Trak’ PSOne esos 
or - 
~ Gahyt 2° 


It is clear that for any stepsize h>0, 


Yn 


Y,|—>0 when noo. Hence, the backward 
Euler method is unconditionally stable for all h>0. 


Similarly, using the improved Euler method leads to 
1-— 5 ah 


1 
Yin =i t FAL Cay) + Cayiny)) = yur = Lo 
1+ Fah 


For any stepsize h>0, |y,,|—>0 when n— oo, and the improved Euler method is 


unconditionally stable. 
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Backward Euler 


Improved Euler 


Figure 10.6 Illustration of unstable Euler method. 


Figure 10.6 shows the numerical results obtained using the Euler method, the 
backward Euler method, and the improved Euler method for a= 20, h=0.11>2/a. 


It can be clearly seen that the Euler method is unstable. 


In this example, y(x) varies rapidly—decaying exponentially at the rate of e~ 7. 


Small stepsizes must be taken to ensure the stability of explicit methods, such as the 
Euler method. 

In general, implicit methods give better stability. When large stepsizes are used, 
accuracies in numerical solutions decrease; however, stability is still maintained. 

An ordinary differential equation problem is stiff if its solution has two com- 
ponents, one varying slowly and the other varying rapidly, so that a numerical 
method must take small stepsizes to obtain satisfactory results. 

A practical example of a stiff equation is the equation of motion of an over- 
damped single degree-of-freedom system 


y (x) + 2layy'(x) +o y(x) = asinQx, ¢>1, 


where x is the time parameter. If the system is at rest when x =0, then y(0)=0 
and y/(0)=0. 


For €=2, a) =2=10, a=400, the response of the system can be solved ana- 


lytically using the approaches presented in Chapter 4 to yield 


— cos 10x. 
a 
Steady-state 


response 


y(x) = Sa 23 ,-100+ v5 ifs 3t2V3 .-102-v9s 


Transient response 
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The first two terms decay exponentially as x > oo. After some time, the contribu- 
tion of these two terms in the response becomes negligible; these two exponentially 
decaying terms correspond to the transient response. As a result, the last sinusoidal 
term is the steady-state response, which is the term that survives or dominates for 
large time x. 


Figure 10.7 Response of an overdamped single degree-of-freedom system. 


The total response y(x) and the transient response are shown in Figure 10.7. It 
is obvious that, after some time x, only the steady-state response is dominant and 
is important in application. 


However, in numerically solving the equation of motion for response y(x), the 
situation is very different. Since the transient response varies rapidly and the steady- 
state response changes slowly, the differential equation is stiff. The selection of the 
stepsizes for the stiff equation is dictated by the transient response. To guarantee 
the stability of numerical algorithms, small stepsizes must be chosen. 


Table 10.2 shows the solutions of the overdamped single degree-of-freedom 
system solved with h=0.05, using the fourth-order Runge-Kutta method, the 
backward Euler method, and the improved Euler method. Both the fourth-order 
Runge-Kutta method and the improved Euler method yield satisfactory results, 
with cumulative errors at x = 4.0 being 0.99% and 3.26%, respectively. 

When the stepsize is increased to h=0.1 (Table 10.3), the fourth-order Runge- 
Kutta method is unstable, with the solution growing exponentially. The backward 
Euler method and the improved Euler method, both of which are implicit methods, 
are still stable, although the accuracies are reduced due to the increase in stepsize. 
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Table 10.2 Comparison of solutions of the stiff equation with h=0.05. 


L* [ eongeavs | “tater | tuer |_| 
’ Runge-Kutta Euler Euler : 
[0.5 |] —0.007319 | —0.197616 |__ 0.008708 If —0.001491 | 
[1.0 |} 0.914348 | 0.682814 | _0.899324 I] 0.912976 | 
1.5 [0.785655 | _0.829904 |_ 0.755871 |] 0.779044 
=0.400632___ | —0.142329 | —0.404011 [| —0.403012 | 
| — 0.890839 | 0.967697 || —0.989875 | 
| = 0.357430 | —0.140444 |] —0.153904 | 
| 0.689663 | 0.889207 || 0.903783 | 
a |_0.749148 | 0.645224 |] 0.666962 | 


Consideration of stiff equations is mainly on the efficiency of the numerical 
algorithms. Even for conditionally stable algorithms, as long as the stepsizes are 
small enough, they can solve stiff problems, although they may take a long time to 
do it with small stepsizes. 


10.4 Summary 


In this chapter, some classical methods for numerically solving ordinary differential 
equations are introduced. 
Explicit Methods 


ze The (forward) Euler method. The cumulative error is of the order O(h). 

ta The improved Euler predictor-corrector method. The cumulative error is of 
the order O(h’). 

za The second-order and fourth-order Runge-Kutta methods, with the cumula- 
tive errors being of the orders O(h”) and O(h*), respectively. 
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Implicit Methods 


za The backward Euler method. The cumulative error is of the order O(h). 


%® The improved Euler method. The cumulative error is of the order O(h7). 


There are two types of errors in numerical solutions of ordinary differential equa- 
tions. The roundoff error is due to the finite lengths of floating-point representa- 
tions and is a characteristic of computer hardware. Roundoff errors are cumulative. 
Truncation error arises when numerically approximating a continuous solution by 
evaluating at a finite number of discrete points. Accuracy of numerical approxima- 
tion can be improved by selecting algorithms that are of higher orders of stepsize h 
and using small stepsizes, as long as they are not so small that the local truncation 
error may be smaller than the roundoff error. 


A differential equation is stiff if its solution has two components with vastly 
different rates of change. Selection of algorithms and stepsizes is often determined 
by the stability of the method, affected mainly by the component of solution with 
the fastest rate of change. Implicit methods usually give better stability. Small 
stepsizes must be used to obtain results with satisfactory numerical accuracy. 


In solving practical application problems, it is important for an engineer to be 
able to describe a physical problem using a mathematical model, to establish the 
governing differential equations following physical laws, to select suitable methods 
for solving the differential equations, and to interpret the results obtained. 


The purpose of this chapter is, through the introduction of some simple classical 
methods, to present the concept of numerical solutions of differential equations, the 
errors involved in the approximation, and caveats in selecting numerical algorithms. 
It is not the objective of this chapter nor is it essential for an engineer to master and 
implement numerical algorithms that are of high accuracy and efficiency. 


With the rapid and constant development of computer software, sophisticated, 
high-performance numerical algorithms have been and are still being developed 
and implemented in numerical libraries such as 


ea the Numerical Recipes series in various programming languages including C, 
C++, and Fortran (authored by W.H. Press, B.P. Flannery, S.A. Teukolsky, 
and W.T. Vetterling, and published by the Cambridge University Press); 

ea the free GNU Scientific Library for C and C++ programmers; 

za the commercial IMSL and NAG Libraries. 

Symbolic and numerical computation software, such as Maple, Mathematica, and 
Matlab, all have built-in high-level commands for numerical solutions of ordinary 
differential equations. 


Application examples solved using Maple will be presented in Chapter 12. 
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Problems 


10.1 Consider the initial value problem y’= —xy?+5y, y(0)=1. 
10 
J20x—2+102e- 1 


2. Determine y(0.4) using the (forward) Euler method (FE) and the backward 
Euler method (BE) with h=0.2, and determine the cumulative errors by 


1. Show that the exact solution is y= 


comparing with the exact solution. 
GD Vp¢ (0.4) =3.6800; _ypp (0.4) = 3.3187 


10.2 Consider the initial value problem y’= —e**y, y(0)=1. 


1. Show that the exact solution is y=e@-®")/2, 
2. Determine y(2.0) using the (forward) Euler method (FE) and the backward 
Euler method (BE) with h=0.5. 
GD yep (2.0) = — 4.3754; ypp (2.0) =0.00028894 


3. Determine the cumulative errors by comparing with the exact solution and 
discuss the results. 


10.3. Consider the initial value problem y’ = (sin? x — y)cosx, y(0)=2. 


2 


1. Show that the exact solution is y= sin“ x —2 sinx+2. 


2. Determine y(1.0) using the improved Euler method (IE) and the improved 
Euler predictor-corrector method (IEPC) with h=0.5, and determine the cu- 
mulative errors by comparing with the exact solution. 


10.4 Consider the initial value problem y’= — y°+20y, y(0)=1. 


20 i 
1. Show that the exact solution is y= (———) 7 
1+19e—80x 
2. Determine y(0.2) using the improved Euler method (IE) and the improved 
Euler predictor-corrector method (IEPC) with h=0.1. 


GD y1,(0.2) =2.1337;  ypppc (0.2) = — 8.7568 x 10" 


3. Determine the cumulative errors by comparing with the exact solution and 
discuss the results. 


10.5 Consider the initial value problem y’ = —3y+3, y(1)=0. 


1. Show that the exact solution is y=1—e3@—), 
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2. Determine y(3.0) using the improved Euler method (IE) and the improved Eu- 
ler predictor-corrector method (IEPC) with h=0.5 and h=1.0, respectively. 
GD 1=0.5: y7p~(3.0) =0.99958;  yyppc(3.0) = 0.84741 


3. Determine the cumulative errors by comparing with the exact solution and 
discuss the results. 


aD. ae J 


10.6 Consider the initial value problem y’ = cos a ae re y(1) =0. 


1. Show that the exact solution is y=xtan7!(Inx). 

2. Determine y(2.0) using the (forward) Euler method (FE), the improved Eu- 
ler predictor-corrector method (IEPC), the second-order Runge-Kutta method 
(RK2), and the fourth-order Runge-Kutta method (RK4) with h=0.5, and 
determine the cumulative errors by comparing with the exact solution. 


GD yop (2.0) =1.1131; yyppc (2.0) = 1.1865 
Yrx2 (2.0) =1.2161;  ypx,(2.0) = 1.2115 


10.7 Consider the initial value problem y’ = sin? (x — y), y(0)=0. 


1. Show that the exact solution is y=x—tan7! x. 


2. Determine y(1.0) using the second-order Runge-Kutta method (RK2) and 
the fourth-order Runge-Kutta method (RK4) with h=0.5, and determine the 
cumulative errors by comparing with the exact solution. 


ED Va (1-0) =0.22256;  ypxq(1.0) = 0.21493 


10.8 Consider the initial value problem y’ = < (x?+3Iny), y(1)=1. 


1. Show that the exact solution is y= en, 


2. Determine y(1.4) using the second-order Runge-Kutta method (RK2) and 
the fourth-order Runge-Kutta method (RK4) with h=0.2, and determine the 
cumulative errors by comparing with the exact solution. 


ED vax (1-4) =2.0066;  yyxy(1.4) = 2.1844 


10.9 Consider the initial value problem 


y= [26 So] Ci} eo} = [2 
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1. Show that the exact solution is 


Pf bec Ulm 


2. Determine y(0.4) using the (forward) Euler method (FE) and the backward 
Euler method (BE) with h=0.1 and h=0.2, respectively. 


GD 1=0.1: ypp0.4) ={0.6561, — 0.6561} "5 ypp(0.4) = (0.74551, —0.80801} 7 


h=0.2: ypp(0.4) = {1.64, ~2.64}"; Ypp (0.4) = {0.80556, —0.91667}" 


3. Determine the cumulative errors by comparing with the exact solution and 
discuss the results. 


10.10 Consider the initial value problem 1+ y?=2yy”, y(1)=2, y((1)=1. 


1. Show that the exact solution is y= + x? = ot 2. 
2. Convert the second-order equation into a system of two first-order ordinary 
differential equations. 


3. Determine y(2.0) using the improved Euler predictor-corrector method (IEPC) 
with h=0.5, and determine the cumulative error by comparing with the exact 
solution. GYD yyppc (2.0) = 3.2518 


10.11 Consider the initial value problem y” =e*y”, y(0)=0, y/(0)= — 5. 


1. Show that the exact solution is y= In(1+e~*) — In2. 
2. Convert the second-order equation into a system of two first-order ordinary 
differential equations. 


3. Determine y(1.0) using the improved Euler predictor-corrector method (IEPC) 
with h=0.5, and determine the cumulative error by comparing with the exact 
solution. GYD yyppc (1.0) = — 0.37883 


10.12 Consider the initial value problem x*y"— xy’ =3—x?, y(1) =3, y/(1) =2. 


1. Show that the exact solution is y= = +x+x?, 

2. Convert the second-order equation into a system of two first-order ordinary 
differential equations. 

3. Determine y(2.0) using the fourth-order Runge-Kutta method (RK4) with 
h=0.5, and determine the cumulative error by comparing with the exact 
solution. GYD ypx4(2.0) = 6.5083 


10.13 Show that the local truncation error of the second-order Runge-Kutta 
method in each step is of the order O(h>), and the cumulative error is of the 
order O(h*), or | y(%,) — Yn| < Ch’. 


Partial Differential Equations 


Partial differential equations found wide applications in various engineering dis- 
ciplines. The study of partial differential equations is a vast and complex subject. 
In this chapter, the method of separation of variables is introduced, which, when 
applicable, converts a partial differential equation into a set of ordinary differential 
equations. As applications, the method of separation of variables is applied to study 
the flexural vibration of continuous beams and heat conduction. 


11.1. Simple Partial Differential Equations 


Some simple partial differential equations can be solved by direct integration with 
respect to the independent variables. 


Ga 


2 


0 
Solve - = 12xy?+8x%e?”, u,(x,0)=4x, u(0, y) =3. 
ae 


The partial differential equation has two boundary conditions u,(x,0)=4x and 
u(0, y) =3, which are required to be satisfied by the solution. 


Because of the boundary condition u,.(x, 0) =4x, it is easier to obtain u,, first so 
that this boundary condition can be applied. Integrating the differential equation 
with respect to y, while keeping x fixed, yields 


0 
= =Axy? +4x°e?% + f(x). 
x 


Applying the boundary condition u,.(x, 0) =4x leads to 


u,.(x, 0) = 4x0? -+4x°e7 944%) = 4x? + f(x) =4x = > f(x)= Ax—4x?, 
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Hence Du ; ~ ‘ 
an =4Axy” + 4x°e°” + 4x — 4x”. 
Integrating with respect to x, while keeping y fixed, gives 
u = 2x*y? + xte?7 + 2x? — xt +C. 
The constant of integration C can be determined from the boundary condition 


u(0, y) =3: 


u(0, y) = 2-07-y? + 0*-e2”7 42-0? -0'+C=C=H=3 = CH3. 
y y 


The solution of the partial differential equation is 


u(x, y) = 2x?y? + xtc?” 4+ 2x7 — xt +3. 


11.2 Method of Separation of Variables 


The method of separation of variables is illustrated through a few examples. 


Ga 


Ou Ou 
Solve x———y=me+2u=0, u(l,l)=3, u(2,2) = 48. 
Ox oy 


The solution of the partial differential equation u(x, y) is a function of x and y. 
Apply the method of separation of variables by assuming 


u(x, y) = X(x)-Y(y), 
i.e., consider u(x, y) as the product of a function of x anda function of y, hence the 


name “separation of variables.” Substituting into the differential equation yields 


x(=y) -y(x=) ES oan 


Dividing the equation by X Y leads to 


dX, dY 
dx dy ipo ap ie Se pep aes 
XY °° KY RY Xdx 9° Ydy- 


————— Ss 
A function of x only A function of y only 


For a function of x only to be equal to a function of y only, they must be equal to 
the same constant k, i.e., 
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The X-equation gives 


dx 
= rae k—2. & First-order ODE, variable separable 
x 


The solution is given by 


[eax = [SFarsc = In|X| = (k—2) In|x|+1nC ==> X(x) = Cxk-2 
x 


The Y-equation yields 
—-— —k. #= First-order ODE, variable separable 

The solution is easily obtained as 

1 k k 

yar =/—dy+D => In| Y| =kIn|y|+InD => Y(y) =Dy". 

y 
The solution of the differential equation is given by 
u(x, y) = X(x)-Y(y) = Cxk-? -Dyk = Agi y A=CD. 


The constants A and k can be determined from the boundary condition u(1, 1) =3 
and u(2, 2) =48: 


u(1,1) = A-1*-?.1k = A = 3, 
u(2,2) = A-2k-2.2* = 3.27k-2 = ag => 274-2216 => k=3. 


Hence, the solution of the partial differential equation is 


u(x, y) = 3xy?. 


Ga 


Find the solution of the heat conduction problem 


a7u = Ou (1) 
ax2 at’ 
with the initial condition 
3x 
u(x,0) = 2sin a for 0<x<lL; (2) 


and the boundary condition 


u(0,t)=0, u(L,t) =0, for t>0. (3) 
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The solution u(x,t) is a function of x and t. Apply the method of separation of 
variables and let 
u(x, t) >= X(x) . T(t), 
i.e., the product of a function of x and a function of tf. Substituting into the 
differential equation (1) yields 
dx dT 
7 =9(x—). 
dx? dt 
Dividing by X T leads to 


d?x dT 

T i ; 
dx2 a5 dt 1 d“x 18 dT 
XT XT X dx2 ‘TT dt’ 


A function of x only A function of t only 


For a function of x only to be equal to a function of t only, both of them should be 
equal to the same constant k, i.e., 


1d°X 94dT 


Xdx Tdt — 
Because the nonzero initial condition (2) involves the independent variable x, the 
X-equation is solved first 


d°x 
aa kX =0. = Second-order linear ODE 


The characteristic equation is A7 —k=0. 


Recall the results for linear ordinary differential equations (Chapter 
4). Depending on the value of k, the roots of the characteristic equation A —k =0 
and the solution of the differential equation have different forms 

1 A=+B = > X(x)=CeP* 4+ C,e* = Acosh Bx + Bsinh Bx 

3. A=+ip => X(x) =Acos Bx+ Bsin Bx 
The values of k depend on the boundary condtions. 


Because the initial condition (2) is a sinusoidal function, the roots of the character- 
istic equation must be a pair of imaginary numbers in order for the complementary 
solution X(x) to have sinusoidal functions. As a result, it is required that k= — B?. 
Hence A= +i, and the solution is 


X(x) = Acos Bx + Bsin Bx. 
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Comparing the solution with the initial condition (2), it is obvious that 


31 9m 
=— => k=-f?=-—. 
P L P L? 
The T-equation gives 
9 dT on 
——— = #< First-order ODE, variable separable 


and the solution is 


> 


1 a7 a7 
[qar=[-Sa+e — wnlt|=-Sr+m|c 


TH= Cexp(—= ‘a ="). 


Hence the solution of the partial differential equation (1) is 
3 3 
u(x,t) = X(x) T(t) = (A cos — + Bsin —=) Cexp(- ="). 
The constant C can be absorbed into A and B as follows 
370 370X 8 
u(x,t) = ( Ac coo — ave BC sin —) exp(—= ="), 


where the constants AC and BC canbe renamed as A and B to yield 
tei (A 300x —e eae) ( i ). 
u(x, t) = (Acos —— sin ——) exp(-— — 
E Ego 
Using the initial condition (2) results in 


370X . 3x A 
u(x,0) = (A cos TT + B sin =) exp(— — -0) 


3x 3x . 3X 
= Acos —— + Bsin —— = 2sin—. 
L L L 
Comparing the coefficients of sine and cosine terms gives A=0 and B=2; hence 


By 5% 3x ( mr? ) 
u(x,t) = 2sin —— exp( — — }. 
Be 


Applying the boundary conditions (3) yields 


370 
u(0,t) = 2 sin 


0 
exp(— at t) =0, 2 BC satisfied 


32 -L 
u(L,t) = 2sin is exp(- — t) =0; & BC satisfied 


hence the boundary conditions (3) are automatically satisfied. 


Therefore, the solution of the partial differential equation (1) is 


2 


eas 30x ( 4 t). 
u(x,t) = 2sin —— exp| -—-— 
is eee 
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| Example 11.4 11.4 


Find the solution of the boundary value problem 


au “ d*u a) 
Ox2 at?’ 
with the boundary conditions 
u(0,t) = 0, u(10, t) = 0, (2) 
and the initial conditions 
UX 
u,(x,0) = sin a + 2 sin 27x, (3) 
. UX ‘ 
u(x, 0) = 6sin ca + 12 sin 27x. (4) 


The solution u(x, t) is a function of x and t. Separate the variables x and t, and 
let u(x, t)=X(x) T(t). Substituting into the differential equation (1) yields 


we 
dx dee 


Dividing the equation by X T leads to 


d°x 7 aT 

die 2 de 1dX 9@T 

f 4 tie @ 4 X dx? iT dt?’ 
——_— ——_ 


A function of x only A function of t only 


For a function of x only to be equal to a function of t only, they should both be 
equal to the same constant k, i.e., 
Idx 9 eT 
X dx? T dt? 


Since the nonzero initial conditions (3) and (4) involve the independent variable x, 


the X-equation is solved first 


d*x 
ao kX =0. £5. Second-order linear ODE 
x 


The characteristic equation is A7 —k=0. Since the initial conditions (3) and (4) 
contain sinusoidal functions in x, the complementary solution of X(x) must be 
a sinusoidal function. As a result, the roots of the characteristic equation must 
be a pair of imaginary numbers. Hence k= — 6”, which leads to X= tif. The 
solution is 

X(x) = Acos Bx + Bsin Bx. 
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Comparing the solution with the initial conditions (3) and (4), it is seen that 6 
takes two values and the corresponding solutions are 


1 UX _ UX 

R=—- => Xx) =A,cos—-+ B, sin —, 
2 2 2 

= 20 = > X,(x) = A, cos2rx + B, sin2rx. 


The T-equation is 


@T k ; 
Ae T=0. 5 Second-order linear ODE 


k 
The characteristic equation is 4? — oe a ee 24 | £ and the solutions are 


TU . ut . at 
20 ant 2m t 
fp, = 20 Noi ae = a ere are 


The solutions of the differential equation (1) are 
1 
Bi = > > Uy (x,t) = X, (x) Ty (0) 
(A BE dese P =)(c La F =) 
- cos —— sin — cos — sin —), 
EOD De ee i ah 
py = 2: Uy(x,t) = X,(x) T,(t) 
: 2nt . 20t 
= (A, cos 2zx + B, sin 27x) (c; cos = + D, sin —). 
Since differential equation (1) is linear, the sum of solutions is also a solution; hence 
u(x,t) = uy(x, t) + uy (x, f) 
(4 TE aoe . =)(c HE oh ; =) 
= cos — sin — cos — sin — 
1 ) 1 ) 1 6 1 6 
: 2nt . 20t 
+ (A, cos 27x + B, sin 2x) (c, cos 30 + D, sin —). 


Constants A,, A,,..., D, are obtained using the boundary and initial conditions. 


Using initial condition (4) 
UX 25 Ee : 
u(x, 0) = (A, cos aT + B, sin =) Cy) + (A, cos 27x + B, sin 21x) Cy 
. UX ; 
= 6sin a + 12sin 27x, 
which leads to A, = A, =0. Hence, u(x, t) becomes 
. UX mt . at 
u(x,t) = B, sin ae (c, cos ce + D, sin =) 


; 2mt . 2at 
+ B, sin 27x (c; Os + D, sin =). 
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Constant B, can be absorbed into C, and D,, and constant B, can be absorbed 
into C, and D, as follows 


. UX ut . at 
u(x,t) = sin (B,C, ee + B,D, sin =) 


; 2nt . 20t 
+ sin 2ax( B,C, cos mae + B,D, sin —), 
where, by renaming the constants, 
B,C, >C, B,D, =D, B,C, —>C, BD, >D,, 

one obtains 

. WX mt . at . 2nt . 20t 
u(x,t) = sin — (c, cos —= + D, sin =) + sin 27x (Cc, cos —— + D, sin —). 

2 6 6 3 3 
Using initial condition (4) again gives 
5, aOR ; _ aX : 
u(x, 0) = sin a C, + sin 27x-C, = 6sin ioe + 12 sin 27x, 


which yields C, =6 and C, = 12. 


Since 


( t) . = ( C Th < TE oy TU =) 
u(x, = sIn =—I|— _—<snl=—= _— COS = 
E y 1 6 6 1 6 6 


ins ( C 2a 2a ia 2 =) 
Sin 270 X {| — -_—_— Sn = ‘——COS =], 
aa 3 a. 3 


applying initial condition (3) yields 
_ 1X TE os 20 _ TX : 
u,(x, 0) = sin ae iis + se ae = sin oa + 2sin 27x, 


which leads to D, =6/m and D, =3/m. 
Applying boundary conditions (2) gives 


_ 2-0 mt . at 
u(0,t) = sin = (C, er sin =) 


. 2nt . 2ut 
+ sin (27 -0) (C, cos “ar + D, sin —) = 0, 


z-10 


P wt . at 
u(10,t) = sin (c, Ore + D, sin —) 


: 2mt _ 20t 
+ sin (27 - 10) (C, cos es + D, sin —) = 0; 
hence boundary conditions (2) are automatically satisfied. 
The solution of the partial differential equation (1) is 
2nt 3. 2xt ) 


_ x mt 6. at ; 
u(x,t) = sin— (6 cos — + — sin =) + sin 27x (12.cos —-+—sin—). 
2 6 T 6 ce 
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11.3. Application—Flexural Motion of Beams 


11.3.1 Formulation— Equation of Motion 


Consider the flexural vibration of a uniform elastic beam as shown in Figure 11.1. 
The beam is subjected to a transverse dynamic load w(x, t). Let p be the mass 
density per unit volume of the beam, L the length (span) of the beam, A the 
cross-sectional area, I the moment of inertia about the neutral axis, and v(x, t) the 


transverse displacement of the central axis. 


wes “OTT 


Figure 11.1 Flexural motion of a uniform elastic beam. 


To set up the equation of motion, study the free-body of an infinitesimal segment 
of length Ax shown in Figure 11.1. The beam segment is subjected to the portion 
of the dynamic load w(x, t), which is considered to be constant over the small 
segment Ax, the shear force V and the bending moment M on the left end, and 
the shear force V+ AV and the bending moment M+ AM on the right end. 


Summing up the moments about the midpoint of the beam segment gives 


Ax Ax 
which, after neglecting higher-order terms and taking the limit Ax— 0, leads to 
0M 
AM+V-Ax=0 = V= mara 
x 
Applying Newton’s Second Law in the vertical direction 
a7y 
{ma =F: (pAAx) > = (V+AV)—V+w(, t)Ax, 
a’v OY oe ow a°M a 
— — —< w(x, — —_—-—-——_—— W(X,T). 
Of Ox ONE be 


2 
Using the moment-curvature relationship of an elastic element EI eo = M, the 


equation of motion becomes 


d?v d4y 
+ EI — = w(x,t). 


pe 
MOTTE RE 
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11.3.2. Free Vibration 


For free vibration, the externally applied dynamic load w(x, t) =0, and the equa- 
tion of motion becomes 


a a*v + El ty = 
bie aaa e 
Apply the method of separation of variables and let v(x, t) =X (x)- T(t). Substitut- 


ing into equation of motion yields 


: : 2T(t d'X 
pAX(x) T(t) + EIX"Y) (x) TI) =0, T(t) = ely XY) (x) = ox 
dt? dx* 
Dividing the equation by X(x) T(t) leads to 
7 (IV) (IV) 7 
T(t) X (x) X (x) T(t) 
— — 


A function of x only — A function of t only 


For a function of x only to be equal to a function of t only, each of them must be 
equal to the same constant k, i.e., 


XM oe) TO _ 


X(x) “ TH 


The T-equation gives 
2 k 
T®+ mr T(t) =0, £ Second-order linear ODE 
p 


and the characteristic equation is A7+k/(oA)=0. In order to have oscillatory 
solution in time f, i.e., the solution of T(t) isa sinusoidal function, the roots of the 
characteristic equation must be a pair of complex (imaginary) numbers. Hence, 
k/(oA) =a” and the characteristic numbers are A = tia. The solution is 


T(t) = A, coswt + B, sinwt = acos(wt —¢), 


where A,, B, or a, ¢ are real constants, m > 0 is undetermined at this point. 
The X-equation becomes 
k 


XIV) (4) — 
(x) i 


X(x)=0 —> XM — ptx(x) =0, B= (So?)*. 


This is a fourth-order linear ordinary differential equation. The characteristic 
equation is 4*—B4=0 => A*=f7, —B? => 2A=+8, +iB. The solution is 


X(x) = Acos Bx + Bsin Bx + C cosh Bx + D sinh Bx, 


where A, B, C, D are real constants. 
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The response is 


v(x, t) = X(x) T(t) 
= (Acos Bx + Bsin Bx + C cosh Bx + Dsinh Bx)-acos(wt —¢), 


in which the constant a can be absorbed into A, B, C, D to yield 
v(x,t) = (Acos Bx + Bsin Bx + Ccosh Bx + Dsinh Bx) cos(wt —¢@). 


For a simply supported beam, both ends are pinned or hinged and the boundary 
conditions are, at x =0 and L, 


v(x,t) = 0, 
WeaSb Zs 07v(x, t) ‘ d7v(x, t) 
’ = ==> —=<<<= => — 
- ax2 ax? 
Since 
d*v(x, t 
a = (—Acos Bx — Bsin Bx + C cosh Bx + D sinh Bx) 8” cos(wt —¢), 
x 


applying the boundary conditions results in 
v(0,t) =0: (A+C) cos(wt—gy) = 0, 


v(L,t)=0: (Acos6L+Bsin BL + Ccosh BL + Dsinh BL) 
- cos(wt—qg) = 0, 


07 v(x, t 

a =0: (-A+C) fp’ cos(wt—¢) = 0, 
Oxo hee 

a? v(x, t 

— =0: (-Acos BL —Bsin BL +Ccosh BL + Dsinh BL) p? 
x x= 


- cos(wt—g) = 0. 


Since cos(wt — ¢) is not identically equal to zero t, the shaded terms in the above 
boundary conditions must be zero. 


The first and third boundary conditions give 


A+C=0, -A+C=0 == A=C2=0. 


The second and fourth boundary conditions are simplified as 
Bsin BL + Dsinh BL = 0, 
—Bsin BL + Dsinh BL = 0. 
Adding these two equations yields 


2D sinh BL = 0. 
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Since B>0 and sinhfL40, one must have D=0, and the fourth boundary 


condition becomes ; 
Bsin BL = 0. 


This equation implies 
1. B=0, which leads to v(x, t) =0, i.e., there is no vibration. This case is not 
interesting. 
2. BAO, sin BL=0, which yields BL = m7, 27, 3m, ..., ie, 


eid _ /Hg_(mz) /H yk 
pS oe oa ba=(F) [op R=L2... 


The solutions of the equation of motion for a simply supported beam are 
_ nx 
v, (x,t) = B, sin a cos(w,t—@,), n=1,2,...; 


where w,, is the natural circular frequency of the nth mode of vibration of the 
beam, and 
. nx 
X,,(x) = sin = 
is the nth mode shape. The first three mode shapes of a simply supported beam are 
shown in Figure 11.2. 


Figure 11.2 First three mode shapes of a simply supported beam. 
Note that, since n can be any positive integer, a continuous beam is a system 
with infinitely many degrees-of-freedom. 


Since the equation of motion is linear, the sum of any two solutions is also a 
solution; hence, the response of free vibration is given by 


CO CO 
_ nx 
v(x, t) = SS V(x, t) = ee sin Se cos(w,,t — Q,) 
n=1 n=1 
ax j 
= >) Sin as cos @,t + b, sin @,t), 


w= 


where B,,, Y,, or a, b,, are determined by the initial conditions at t =0. 
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Example 11.5 — Free Flexural Vibration of a Simply Supported Beam 


A uniform beam of length L is lifted from its right support and then dropped as 
shown in the following figure. The beam rotates about its left end. At time t = 0, the 
right end of the beam hits the right support with velocity Vj, and the right end is 
held in contact with the right support for t > 0, i.e., the beam is simply supported. 
Determine the response of the beam for time t >0. 


Velocity= Vo 


Suppose the beam rotates as a rigid body, at time t = 0, the velocity of the beam is 


dv(x, t) 
at 


t=0 L 


and the displacement is v(x, t)| 1-0 = 0- The response of the beam is given by 


CO 
nNITX nit 2 
v(x,t) = y sin = (4,608 Ont + by sin o,f), oO, = (=) El 
n=1 


Applying the initial conditions 


nx 
v(x,0) =) /sin ——-a, — + a,=0, 
n=1 


and the response is reduced to 


CO 
| NX , 
v(x,t) = > b,, sin are sinw,t. 
n=l 


Using the second boundary condition gives 


dv(x, t) 
ot 


Co 
WH x 
= ) b,,@, Sin —— = = Vo. 
L 
t=0 n=l 


[e,2) 
_ AMX 
= ) b,, sin a ng COs W,t 
t=0 n=1 


Note that this initial condition is expressed in Fourier sine series in x. Some relevant 
results of Fourier series are summarized on pages 470-471. 


To determine the coefficients b,, multiplying the equation by sin, m=1, 


2,..., and integrating with respect to x from 0 to L yield 


~ L onmx . mmx Vo [(¢.. max 
Yn, f sin sin ae = <2 | x sin ——dx. 
= 3 7 L oye 5 
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Note the orthogonality property of the sine functions 


L nex mtx 0, m # Nn, 
sin —— sin ——$dx = 1 
és LE. L 


sL, m=n, 
and 
L L 
mITX L mITx : 
/ xsin ——dx = —-— / xd(cos ) #= Integration by parts 
0 L mI Jo 
L mmx |L Lomax £ ie 
=-— (xcos -f cos “= dx) = ———- Leos ma = (-1)"*! — 
mit 0 0 L mit mit 
Hence 
V a 2V, 
bW,,* Q.(-1)"™"1 —> b,=(-1)™1—L, m=1,2,..., 
hi ee oo} CD MICO» 


and the response of the beam for t >0 is 


nex 
v(x, t) = ZA aye yt sin = sin w,t. 


Fourier Series 


A periodic function f(x) of period 2T can be expressed in the Fourier series 


a CO 
ee 7+ (4ncos = + by sin =) é 


The coefficients a, and b,, can be obtained using the orthogonality properties of 
the sine and cosine functions 


= nux  mnx T  nmx . mmx 0, mn, 
COS ——= COS === dx = sin —— sin ——= dx 
_T T T _T T ik Ty i = ia: 
s nIUX mmx 
/ cos —— sin ——= dx = 0. 
ee ag TE 
To find a,, multiplying the Fourier series by cost, m=0,1,2,..., and inte- 


grating with respect to x from —T to T yield 


T ye RE 
i f(x) cos =~ dx = * | gos dx 
= T ie ir. 


De for Pesta ys sin cos“ de, 


which gives, a2 applying the orthogonality properties, 


1 IE 
-=/ flex) cos dx, n=0,1,2,.... 
<1 
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MITX 


T ,m=1,2,..., and 


Similarly, to find b,,, multiplying the Fourier series by sin 
integrating with respect to x from —T to T yield 


1 rt 
b= 2 f fissin Pas, (eG yaar 


The Fourier series converges to function fs which equals f(x) at points of 
continuity or the average of the two limits of f(x) at points of discontinuity. 


ea If f(x) is an even function, ie., f(—x) = f(x), then b, =0, and the Fourier 
series reduces to the Fourier cosine series 


a = nex 2.5% nex 
fay= P+ Li a,cos—e, =f f(x) cos == dx, aw | Oe ee 


te If f(x) is an odd function, ie., f(—x) = — f(x), then a, =0, and the Fourier 
series reduces to the Fourier sine series 


ee) 2 oh 
(x) = b in, b== (2) sin “= ax, n=1,2,.... 
n n 
n=1 T T 0 T 


11.3.3 Forced Vibration 


Consider the case of a simply supported beam subjected to a dynamic concentrated 
load P sin Qt applied at x =a as shown in Figure 11.3. 


a PsinQt 


EI, pA 
Figure 11.3. A simply supported beam under concentrated dynamic load. 


Using the Dirac delta function (see Section 6.3), the dynamic concentrated load 
can be expressed as 
w(x, t) = Psin Qt d(x—a). 


The partial differential equation of motion becomes 


0? a4 
pa + EIT = = Psin Qt 5(x—a). 
x 


Applying the method of separation of variables and using the results obtained for 
free vibration, let 


= _ nx 
v(x,t) = ys 4, (t) sin > 


n=1 
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Substituting into the equation of motion yields 


4°. nx . 
pA Digit sin T+ BY a0 (= = ) sin > =P sin Qt 5(x—a), 


n=1 


Multiplying the equation by sin — m=1,2,..., and integrating with respect 
to x from 0 to L give 


5 [oad,ce) + B1( = =)" ant) | [sin sin ™ as 


n=1 


L 
= Psin ar f 8(x—a) sin ———~dx. 
0 L 
oe the orthogonality of sine function and the property of Dirac delta function 


ai (x)5(x —a) dx = f (a), one obtains, for m= 1, 2,. 


[PAG (t) + B1(— =)" an(t)) 5 = P sin Qt sin nts 
1.e., 
q : ma \2 | EI 2P | ma 
Gm(t) + w?, Am(t) =PmSinQt, On, = (=) wk pe aL ie = 


This is a system of infinitely many uncoupled second-order linear ordinary differen- 
tial equations. Each equation can be solved separately using the methods presented 
in Chapter 4, and the solutions are given by 
. sin Qt 
Amt) = Ay, COS yt + By SiN Opt + Py S—- 
w4, —Q 
Se oe 
Transient solution Steady-state solution 


The transient solution is the response of free vibration (due to initial displacements 
and velocities) and will approach zero when time increases if there is some damping 
in the system. Hence, the transient solution is not as important as the steady-state 
solution in dynamic analysis of engineering systems. 


The steady-state solution is the response of forced vibration due to the externally 
applied dynamic load given by 


sin Qt 
4m, steady-state (t) =P O22’ m=1,2,.... 
Therefore, the ete response of the beam is 
= = Pn nItx 
v(x, t) = > Ant) sin — -Lats Bao sin ae sin Qt. 


n=1 
It is seen that, when Q=a,, the beam is in resonance in the nth mode, leading to 
large amplitude of vibration in the nth mode. 
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11.4 Application—Heat Conduction 


11.4.1 Formulation—Heat Equation 


Heat conduction is the transfer of heat from warm areas to cooler areas. Consider 
two parallel planes, a distance Ax apart, in a solid as shown in Figure 11.4(a). 
Suppose the temperatures at the two planes are T and T + AT, respectively. In time 
At, the quantity of heat entering an area A of the plane at x is Q(x) = Q, and the 
quantity of heat leaving an area A of the plane at x + Ax is Q(x+ Ax) =Q,+ AQ... 
The quantity of heat flowing between the planes through area A in time At is 


T —(T+AT AT 
cee Sag st) met) At = > AQ. = -kA—At, 
Ax Ax 


where k is the coefficient of thermal conductivity, and the negative sign indicates 
that heat flows in the direction of falling temperature. 


(Q, + AQ,) — Q, = kA 


Fourier’s Law of Heat Conduction 
The rate of heat conduction, dQ,./dt, is proportional to the area A measured 
normal to the direction of heat flow, and to the temperature gradient dT/dt in 


the direction of the heat flow, i.e., 


dQ dT 
x — A —- 
dt c dx 


where k is the coefficient of thermal conductivity. 


Equation of Heat Conduction 


Consider the volume element, shown in Figure 11.4(b), ina homogeneous (uniform 
constituency) and isotropic (same properties in all directions) solid with constant 
coefficient of thermal conductivity k. 

From Fourier’s Law of Heat Conduction, the total quantity of heat entering the 
face dydz at x in time dt is given by 


OT 
dQ, = —k(dydz) on ot 
Denote the heat leaving the face dydz at x+dx as dQ... 4, Since 


dQ. dx IQ — A(dQ,) 


> 


dx Ox 
the heat flowing in the volume element in the x-direction in time dt is 
0(dQ,.) 


a°T 
dQ. ax — dQ, = ae dx = —k(dxdydz) aa ot 


Similar analyses in the other two directions give the corresponding equations. 
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Qx+AQx dQz+dz 


Figure 11.4 Heat conduction. 


Suppose that the solid generates heat at a rate q,(x, y,z) per unit time. The total 
internal heat generated in time dt in the volume element is 


dQ, = g(x y,z) (dx dy dz) dt. 


In time dt, the internal energy of the volume element is increased by 
oT 
dU = pC (dxdydz) aE dt, 


where p is the density and C is the specific heat of the solid. 
Applying the Principle of Conservation of Energy of the volume element gives 
(dQ. ax — IQ) + (dQ,.4, — dQ,) + (dQ.44, — dQ.) = dQ, — dU, 
which results in 
Or or. 2 Or G@g(X¥>z) 1 OT 
eo Wee ee ee 
where a=k/(pC) is the thermal diffusivity of the solid. Some important special 
cases (without internal heat generation) can be reduced from this general equation: 


One-Dimensional Transient Heat Conduction 


Ble Aue 
—— #< Fourier's equation in one-dimension 
dx? @_-“<Ot 

Two-Dimensional Steady-State Heat Conduction 


PIR) Seah 


re) ++ wy 08 #& Laplace's equation in two-dimensions 
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Three-Dimensional Steady-State Heat Conduction 


Oe od bao. he 


aa + wy + 7 0. #= Laplace's equation in three-dimensions 


Boundary Conditions 


Tp 


Figure 11.5 Boundary conditions. 


Boundary Condition of the First Kind 


In this case, the temperature at a boundary is specified as T,, as shown in Figure 
11.5(a). Then 
T(%, yz, t) = Ty. 


Boundary Condition of the Second Kind 


In this case, the heat flux (the rate of heat transfer per unit area of the solid) at a 
boundary is specified as Q, as shown in Figure 11.5(b). Then 


In the case when the boundary is insulated, the heat flux is zero, i.e., Q, =0, which 


leads to 
oT 
Ox 


x=X, 


Boundary Condition of the Third Kind 


In this case, the body is in contact with a convecting fluid as shown in Figure 
11.5(c). At the boundary, the heat conduction in the solid equals the heat convected 


by the fluid, ie., i 
= Fe ie =O le Te 
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where T, is the temperature of the convecting fluid far away from and unaffected 
by the boundary, and h is the heat transfer coefficient, which includes the combined 
effects of conduction and convection in the fluid. 


A boundary condition is homogeneous if all of its terms, other than zero, are 
of the first degree in the unknown function (temperature) and its derivatives. For 
example, terms of the form T (dT /dx) and T (dT /dx7) are of the second degree; 
terms of the form T and 0T/dx are of the first degree; and terms of the form T, 
and T; are of the zeroth degree. 


The method of separation of variable can be applied to solve heat conduction 
problems, if 


ea for transient heat conduction in one-dimension, all boundary conditions are 
homogeneous. 


ea for steady-state heat conduction in two-dimensions, at lease three of the four 
boundary conditions are homogeneous; 


ea for steady-state heat conduction in three-dimensions, at lease five of the six 
boundary conditions are homogeneous. 


Four heat conduction problems are considered in the following subsections. 


11.4.2 Two-Dimensional Steady-State Heat Conduction 


Hot Surface 


T(x, b)=f(x) 


Figure 11.6 Finned surface and two-dimensional heat conduction. 


The rate of convective heat transfer from a primary surface is directly proportional 
to the surface exposed to the fluid. It is a common practice in engineering to 
increase this area by attaching thin strips of metal or fins to the primary surface. 
Two typical examples of finned surfaces are shown in Figure 11.6. 


A long straight fin is modeled as a long (in the z-direction) conductive bar of 
rectangular cross-section (a x b) attached to a hot surface with one of its sides as 
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shown in Figure 11.6. The coefficient of thermal conductivity is k. A cold fluid 
of temperature T; flows around the three remaining sides of the bar. The bar 
augments the heat transfer from the hot surface to the fluid. 


The temperature changes in the z-direction are assumed to be negligible. As 
a result, the heat conduction in the fin is two-dimensional, i.e., in the x- and y- 
dimensions. This assumption is justified from the fact that the length of the fin 
in the z-direction is very large compared to both a and b, making end effects 
unimportant. 

The heat transfer coefficients along the three sides of the fin are constant and are 
denoted by h,, h,, and h,. The temperature at the boundary y =b is known and is 
given by f(x). 

Of interest is the steady-state temperature distribution within the fin, from which 
the heat flux (the rate of heat transfer per unit area) through the base of the fin can 
also be determined. 


The heat equation for the two-dimensional steady-state problem is 


eT 3T Two-dimensional 


Ox2 a oy ey eee Bye vaat) PP laces equation 
with the boundary conditions 
oT oT 
at x=0: Be A 3 at x=a: Mane HE ds 
oT 
at y=0: rr a at y=b: T = f(x). 


Consider the special case h, > 00, h, >, h, > 00, f(x) = Tp. Very large heat 
transfer coefficient h implies “perfect” thermal contact, allowing one to set the 
surface temperature of the solid equal to the fluid temperature T; in contact with 
the solid. Hence, the boundary conditions become 


TOy)=T, Tay=T, T%0=T, Tx, b) "Ty 
in which all four of the boundary conditions are nonhomogenous. 


To apply the method of separation of variables to solve this two-dimensional 
steady-state heat conduction problem, at least three of the four boundary conditions 
must be homogeneous. Hence, by defining a new variable T(x, yy=T(x, y)- Ty, 
the two-dimensional steady-state problem becomes 

Ce a 
rw + a = 0, 


with the boundary conditions 


TO, y)=0, T@y)=0, T(x,0)=0, T(x,b) = T)—-Ty. 
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Applying the method of separation of variables, letting 
T(x y) = X(x)-Y()s 


and substituting in the two-dimensional Laplace’s equation yield 


d?x aa 
— Y(y) + X(x) ufo =i) 
dx 
Dividing the equation by X(x) Y(y) leads to 

1 dX(x) 1 d@Y(y) 2 
a a 
X(x) dx? Y(y) dy? 
—_—_——o—o ——_—_—————— 


A function of x only A function of y only 


in which, for a function of x only to be equal to a function of y only, each of them 
must be equal to the same constant — 


The X-equation gives 
dx 


a +@°?X =0, & Second-order linear ODE 


and the characteristic equation is A*+@?=0 = A= tia. The solution is 
X(x) = Acoswx + Bsinawx. 
The Y-equation gives 
d’y 
ae —wY=0, 2 Second-order linear ODE 
and the characteristic equation is A* —w? =0 = A= +a. The solution is 
Y(y) = Ccoshwy + Dsinhoy. 
The solution of the two-dimensional Laplace’s equation is 


T(x, y) = X(x) Y(y) = (Acoswx+B sin wx) (C coshwy+D sinhwy), 


in which the constants A, B, C, D, and w >0 are constants to be determined using 
the boundary conditions. 


Apply the boundary conditions 
T(, y) = A-(Ccoshwy+Dsinhwy) =0 => A=0, 
T(x, 0) = (Bsinwx):C=0 — C=0. 


= B cannot be zero; otherwise, it will lead to zero solution. 
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The solution becomes 
T(x, y) = Bsinwx:Dsinhay = F sinwx sinhoy. #= Rename F = B-D 
Use the boundary condition 


T(a, y) = Fsinwasinhwy = 0 =, sinoe=0 => waSne, n= 1,2)0545 
nyt A : 
O,=— n=1,2,... = > T,(x, y) =F, sinw,xsinho,y. 
a 


Since the heat conduction problem is linear, any linear combination of solutions is 
also a solution. Hence, the general solution is 


CO 
T(x, y) = oT, (% y) = 2 F,,sin — sinh —. 
n=1 


Apply the boundary condition 


7 ab 
T(x, b) = 3 F,, le —- sin Se To- Th 
a 


n=l 


which is expressed in Fourier sine series in x. Noting that 


a max a “ a nmx . mmx 0, onxm, 
sin —— dx = —[1-(-1) |; sin —— sin ——dx =} | 
0 a mit 0 a a z4 n=m, 


multiplying the equation by sin a , m=1,2,..., integrating with respect to x 
from 0 to a yield 

ca nub [(* |. nax . max a MK 

)\F, sinh —— | sin —— sin ——dx = (Ty— T;) / sin —— dx, 

n=1 a Jo a a 0 a 


E,, sinh MPS = =i T;) —[1-(-1)"], 
a MmIt 


0, m=2n, n=1,2,... 
= 4( ToT) 
Fn = east Jey 20 m=2n—-1, n=1,2,... 
. b 
mr sinh — 
a 


Hence, the distribution of temperature of the two-dimensional steady-state heat 
conduction is 


T(x, y) = Ty + T(x, y) 


4(T,—T,) 0 sin (2n—1)ax Se (2n—1)zy 
0” “f 3 


a 
2n—1)2b 
? ml Qn—1) sinh as ve 


=T, + 
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11.4.3. One-Dimensional Transient Heat Conduction 


Consider a wall or plate of infinite size and of thickness L, as shown in Figure 
11.7, which is suddenly exposed to fluids in motion on both of its surfaces. The 
coefficient of thermal conductivity of the wall or plate is k. Suppose the wall has an 
initial temperature distribution T(x, 0) = f(x). The temperatures of the fluids and 
the heat transfer coefficients on the left-hand and right-hand sides of the wall are 
Trp h, and Tr» h,, respectively. 


Figure 11.7 An infinite wall. 


Because the wall or plate is infinitely large, the heat transfer process is simplified 
as one-dimensional (in the x-dimension). 

The differential equation (Fourier’s equation in one-dimension), the initial con- 
dition, and the boundary conditions of this one-dimensional transient heat con- 
duction problem are 


oT 0°T 
—_—-C—_—, 0<x<lL, t>0, 
ot ax2 
Initial Condition (IC) : LF), at t=0, 
es oT 
Boundary Conditions (BCs) : k a h,(T— Thy) at x=0, 
x 


OT 
oh = hy (T—Tyy), at x=. 


This mathematical model has many engineering applications. 

ea The infinite wall is a model of a flat wall of a heat exchanger, which is initially 
isothermal at T = T). The operation of the heat exchanger is initiated at t = 0; 
two different fluids of temperatures T;, and T;,, respectively, are flowing 
along the sides of the wall. 

ea The infinite wall is a model of a wall in a building or a furnace. One side of the 
wall is suddenly exposed to a higher temperature Thy due to fire occurring in 
a room or the ignition of flames in the furnace. 
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a The infinite plate is a model of a large plate, whose thickness L is much 
smaller than the other two dimensions. Immediately after it is manufactured, 
the hot plate is immersed in a cold liquid bath of temperature Thy = Try — T;. 
This heat treatment process is known as the quenching process. 


Suppose T(x,0)=T,) and the heat transfer coefficients h,=h,=h—oo. The 
initial and boundary conditions become 


T(x, 0) = To, TO, t) = Tp), T(L,t) = Tp, 
in which both of the boundary conditions are not homogeneous. To apply the 
method of separation of variables, both boundary conditions must be converted to 
homogeneous boundary conditions. Let 


u(x) = Try + 


[eae 
o: =} u@)=Thy, u(L)=Ty. 


Defining a new variable T(x, t)=T(x, t)—u(x), the differential equation, initial 
condition, and boundary conditions become 


10T PT 
a Ot = dx?’ 
: CT 
IC: F(x,0) = T@,0)—u(x) = (Ty Ty) — o,, 
BCs: — T(0,t) = T(0,t)—u(0) = 0, 


T(L,t) = T(L,t)-u(L) =0. 


Applying the method of separation of variables, letting T(x, t)=X(x)-V(), 
and substituting in the differential equation yield 


1 dV(t) — d?X(x) 
Go de. eee 


Dividing the equation by X(x) V(t) leads to 


1 1 dv@ 1 @xX@ 
a V(t) dt  X(x) dxt  ’ 
—— 


—— 
A function of t only A function of x only 


in which, for a function of t only to be equal to a function of x only, each of them 
must be equal to the same constant — w?. 


The X-equation gives 


d°x 
ae +@°?X =0, & Second-order linear ODE 
x 
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and the characteristic equation is A* +? =0 = A= +ia. The solution is 


X(x) = Acoswx + Bsinax. 


The V-equation gives 


1 
—dV = —aw*dt, @ First-order ODE, variable separable 


and, by integrating both sides, the solution is 
In|V] = owt +C => V(t) =Ce%*, 
The solution of the partial differential equation is 
T(x, t) = X(x) V(t) = e7?°""(A coswx + Bsin wx), 
in which the constants A, B, and w>0 are constants to be determined using the 


initial and boundary conditions. 


Apply the boundary conditions 


T(0,t) =e?'.A=0 = A=0, 
wL=nn, n=1,2,..., 


A 2 . 
T(L,t) =e %®'-BsinwlL =0 => sinwL=0 
% B cannot be zero; otherwise, it will lead to zero solution. 


nyt ss wt 2s 
On = To n=12,... => TT, 1) =B,e ent sin wx. 
Since the heat conduction problem is linear, any linear combination of solutions is 
also a solution. Hence, the general solution is 


a aaa = nIex 
Tete): Tt) = Be ent sin ——, 
n=1 n=1 L 


Apply the initial condition 


n = nIcx fo — fi 
T(x,0) = >) B, sin —— = (TI) -T,,) - -———=x, 
(0) = YB, sin = = (Ty Ty) = 
which is expressed in Fourier sine series in x. 
Multiplying the equation by sin a , m=1,2,..., integrating with respect to 


x from 0 to L, and using the orthogonality condition of the sine function yield 
lee) L L T,, —T 

ATES TER fo fl 9) NRX 
vs, | sin sin = i [ (fo- Tp) = | sin —— dx, 


L L m 
By 5 = ——[(To- Tp) + CD *To- Ty) 
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B [(To— Tp) + "4 (Ty — Tyo), m=1,2,.... 


mm mim 


Hence, the temperature of the one-dimensional transient heat conduction is 


T(x, t) = u(x) + T(x, t) 
Thy — Thy 


[o.@) 2 . 
at aie [(To- Ty) + (-D"* (Ty — Ty) ] 


nq \ 2 . NX 
x exp|—a(—) | sin Tae 


11.4.4 One-Dimensional Transient Heat Conduction ona 
Semi-Infinite Interval 


In areas where the atmospheric temperature remains below 0°C for prolonged 
periods of time, the freezing of water in underground pipes is a major concern. 
Fortunately, the soil remains relatively warm during those periods, and it takes 
weeks for the subfreezing temperatures to reach the water mains in the ground. 
Thus, the soil effectively serves as an insulation to protect the water from the 


freezing atmospheric temperature. 


T(0,t)=T, 


Mathematical T(x,0)=f(x) a 
Modeling 


Water Main 
t.. 


Figure 11.8 One-dimensional transient heat conduction on a semi-infinite interval. 


Figure 11.8 shows the ground at a particular location covered with snow pack at 
temperature T,. The average thermal diffusivity of the soil is a at that location. If 
the ground has an initial uniform temperature of Tp, it is of interest to know the 
change of temperature with time so that the minimum burial depth H of the water 
mains can be determined to prevent the water from freezing. 


The problem can be modeled as heat conduction on a semi-infinite body as 
shown in Figure 11.8, which is similar to the heat conduction problem of an infinite 
plate considered in Section 11.4.3 except that the thickness of the plate L— oo. The 
temperature changes with time and the depth x, and is therefore a one-dimensional 
heat conduction problem. 
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The differential equation (Fourier’s equation in one-dimension), the initial con- 
dition, and the boundary condition of this one-dimensional transient heat conduc- 
tion problem are 


oT 0°?T 
—=-c—, 0<x<m, t2>0, 
ot ax? 

Initial Condition (IC) : T(x, 0) = Tp, 


Boundary Condition (BC): T(0,t) = T,, 


in which the boundary condition is not homogeneous. To apply the method of 
separation of variables, the boundary condition must be converted to homogeneous 
boundary condition. 


Defining a new variable T(x, t)=T(x,t)—T,, the differential equation, initial 
condition, and boundary conditions become 


-_-— = 0<x<am, t>0, 


IC: T(x,0) = T(x,0)—T, = Ty—-T., 
BC: T(0,t)=0. 
Applying the method of separation of variables, letting T(x, t)=X(x)- V(t), 
and substituting in the differential equation yield 


dv(t) — d’X(x) 
dt  — dx? 
Dividing the equation by X(x) V(t) leads to 


* x(x) V(t). 
a 


1 1 dv(@t) 1 @xX(@x) 
a V(t) dt  X(x) dx? 
————_—_ OOS: 

A function of t only A function of x only 


in which, for a function of t only to be equal to a function of x only, each of them 


must be equal to the same constant — w”. 


The X-equation gives 
ax. 24 
Po +a@°X =0, ££ Second-order linear ODE 
and the characteristic equation is .?-+w* =0 = 4= +ia. The solution is 
X(x) = Acoswx + Bsinax. 
The boundary condition T(0, t) =X (0) V(t) =0 leads to X (0) =0. Hence, 


X(0)=A=0 => X(x)= Bsinax. 
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The V-equation gives 


- dV = —aw*dt, & First-order ODE, variable separable 
and, by integrating both sides, the solution is 
In|V| =-awt+C => Vi= Cee, 
The solution of the partial differential equation is 
T(x, t) = X(x) V(t) = Bsinax: Ce tt > T(x, t) = Bio) ett sin WX, 


in which the coefficient B depends on w. Since this solution is valid for all values of 
w > 0, the general solution is obtained by integrating over 0 <w< oo: 


[o.e) 
T (x,t) =H Bio)e-*"* sin oxdo. 
0 


For one-dimensional heat conduction in a plate of finite thickness 
L (Section 11.4.3), there are countably infinitely many values of @, i.e.,@=nz/L, 
n=1,2,.... The solution of the heat conduction equation is expressed as a Fourier 
series in x. For one-dimensional heat conduction on a semi-infinite interval, the 
thickness of the plate L— oo. There are uncountably infinitely many values of w. 
The summation in the Fourier series becomes integration, and the Fourier series 


in x becomes Fourier integral in x. 


Fourier Integral 


For a nonperiodic continuous function f(x), —oo <x < +00, the corresponding 
Fourier integral can be written as 


f(x) = i’ [a(w) cos wx + b(w) sin wx] da, 
0 


1 +00 1 00 
a(w) = = f(x) cos wx dx, b(@) = -| f(x) sin wx dx. 


—o0o 
ea If f(x) isan even function in —oo <x <+00, ie, f(—x) = f(x), then b(w) =0 
oe) 2 +oo 
io) = / a(w) coswxda, a(w) = — f(x) cos wxdx, 
0 T Jo 


which is called the Fourier cosine integral. 


ea If f(x) isan odd function in —oo <x <+o0, ie., f(—x) =—f(x), then a(w) =0 


[o@) +00 
fe= / b(@) sin wxda, b(w) = = f(x) sin wx dx, 
0 0 


which is called the Fourier sine integral. 
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Apply the initial condition 


(oe) 
T(x, 0) = } B(@) sinwxdw = To—Ts, 
0 


which is a Fourier sine integral, and 


B(w) = at a sin wé dé. 


Hence, the solution is 


, 0° 12(T,-T.) se 
ep= 2(y— 15) sin wé dé et sin wx da 
w=0 Tv £=0 


2(T, — T. “ aS 
2 At) il sin wé sin oxe'do| dé. 
Le w 


é=0 LJ w=0 
Noting that 
sin wx sinwé = 5 [ cos w(x —&) — cosw(x+&)], 
lee) 1 x2 
/ e™ coswxdw = ,|— exp(- —), 
0 4a 4a 
one has 


a 2 
/ sin wé sinwx-e °° 'dw 
0 


1 ia —awt re —aw*t 
5 / cosw(x—é)e do— | cosw(x+é)e dw 
0 0 


1 fa E {- SI ol 
~ ZV dat |*P Aat P ; 


4at 


Hence, the solution becomes 


ie & a ie (x—&)* (x+é)? 
Fon = EE [ew[ SS} er | SE ee 


4at 
Using the error function and the complementary error function defined as 


2 es _2 2 a 2 
erf(x) = = | e' dt, erfc(x) = 1 — erf(x) = =| e ' dt, 
0 x 


one has 


= V/4at 


i ; ©" ay = Srrat [1 — ert(— a )} 


CO — 2 “0 = 
[- ex|-=* | ae - [ef iatan, 22 Letting y= 
£=0 Aat _— 

2 
I 


V4at 
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The solution can then be simplified as 


n Test. x x 
T (x, t) Pree mat 1 — erf(— =) — — ert(—=) |} 
= erf(—x) = —erf(x) 


HE [al i) os) 


(6p) SE LTE) ST AED erf( =). 
a 


Example 11.6 


The ground at a particular location is covered with snow pack at T, = —10°C for 
a continuous period of three months (90 days). The average thermal diffusivity 
of the soil is ~=0.15 x 10~° m?/sec at that location. Assuming an initial uniform 
temperature of T, = 15°C for the ground, determine the minimum burial depth H 
of the water mains to prevent the water from freezing. 


t=90 days 


x (m) 


Figure 11.9 Distribution of temperature in the soil. 


Given that T,= —10°C and T) =15°C, it is required that T(H, t) >0 for t<90 
days, i.e., t < 90 x 24 x 3600 = 0.7776 x 107 sec. Since 


TG, t) = ae + (To — #3) ef( =), 
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one has 


CA) = TAT) erf( ==) 0, 
ert ( os ) anaes eae ee 
J/4at T,—T, 15—(—10) 
Using the Table of Error Functions or a mathematical software, such as Maple (see 
Chapter 12), it can be found that 


a >0.3708 => H>0.3708y/4- (0.15 10~°) - (0.7776 107) = 0.80 m. 
V4at 
Hence, the minimum burial depth of the water mains is 0.80 m to prevent the water 
from freezing. Changes of the soil temperature T with the depth x are shown in 
Figure 11.9 for various values of time f. 


11.4.5 Three-Dimensional Steady-State Heat Conduction 


In Section 11.4.2, the fins on the surfaces are long in one dimension as compared 
to the other two dimensions so that the heat conduction can be approximated as a 
two-dimensional problem. 


In some engineering application, the three dimensions of the fins are comparable 
and the heat conduction must be considered as a three-dimensional problem. 


Zn. (Tp) 


Figure 11.10 Finned surface and three-dimensional heat conduction. 


Insulated 


In Figure 11.10, a fin of length b with square cross-section a x a is mounted on 
a hot surface, while the other end of the fin is insulated. The coefficient of thermal 
conductivity of the fin is k. The temperature distribution at the hot surface is given 
by T(x, y,b)= f(x, y). A fluid coolant of temperature Ty flows past the fin. The 
heat transfer coefficient between the fin surface and the coolant is h. Of interest is 
the steady-state temperature distribution within the fin. 
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The heat equation for the three-dimensional steady-state problem is given by the 
three-dimensional Laplace’s equation 

0°T 4 aT % 0°T 

dx? ay az? 


with the boundary conditions 


=0, O0<x<a, 0<y<a, 0<z<b, 


OT oT 

at x=0: ke, =h(T—T,), at x=a: Hh = h(T—T,), 
OT oT 

at y=0: sir re ase at y=a: = ht: 
OT 

at 20: ae dt 2: Fs pasy): 


Consider the special case f(x, y)=T, and hoo. The boundary conditions 
become 
T(0, y,z) = Tp T(a, y,Z) = Ty 
T(x, 0,z) = Tp T(x, a,Z) = Ty 
T(x, y, 0) 


dz 
in which all six of the boundary conditions are nonhomogenous. 


= 0, Ey .b) ST, 


To apply the method of separation of variables to solve this three-dimensional 
steady-state heat conduction problem, five of the six boundary conditions must be 
homogeneous. Hence, by defining a new variable T(x, y,Z)=T(x, y,z)— Ty, the 
three-dimensional steady-state problem becomes 

PT PT eT 
ar * OF Oe 


MD 


with the boundary conditions 
T(0, y,z) = 0, T (a, y,Z) = 0, 
T(x, 0,z) = 0, T(x, a,z) = 0, 


T(x, y, 0) 
dz 
Applying the method of separation of variables, letting 


T(x, y,z) = X(x)-Y(y)-Z(2), 


= 0, T(x, yV b) = To — Ty. 


and substituting in the three-dimensional Laplace’s equation yield 


@X(x) su) sede 


ae YZ) +X(x) = Z(z) + X(x) Y(y) = 0. 
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Dividing the equation by X(x) Y(y)Z(z) leads to 


1 d?X(x) 1 @Y(y) 1 Zz) js 
—_—_—_————— —_— —_——_—_———— = —-W ’ 
X(x) dx? Y(y) dy? Z(z) dz? 
ee ee 
A function of x only A function of y and z only 


in which, for a function of x only to be equal to a function of y and z only, each of 
them must be equal to the same constant — w*. Furthermore, 


1 dY(y)_ 3 LZ). 9? 


YQ) a?“  Z@ de 
a ——— 
A function of y only A function of z only 


in which, for a function of y only to be equal to a function of z only, each of them 
must be equal to the same constant — 7. 


The X-equation gives 
dx, 9 3 , 
Ie +o°X=0, #2 Second-order linear ODE 
and the characteristic equation is .?-+w* =0 = = +ia. The solution is 
X(x) = A, cosmx + B, sinwx. 
The Y-equation gives 
wr. 124 
cre +0Q°Y =0, 2 Second-order linear ODE 
and the characteristic equation is A*-+Q? =0 = A= +iQ. The solution is 
Y(y) =A, cos Qy + B, sin Qy. 
The Z-equation gives 
GH: * gin . 
an (@° +Q°)Z =0, &£ Second-order linear ODE 


and the characteristic equation is A* — (w*+ 27) =0 = A=+v, v=Va?+Q2. 
The solution is 


Z(z) = A; cosh vz + B; sinh vz. 


The solution of the three-dimensional Laplace’s equation is 


T (x, W,Z) = X(x) Y(y)Z(z) = (Ar cos@x+ B, sin wx) (Az cos Qy+B, sin Qy) 
x (A3 cosh vz + B; sinh vz), 
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in which the constants A,, B,, A, B,, A3, B3;, a >0, and {2>0 are constants to be 
determined using the boundary conditions. 


Apply the boundary conditions 
T(, y,Z) = A,:(A2cos Qy4+ B, sin Qy) (A3cosh vz+B; sinh vz) 
=0 => A, =0, 


T(x,0,z) = (B, sin wx)-A,-(A;coshvz+B;sinhvz) =0 => A, =0, 


aT 
oa (B, sin wx) (By sin Qy)-v (A3sinh vz+B;3cosh vz) ols 
z=0 - 


= (B, sinwx)(B,sinQy)-vB,; =0 => B,=0. 
The solution becomes 
T(x, y,Z) = B, sinwx-B, sin Qy-A;coshvz = F sinwx: sin Qy- cosh vz. 
Use the boundary conditions 


T(a, y,z) = Fsinwa-sinQy-coshvz =0 = > sinwa=0, 
mit 


oa=mnr, m=1,2,... == o, =—, m=1,2,..., 
a 


T(x, a,Z) = Fsinwx-sinQa-coshvz =0 = > sin Qa=0, 
nit 


Qa=nn, n=1,2,... == Q,=—, n=1,2,..., 
a 


which gives, for m=1,2,...,and n=1,2,..., 


i _m _ ny Vm +n20z 
Tn (% YZ) = Fy) Sin —— - sin — - cosh ————. 
a a a 
Since the heat conduction problem is linear, any linear combination of the solutions 
is also a solution. Hence, the general solution is 
mmcx ni 
ae 


me Ceo wo 
T(x, y5Z) = 92 >) Finn Sin —— + sin —=- cosh 
a a 


m=1n=1 


Vm +n210z 
: . 


Apply the boundary condition 
x nity Vm* +n? mb 
a 


be CO ow mit 
T(x, yb) = D> >> Fin Sin ao sin at cosh 


m=1n=1 


= 


m=1 


oP cosh rr Ty—Tys 


(5 Vm +n2 1b oe =) _ MTX 
a a 


G 


m 
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which is expressed in Fourier sine series in x with G,,, m=1,2,..., being the 
coefficients. Multiplying the equation by sin = ,1=1,2,..., and integrating with 
respect to x from 0 to a yield 


) 


a a : 2(T)— Ty 
> = (T)—T,)- —]1-(-1)’ a 1)'], 
G5 = (MT) Sf1-Cv] = G = i-cy] 

00 [aye 
% (Fy, cosh") sin — 5 
n=1 


j 70 
which is expressed in Fourier sine series in y. Multiplying the equation by sin ue ‘ 
j=1,2,..., and integrating with respect to y from 0 to a yield 


a : 
= G.-—|1—(—1)/ 
= G; jr [1 ( 1) |; 
4(Ty—T;) 


| i a eS ee hs (ecole 
hoy 
a 


ij? cosh 
Hence, the temperature distribution of the steady-state heat conduction is 


T(x, y,Z) = T; + T(x, YZ) 


4(T)— T;) > = [1 a (-1)'][1 = (-)/] Pe! sine cosh 


2 ; : 
1 yen. Viz +j* 1b a 
a 


Jip JTF 
a 
ij cosh 
16(Ty — Ty) oO 0 1 
BD 


= m? m=1n=1 J(2m—1)2+(2n—1)? 2b 


(2m—1)(2n—1) cosh F 


_ (2m—-l)ax , (Qn—1)ry J(2m—1)2+ (2n—1)20z 
sin. - sin —— - cosh ——_—_. 


a a a 


x 


11.5 Summary 


The method of separation of variables may be applied to solve certain partial 
differential equations, which have many important engineering applications. When 
the method is applicable, it converts a partial differential equation into a set of 
ordinary differential equations. 


Consider a partial differential equation governing u(x, y), the procedure of the 
method of separation of variables is as follows: 
1. Separate the function u(x, y), which is a function of x and y, to a product of 
X(x) and Y(y), Le., u(x, y) = X(x)-Y(y). 
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2. Substitute into the partial differential equation. Manipulate the resulting 
equation so that one side of the equation is a function of x only, and the other 
side of the equation is a function of y only. For this to be true, both of them 
must be equal to the same constant k: 

f ( x dx “dx ) ( dy d’y ) k 
x, rr eee — 5) rr eee = K. 
dx dx? y dy dy? 
—, 
A function of x only A function of y only 


3. One then obtains two ordinary differential equations: 


$e X, =, es ee) =k, and sy, Us - a a) 


The values of the constant k and the constant coefficients in the solutions are 
determined by the boundary and initial conditions. For linear problems, any 
linear combination of solutions is also a solution. 


Problems 


11.1 Find the solution to the following partial differential equation: 


Ox 


11.2 Find the solution of the heat conduction problem: 


0 0 
c= utyTS u(1,1)=2, u(1,2)=8. GB ulxy) =2x°y’ 


1 07u Ou 
40x? Ot 


4x 
u(x, 0) = 3 sin same for O<x<L; u(0,t) =0, u(L,t) = 0, for t>0. 


4 —4n7t 
ED uxt) =3sin — exp (=) 
11.3 Solve the following boundary value problem: 


du 07u . ; 
==— >; u(0,t)=0, u(z,t) =0, u(x,0) = 2sin3x — 5sin 4x. 
ot = ax? 
—$to: —8t .: 
GD u(x,t) = 2e77' sin 3x — 5e™™' sin 4x 
11.4 Find the solution of the heat conduction problem: 


7u— Ou ; : 
—_=—; u(0,t)=0, u(l1,t) =0, u(x, 0) = sin27x — sin5zx. 
Ox2 ot 


—An2t - = Dime 
GD u(x,t) =e 4" sin2ax —e-** ' sin 5x 
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11.5 Solve the following boundary value problem: 


a7u 7 Ou 
at2 x2’ 
. WX . 3X 
u(0,t) = 0, u(L,t) = 0, u(x,0) = 0, u,(x, 0) = 5 sin ae 3 sin ae 


5L , wx , mt OL , 3nmx , 3nt 
ED ut) = —sin — sin — — — sin — sin — 
A L L TU L L 


11.6 Find the solution of the boundary value problem: 


07u 7 au 
Ot2 x2’ 


u(0,t) = 0, u(z,t) =0, u,(x,0) = 2sinx — 3sin2x, u(x, 0) = 0. 


Bai tee Sih » 2b 
GD ut) = 6sinx sin = — = sin2x sin — 
or 3 
11.7 Acable is under constant tension F as shown in the following figure. 
1. Show that the transverse vibration v(x, t) is governed by the equation 


a7y es a7y 
dt? m Ox?’ 
where m is the mass of the cable per unit length. 


2. The cable is fixed at both ends and is imposed on the following initial condi- 


tions 
TEX dv(x, t) 
v(x,0) = asin —, —_— = 0. 
L Ot [rao 
Determine the response of the cable. 
GD v(x, t) =asin les cos (= / 2 t) 
ee, E LVm 
F m F 
—_ —_ —— 


11.8 The simply supported beam is subjected to a constant moving concentrated 
load P as shown in the following figure. The load P is at the left end of the beam 
when t=0 and moves at constant speed U toward the right. The beam is at rest at 
time t =0. Adopt the following notations: 


mm U ma \2 | EI 
Qa Om = (=) mA! MSs, Dy asrere 
Ve 
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: mia | EI 
1. For the nonresonant case, i.e., Q,, FO, => UF Tica" 15 2yedots 
p 


L 
show that the response of the beam is, for 0<t < Tw i.e., when the load is on 


the beam, 
72 eet 1 Q mImcx 
v(x%,)=— ——; (-*sinw t+sinQ t) sin. 
pAL » w2,—-22,\ Wm 7 . L 


rz | EI 
2. If the structure is resonant in the rth mode, ie., w, =Q,, or U= arr oat 
p 
show that the response of the beam is, for 0<t < a 
2P = 1 Q mmx 
v(x,t) = —= —— (- sine t+ sinQ t) sin 
pAL | 2 wr, -22,\ Om o si L 
mAr 
+ —5(sin0,t — @,t cos.@,t) sin — 
— (sin w,t — w,t cos w,t) sin —}. 
2w? if Sf L 


11.9 Electronic components mounted on substrate surfaces may result in high 
temperatures affecting the operation and reliability of electronic equipment. To 
ensure the reliable operation of the equipment, efficient removal of heat from the 


electronic components is desired. 


Coolant (Tp) 


a Insulated 
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The heat exchanger designed to cool a substrate surface, on top of which elec- 
tronic components are mounted, is shown in the above figure. The bottom of the 
heat exchanger is assumed to be insulated. Suppose that all the fins and coolant 
channels are identical. The heat transfer through a typical fin between two adjacent 
coolant channels can be modeled as a two-dimensional problem as shown. The 
coefficient of thermal conductivity of the fin is k. The temperature at the base of 
the fin (and the substrate surface) is T). The temperature of the coolant is T; and 
the heat transfer coefficient h—> oo. 

Determine the steady-state temperature distribution in a typical fin. 

4(T)— p 3 sin leat a cosh Crary 


@ Tay= Ty + 


a 
n=l (2n—1) cosh Cree 

11.10 The infinite wall as shown in the following figure is a model of a wall in a 
furnace. Suppose the wall is initially isothermal at temperature T,. The left-hand 
side of the wall is suddenly exposed to a high temperature Ty due to the ignition of 
flames in the furnace. The heat transfer coefficient on the left-hand side of the wall 
is hoo. The right-hand side of the wall is insulated. Determine the temperature 
history T(x, f). 


Insulated 


x 
x=L 
4(T) —T,) (2n—1)w72_) . (2n—1)nx 
GD TH =T oat GaaDe exp | -o[ | sin 


11.11 A thick metal slab is originally isothermal at temperature T,. A heat flux 
Q is received on one side of the slab starting at time t=0 for a short period of 
time. As a result, the temperature of the slab is raised. The coefficient of thermal 
conductivity and the thermal diffusivity of the metal are k and a, respectively. The 
metal slab can be modeled as a semi-infinite body for the time period during which 
it is heated as shown. Obtain the temperature history T(x, t) of the slab during the 
heating process. 


= Q 4at x? x 
GD Tt) =T)+ e{- SF en(- 5) +-xerfe( | 


breaded 


Tp at t=0 


ka 
x 


Use the integrals 
lee) _ ¢)2 2 
i exp| - clad + exp - oo) | dé = 2Vzat 
§ 


-0 4at 4at 


- (x8) (x46 
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11.12 A fin of length b with square cross-section axa is mounted on a hot 
surface as shown in the following figure. The coefficient of thermal conductivity of 
the fin is k. The temperature at the hot surface is T,). A fluid coolant of temperature 
Ty flows past the fin. The heat transfer coefficient between the fin surface and the 
coolant is h—>oo. 


Hot Surface 


Zn. (Tp) 


Show that the steady-state temperature distribution T(x, y,z) in the fin is 
16(T)—T;) 22 20 1 
—— 


f nm? m=1n=1 J (2m—1)?+(2n—-1)22b 


(2m—1)(2n—1) sinh a 


_ (Qm—-l)ax , (Qn—-l)ny . , J(2m—1)*+(2n—-1)?7z 
sin. - sin ——— - sinh ——__. 
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Solving Ordinary Differential 
Equations Using Maple 


Computer software packages for symbolic computations, such as Maple and Mathe- 
matica, are very useful in mathematical analysis. In this chapter, Maple commands 
commonly used in solving ordinary differential equations are introduced. 


dsolve is a general ordinary differential equation solver, which can handle 
various types of ordinary differential equation problems, including 


* compute closed form solutions for a single or a system of ordinary differential 
equations, with or without initial (boundary) conditions; 
* compute solutions using integral transforms, such as the Laplace transform; 


*® compute series and numerical solutions for a single or a system of ordinary 
differential equations. 


Calling Sequence 


#& Solve ODE for function y (x), in which x is the independent variable and y is the 
dependent variable. In using dsolve, options may be specified to instruct Maple 
how to solve the equation, such as expressing the solution in implicit equation or 
using the Laplace transform. 


dsolve (ODE, y (x) , options) 


#& Solve ODE together with initial conditions IC for function y (x). 
dsolve ({ODE, IC}, y(x) , options) 


In the following, various examples are solved using dsolve to illustrate the proce- 
dures. The output from Maple is formatted somewhat for better presentation. 
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12.1 Closed-Form Solutions of Differential Equations 


12.1.1. Simple Ordinary Differential Equations 


First-order and simple higher-order ordinary differential equations studied in 
Chapter 2 can be easily solved using Maple. 


| Example 12.1 (Example 2.9) | 12.1 (Example 2.9) 


Solve y’ = (x+y). 
>ODE:=diff(y(x) ,x)=(xty(x))72; @£ Define the ODE. 
d 
ODE := = y(x) = (x + y(x))? 


>sol:=dsolve(ODE,y(x)); ££ Solve the ODE using dsolve. 


sol := y(x) = —x — tan(—x + _Cl) #& _C1 is an arbitrary constant. 


| Example 12.2 (Example 2.8) | 12.2 (Example 2.8) 


Solve dy = ee ae 
dx ~ 24=2y—2 


>ODE:=diff (y(x) ,x)=(x-y (x) +5) /(2*x-2*y (x) -2): f= Define the ODE. 
>sol:=dsolve(ODE,y(x)); £& Solve the ODE using dsolve without options. 
sol := y(x) =x —6 LambertW (— 4 eX/I2_ Cl e- 78) —7 

#= The result is in terms of a special function, because Maple tries to solve a 
nonlinear equation to obtain an explicit solution. 
#= To overcome this problem, use the implicit option to force the solution in 
the form of an implicit equation. 
>sol_implicit:=dsolve (ODE, y(x), implicit) ; 

sol_implicit := —x + 2 y(x) — 12 In((y(x) —x +7) —_Cl =0 


| Example 12.3 (Example 2.45) | 12.3 (Example 2.45) 


Solve yy” =y”?(1—y’siny — yy’ cosy). 


#2 In Maple, the nth-order derivative of y(x) with respect to x is diff (y(x) ,x$n). 
>ODE:=y (x) *diff (y (x) ,x$2)=diff (y (x) ,x)°2*(1-diff (y (x) ,x) *sin(y(x)) 
-y (x) *diff (y(x) ,x)*cos(y(x))): = Define the ODE. 
>sol:=dsolve(ODE,y(x)); #& Solve the ODE using dsolve without options. 
sol := y(x) =_C1, —cos(y(x)) +_C1In(y(x)) — x —_C2=0 
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#& An explicit or implicit solution can be tested using odetest, which checks the 
validity of the solution by substituting it into the ODE. If the solution is valid, 
odetest returns 0. When there are many solutions, use map to apply odetest to 
each element of sol. 


>map(odetest, [sol] , ODE) ; [0, 0] 


= The first 0 indicates that the first solution sol [1] isvalid; the second 0 indicates 
that the second solution sol [2] is valid. 


| Example 12.4 (Example 2.33) 12.4 (Example 2.33) 


Solve 2xyy’=y?—2x°, y(1)=2. 


> ODE: =2*x*y (x) diff (y (x) ,x)=y (x) 72-2*x°3: #2 Define the ODE. 
>IC:=y(1)=2;  &£ Define the initial condition IC. 

IC := y(1) =2 
#& Solve the ODE and IC using dsolve without options. 
>sol:=dsolve({ODE,1C},y(x)); 


sol := y(x) = ¥ —x3 + 5x #2 Explicit solution. 


f=. Use odetest to check if the result satisfies the ODE and IC. 


>odetest(sol, [ODE, IC]); [0, 0] 


= The first 0 indicates that the solution satisfies the ODE; the second 0 indicates 
that the solution satisfies the IC. 


#= Solve the ODE and IC using dsolve with implicit option. 
>sol_implicit:=dsolve({ODE,IC},y(x) , implicit) ; 
sol_implicit := y(x)? +x3-—5x=0 #< Implicit solution. 


>odetest(sol_implicit, [ODE, IC]); 
[0, 0] 


| Example 12.5 (Example 2.1) | 12.5 (Example 2.1) 


dy 1 , 

—_Z fh BVSK 

Solve 7 re y e = 0. 

>ODE:=diff (y(x) ,x)+1/y (x) *exp (y (x) 72+3*x)=0: £2 Define the ODE. 
>sol:=dsolve(ODE,y(x)); #& Solve the ODE using dsolve without options. 


sol := y(x) = [in(F scr)» y(x) = In(3 cr) 


#= Solve the ODE using dsolve with implicit option. 
>sol_implicit:=dsolve (ODE, y(x) ,implicit) ; 


: wise. 1 3x 1 -y(x)? = 
sol_implicit := ze ze YO" + C1 =0 


12.1 CLOSED-FORM SOLUTIONS OF DIFFERENTIAL EQUATIONS 501 


| Example 12.6 (Example 2.24) 12.6 (Example 2.24) 


Solve y?dx + (xy +y? —1)dy =0. 
> ODE: =y (x) 72+ (x*y (x) ty (x) 72-1) *diff (y (x) ,x)=0: £2 Define the ODE. 


>sol:=dsolve(ODE,y(x)); #& Solve the ODE using dsolve without options. 
sol := y(x) = eRootOf(2_Z—2xe-*—(e-*)*+2_C1) 


£%. The solution is in terms of RootOf(- - -), because Maple tries to solve a nonlinear 
equation to obtain an explicit expression for y(x). 


#= Solve the ODE using dsolve with implicit option. 
>sol_implicit:=dsolve (ODE, y(x) ,implicit) ; 
= ay)? +InG@)) +_Cl _ | 
y(x) 7 
#= Simplify the result selecting the left-hand side of the equation using lhs and 
extracting the numerator using numer. 


sol_implicit := x — 


>sol_implicit:=numer(lhs(sol_implicit) )=0; 


sol_implicit := 2x y(x) + y(x)? — 2In(y(x)) —-2_C1=0 
| Example 12.7 (Problem 2.92) 12.7 (Problem 2.92) 
Solve 2xy’—y=Iny’. 
> ODE: =2*x*diff (y(x) ,x)-y(x)=ln(diff(y(x),x)): | & Define the ODE. 


= Solve the ODE using dsolve with implicit option. 
>sol_implicit :=dsolve (ODE, y(x) ,implicit) ; 

_T+_Cl 2CE C1) 
ae 


#= This ODE is of the type solvable for variable x or y. The solution is in the form 
of parametric equations with _T being the parameter. 


| Example 12.8 (Example 2.37) | 12.8 (Example 2.37) 


Solve youl 1+ (2). 


sol_implicit := en — _ int)| 


dx dx 


> ODE: =y (x) =x» (diff (y (x) ,x)+sqrt (1+diff (y(x) ,x)°2)): @& Define the ODE. 
>sol:=dsolve(ODE,y(x)); #& Solve the ODE using dsolve without options. 
Cl 


(x? + y(x)*)? (- I ay@)’tx* 1 a 
y(x)?x? 2 xy) 2 W(X) KP 


sol := elie 
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#= To simplify the result, use simplify with option sqrt and assume that both x 
and y(x) are positive. 
>sol:=simplify(sol,sqrt) assuming x::positive, y(x)::positive; 
x(_C1x + x? + y(x)’) 
>. ae 
#= Simplify the result further: take the left-hand side of the equation using lhs; 
extract the numerator using numer; and divide by x. 


>sol:=numer (lhs(sol))/x=0; 


_Clx + x’ +y(x)? = 0 


#= Solve the ODE using dsolve with implicit option. 
>sol_implicit:=dsolve (ODE, y(x) ,implicit) ; 
Cl | 


sol_implicit := [er = Feat eacsiahy’ y(T) = Wesel 


>simplify(sol_implicit); | Use simplify to simplify the result. 
Cl Cl 


T) = ===. _ »(T)= = 
ar V1+T?(T + V1+T*) a 


V1+T2 


#= For this ODE, dsolve with option implicit yields solution in the parametric 
form. 


| Example 12.9 (Example 2.16) 12.9 (Example 2.16) 


1 1 1 
Solve (= sin = — 2 cos = + 1)dx + (=cos* = sin = + sr) ay = 0. 


>ODE:=1/y (x) *sin(x/y (x) )-y (x) /x*2*cos (y (x) /x) +14 (1/x*cos (y (x) /x) 
-x/y (x) °2*sin(x/y (x) )+1/y(x)*2) «diff (y(x) ,x)=0: Define the ODE. 


#= Solve the ODE using dsolve and simplify the result using simplify. 
>sol:=simplify(dsolve(ODE,y(x))); 


Le rr ome ee 
1+2y(x)cos oye) 2y(x) —_C1y(x) —2y(x) sin oe cos Fe xy(x) 


8012 
y(x) 

#= Simplify the result further: take the left-hand side of the equation using lhs; 

extract the numerator using numer; simplify the trigonometric functions using 

combine; and collect terms of y(x) using collect. 


>sol:=collect (combine (numer (lhs(sol))) ,y(x))=0; 


sol := —1+ (sint2— cos text 1+_Cl )ye)=0 
x y(x) 


#= The "1" before _C1 can be absorbed in the constant _C1 using algsubs. 
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>sol:=algsubs(1+_C1=C[1] , sol) ; 


sol := —1+ (sin2® _ ox +x+ c, ) 99 =0 
x y(x) 
| Example 12.10 (Example 2.4) | 12.10 (Example 2.4) 
Siive: 2 eG. joyea. 
ie 


>ODE:=diff (y(x) ,x)+x/y(x)+2=0: £2 Define the ODE. 
>IC:=y(0)=1: 2 Define the IC. 
>sol:=dsolve({ODE,IC},y(x)); £ Solve the ODE and IC using dsolve. 


_x (1 + LambertW(—<x)) 


Le= — 
y@) LambertW(— x) 


#< Without the implicit option, the solution is in terms of a special function. 
£= Now solve the ODE using dsolve with the implicit option. 
>sol_implicit:=dsolve({ODE,IC},y(x) , implicit) ; 

sol_implicit := 
#< With the implicit option, Maple does not render a solution if the initial 


condition is included. 


#= Solve the ODE using the implicit option but without the initial condition. 
>sol_implicit :=dsolve (ODE, y(x) ,implicit) ; 


In) 00 + n(2). +x 


y(x)+x 


#< The solution contains terms with x appearing in the denominator; hence, the 


sol_implicit := —_C1+ + In(x) = 0 


initial condition at x =0 cannot be applied directly. This is the reason that Maple 
does not give a solution when both the implicit option and the initial condition 
IC are imposed. 


#= To simplify the implicit solution, take the left-hand side of the solution using 
lhs, and extract the numerator using numer. 


>SOL1:=numer (lhs(sol_implicit)) ; 


x 


yee, +x 
x 


yx) + In( 
+ In(x) y(x) + In(x)x 


#= The solution can be further simplified by combining the logarithmic terms 
using combine and assuming that «x is positive. 
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>SOL2:=combine(SOL1) assuming x: : positive; 


SOL2 := —_Cl y(x) — _C1x + y(x) In(y(x)+x) + x In(y(x)+x) +x 


#& The initial condition y(0) = 1 can now be applied using subs. 
>eqn:=subs ({x=0, y(x)=1},SOL2) ; 
eqn := —_C1+In(1) 


#= The constant _C1 is solved from the resulting algebraic equation using solve. 
>_C1:=solve(eqn,_C1) ; 
C1 :=0 
#< The particular solution in the implicit form is obtained. 
>sol_implicit:=collect(SOL2,1n) ; 
sol_implicit := (y(x)+x) In(y(x)+x)+x 
#= Verify that the solution obtained satisfies both the ODE and IC using odetest. 
>odetest(sol_implicit, [ODE,IC]); 
[0, 0] 
#< To plot an implicit equation, use implicitplot in the plots package. 
>with(plots) : #< Load the plots package. 


>implicitplot(sol_implicit,x=-5..5,y(x)=-0..10,view=[-5..1,0..9], 
numpoints=100000, thickness=3, labels=["x","y"], 
tickmarks=[[-5,-4,-3,-2,-1,0,1],[0,1,2,3,4,5,6,7,8,9]]); 


no wBbB FF UI DH NN C 


— 


| Example 12.11 (Example 2.35) | 12.11 (Example 2.35) 


Solve x = a + (S)° 


> ODE: =x=diff (y(x) ,x)+diff(y(x) ,x)74: £2 Define the ODE. 
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>sol:=dsolve(ODE,y(x)); ££ Solve the ODE using dsolve. 

sol := y(x) = 4 x RootOf(—x+_Z+_Z*) — = RootOf(—x+_Z+_Z*)?+_Cl 
#< The solution is expressed in terms of a root of a polynomial equation of degree 
four, i.e. Z++_Z—x=0,inwhich _Z isthe unknown. Using the option implicit 
in dsolve does not help. 


#& Extract thevalue of y(x) from the solution sol using eval. 
>eval(y(x),sol); 


< x RootOf(—x+_Z+_Z4) — a RootOf(—x+_Z+_Z4)? + _Cl 


#= This result is then assigned to y, defined as a function of x, using unapp]ly. 
The ditto operator, %, is a shorthand notation for the previous result. 


>y:=unapply(%,x); 
yisx> 4 xRootOf(—x+_Z+_Z*) s <r RootOf(—x-+_Z+_Z4)? +_Cl1 


£5. These two lines can be combined as 
>y:=unapply (eval (y(x) ,sol) ,x); 

= This task can also be accomplished by using 
>y:=unapply(rhs(sol) ,x); 


= The ODE is of the type solvable for variable x; the solution can be expressed in 
the form of parametric equations. Rewrite the fourth-degree polynomial equation 
and solve for x in terms of the parameter _Z. 
>eqn:=RootOf (-x+_Z+_Z*4,_Z)=_Z: 
>xp:=solve(eqn,x) ; 

xp:=_Z+_Z' 
#= Variable y is also expressed in terms of the parameter _Z. 


>yp:=simplify (eval (subs (x=xp, subs (eqn, y(x))))); 

VS mor? + 2.2 +_Cl 
#< For a better presentation, the parameter _Z is replaced by p. 
>xp:=subs(_Z=p,xp); yp:=subs(_Z=p,yp); 


1 4 
xp=ptp’, yr=ap t+ 5p +_Cl 


Most of the first-order and simple higher-order ODEs studied in 
Chapter 2 are nonlinear equations with closed-form solutions in the form of non- 
linear equations or parametric equations; implicit is one of the most important 
options in obtaining a solution in terms of elementary functions (exponential, 
logarithmic, and trigonometric functions). As illustrated in the examples, in many 
cases, one has to direct Maple interactively in order to obtain an useful result. 
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12.1.2. Linear Ordinary Differential Equations 


Linear ordinary differential equations studied in Chapter 4 can be easily solved 
using Maple as shown in the following examples. 


Ga 


Solve y” —y"” + y’—y = 8xsinx + 5e”* + x”, y(0) =2, y'(0) =9, y"(0) =5. 


= In Maple, y'(a)=b = D(y) (a)=b, and y™ (a) =b = (D@Gn) (y) (a)=b. 
= Define the ODE and initial conditions ICs. 
> ODE: =diff (y (x) ,x$3)-diff (y (x) ,x$2)+diff (y (x) ,x)-y (x) =8*x*sin(x) 


+5*exp (2*x)+x72: 
>ICs:=y(0)=2, D(y) (0)=9, (D@@2) (y) (0)=5: 
#= Solve the ODE with ICs using dsolve. Sort the result by collecting the sine 
terms and then the cosine terms. 
>sol:=collect (collect (dsolve({ODE,ICs},y(x)),sin) ,cos); 


sol := y(x) = (—x?—3x+6) sinx + (x? —x—3) cosx + 4e* + e?* — x* — 2x 


| Example 12.13 (Example 4.29) | 12.13 (Example 4.29) 


Bs 
Solve y”—y'= aes 
> ODE: =diff (y(x),x$3)-diff (y (x) ,x)=exp(x)/(1+exp(x)): @& Define the ODE. 
#= Solve the ODE using dsolve. Sort the result by collecting exponential terms. 
>sol:=collect (dsolve(ODE,y(x)) ,exp) ; 

sol := y(x) = (261 _ 5 In(1+e*) + + In(e*)) e* — (_c2 + + In(1+e*)) e-* 
+_C3+ % —In(1+e*) 


= The 4 after _C3 can be absorbed in the arbitrary constant _C3. 


| Example 12.14 12.14 


Solve x?y” —xy’+2y =x(Inx)* + 4x sin(In x). 


#= Define the ODE. This is an Euler differential equation. 
> ODE: =x" 2*diff (y (x) ,x$2)-x*diff (y (x) ,x)+2*y (x)=x*(1n(x)) 74 


+4*x*sin(1n(x)): 
>sol:=dsolve(ODE,y(x)); ££ Solve the ODE using dsolve. 
sol := y(x) = _C1x cos(In x) + _C2x sin(In x) + x ((Inx)* — 12(Inx)? + 24 


+ sin(Inx) — 2Inx cos(In x)) 
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12.1.3 The Laplace Transform 


Integral transforms, such as the Laplace transform and the Fourier transform, are 
available by loading the inttrans package using with(inttrans). In Maple, 
the Heaviside step function H(t—a) is Heaviside(t-a), and the Dirac delta 
function 5(t—a) is Dirac(t-a). 


>with(inttrans): #< Load the inttrans package. 


# Given a function f(t). 
>f:=t*cosh(2*t)+t*2*sin(5*t)+t°3+sin(t) *Heaviside(t-Pi) ; 


f :=tcosh2t+ t? sin 5t + ¢° + sin t Heaviside(t — 27) 


>F:=laplace(f,t,s); | @& Evaluate the Laplace transform using laplace. 


1 1 10(3s*—25) 6 eS 
Pa a ee 
2is—2)" ~ 2is+2) (s* +25) st s?#+1 


#= Given the Laplace transform of a function G(s). 
>G:=(s-3) /(s*2-6*s+25)+2/(s+2) “3texp(-2*s) *(2+1/(s*2+1)) ; 
s—3 


2 saa 
eee eee 2 
Wi Bago Gen i 


=) 


#& Evaluate inverse Laplace transform using invlaplace. 
>g:=invlaplace(G,s,t); 


g:= e*' cos 4t + t?e 7! + 2 Dirac(t —2) + Heaviside(t — 2) sin(t —2) 


#= When evaluating the inverse Laplace transform by hand, one frequently needs 
to perform partial fraction decomposition, which can be easily done using Maple. 
>F:=8*(s+2)/(s-1)/(s+1)°2/(s72+1)/(s°2+9); | Define a fraction. 


8(s+2) 
f:= 
(s—1)(s+1)?(s?+1)(s?+9) 


#= Perform partial fraction decomposition using convert with option parfrac, 
in which s is the variable. 


>convert(F,parfrac,s); 


3 1 27 s—3 s-ll 


10(s—1) 5(st+1)250(s-+1) a 4(s?+1) = 100(s?+9) 


When an ODE is solved using dsolve with the option method=laplace, Maple 
forces the equation to be solved by the method of Laplace transform. 


508 12 SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING MAPLE 


| Example 12.15 (Example 6.18) | 12.15 (Example 6.18) 


Solve y"”"— y”+4y’—4y=40(t?+t+1)H(t—2), y(0)=5, y/(0)=0, y”(0) = 10. 
>ODE:=diff (y(t) ,t$3)-diff (y(t) ,t$2)+4*diff (y(t) ,t)-4*y(t) 

=40* (t72+t+1) *Heaviside(t-2): 2% Define the ODE. 
>ICs:=y(0)=5, D(y) (0)=0, (D@@2) (y) (0)=10: £ Define the ICs. 


#= Solve the ODE and ICs using dsolve with the option method=laplace. The 
trigonometric terms are simplified using combine. The result is simplified by first 
collecting terms with Heaviside (t-2) and then exponential terms using collect. 


>sol:=collect (collect (combine (dsolve({ODE,ICs},y(t) ,method=laplace)), 
Heaviside(t-2)) ,exp) ; 
sol := y(t) = 6e' + 112(1 — Heaviside(2 — t)) ee (23 cos(2t —4) 
— 21 sin(2t—4) —10t? —30t —35) Heaviside(t —2) — cos 2t — 3 sin 2t 


| Example 12.16 | 12.16 


Solve y’”—y"+4y'—4y=10e‘. 


f=. Define the ODE. 
> ODE: =diff (y(t) ,t$3)-diff (y(t) ,t$2)+4*diff (y(t) ,t)-4*y(t)=10*exp(-t): 


#= Solve the ODE using dsolve with the option method=laplace. Simplified the 
result by collecting sine, cosine, and then exponential terms using collect. 


>collect (collect (collect (dsolve (ODE, y(t),method=laplace),sin),cos), exp); 
y(t) =e! + (14+ Sy(0)+ 5 y(0)) e+ (yO) — y'"(0)) cos 2 
+ (-1-4y(0)+ Fy — Fy") sin 2 
>dsolve(ODE,y(t)); M& Solve the ODE using dsolve without any option. 


y(t) = —e'+ Cle’ + _C2cos2t+_C3 sin2t 


Using the option method=laplace to solve an ODE by the method 
of Laplace transform is done "behind-the-scene." When the initial conditions are 
specified, there is no difference between the particular solutions obtained with and 
without the method=laplace option. 


However, when the initial conditions are not specified, the general solution ob- 
tained with the method=laplace option is expressed in terms of the unknown ini- 
tial conditions y(0), y’(0), y’(0), ...; whereas the general solution obtained without 
the method=laplace option is given in terms of arbitrary constants _Cl, _C2,.... 
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12.1.4 Systems of Ordinary Differential Equations 


ample 12 17 


Solve y,—y2=0, y,—y3=2H(x-1), 6y, + 1ly, +73 +63 =e. 


>ODE[1] :=diff (y[1] (x) ,x)-y[2] (x)=0: = Define the ODEs. 

>ODE[2] :=diff (y [2] (x) ,x)-y[3] (x)=2*Heaviside(x-1): 

>ODE[3] :=6*y [1] (x) +11 4y [2] (x) +di ff (y [3] (x) ,x) +6+y [3] (x) =exp(-x) : 

#= Solve the ODEs using dsolve. The result is simplified by collecting first the 
exponential terms and then terms involving Heaviside (x-1) using collect. 


>sol:=collect (collect (dsolve({ODE[1] ,ODE[2] ,ODE[3]}, {fy[1] (x) ,y[2] (x), 
y [3] (x) }) ,exp) ,Heaviside(x-1)); 


sol := {yi) = (—e PO) 4 ge P20) _ 5e~@-) 4 2) Heaviside(x —1) 


302 _C3 
‘ (.c1 ++ =) e3* _ (3_Cl44_C24_C3)e2* 


+ (3_Cl+ clea teint =) 
= 2 2 2 , 


4 
yxy = (3e al axe 2a abe ») Heaviside(x —1) 
9 C2 3_C3 
ih (-3_c1 -=- —) e* 4 (6_C14+2_C2+8_C3)e72* 
+( 5 Cl 5 C2 _C3 ~+2) ie 
eae —— me ee ee —= e ) 
= 2 a ae 
y3(k) = (—9e 36-0 + 16e726-) _ 5 @-D) 2) Heaviside(x —1) 
27_C2 9 C3 
+ (9_c1 +===+ —) e739" — (12_C1l+16_C2+4_C3)e-2* 
+ (3_cl+ oceans =) =| 
—;—--=Je 
= 2 a:° a 


| Example 12.18 | 12.18 


Solve x” 43x’ +2x+y’+y=4t? +24 40tcos2t, 
x +2x+y’—y=192te*+5sin2t, x(0)=0, x(0)=0, y(0) =0. 
>ODE[1] :=diff (x(t) ,t$2)+3*diff (x(t) ,t)+2*x(t)+diff (y(t) ,t)+y(t) 
=44t72+2+40*t*cos(2*t): # Define the ODEs. 


>ODE[2] :=diff (x(t) ,t)+2*x(t)+diff (y(t) ,t)-y(t)=192*t*exp (2*t) 
+5*sin(2*t): 


>1Cs:=x(0)=0, D(x) (0)=0, y(0)=0: = Define the initial conditions ICs. 
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#& Solve the ODEs and ICs using dsolve. The result is simplified by collecting 
the exponential terms, the cosine terms, and the sine terms using collect. 


>sol:=collect (collect (collect (dsolve({ODE[1] ,ODE[2] , ICs}, {x(t) ,y(t)}), 


exp) ,cos) ,sin) ; 


77 a 148 ent 


sol :={x(t) = (41+) sin 2t + (—3t+ 2) cos2r + Z Te 


+ (—240?+12t— Bt) e* + 2? —4t +5, 


y(t) = (2 t— +t) sin 2t + (6¢+ 4) cos 2t fa Get ae (9617+ 5)e 


427 —2¢+4| 


2% Use odetest to check if the solution satisfies the ODEs and ICs. 
>odetest (sol, [ODE[1] ,ODE[2] ,ICs]); 
[0, 0, 0, 0, 0] 2 All of the two ODEs and three ICs are satisfied. 


Eigenvalues and Eigenvectors of a Matrix 


In solving systems of linear ordinary differential equations using the matrix method, 
as studied in Chapter 7, one needs to find the eigenvalues and the corresponding 
eigenvectors (sometimes the generalized eigenvectors if there are multiple eigen- 
values) of the system matrix A. This task can be easily accomplished using Maple. 


>with (LinearAlgebra) : #& Load the LinearAlgebra package. 
>A:=Matrix([[1,-1],[2,-1]]); | @& Define matrix A. 


1 -l 
A= 
2 —-l1 
#& Evaluate the eigenvalues and eigenvectors using Eigenvectors, stored in A 


and u, respectively. In Maple, i is denoted as I. 


> (lambda, v) :=Eigenvectors(A) ; 


1,1 1 1 
A, v= j > i aa 
ml 1 —1 


As studied in Chapter 7, if matrix A has a multiple eigenvalue 4 with multiplicity 
m > 1and if there are fewer than m linearly independent eigenvectors correspond- 
ing to A, then matrix A is defective. In this case, a complete basis of eigenvectors is 
obtained by including generalized eigenvectors. 


In matrix theory, if matrix A of dimension nxn has n linearly independent 
eigenvectors, it can be reduced to a diagonal matrix D, i.e. Q°-'AQ=D, in which 
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the diagonal elements of D are the eigenvalues of A and the columns of Q are the 
corresponding eigenvectors. 


However, if matrix A is defective, it can be reduced to the Jordan form J, ice., 
Q-'AQ=J, in which the diagonal elements of the Jordan form J are the eigenvalues 
of A and the columns of Q are the eigenvectors and generalized eigenvectors of A. 
>with(LinearAlgebra) : #& Load the LinearAlgebra package. 
>A:=Matrix([[1,0,1],[0,1,-1],[0,0,2]]); Define matrix A. 


10 1 
A:=|0 1 —-l 
00 2 


> (lambda,v) :=Eigenvectors(A); #& Evaluate the eigenvalues and eigenvectors. 


1 0 1 1 
A,vi:i= | 1], 1 0 -!l 
00 1 


= Although matrix A has an eigenvalue 4=1 of multiplicity 2, it does have two 
linearly independent eigenvectors. 


>A:=Matrix([[4,-1,0],[3,1,-1],[1,0,1]]); & Define matrix A. 


4 -1 0 
A:=]}3 1 -Il 
1 0 1 


> (lambda, v) :=Eigenvectors(A); & Evaluate the eigenvalues and eigenvectors. 
2 1 0 0 
A, vi:= | 2 |, 2 0 0 
2 1 0 0 


#= Matrix A has an eigenvalue A=2 of multiplicity 3; but it has only one 
eigenvector, because the last two columns of v are zero vector. 


f< Use JordanForm to determine the Jordan form J and matrix Q. 
>(J,Q) :=JordanForm(A, output=[’J’,’Q’]); 


21 0 Pe 
JoQs || 02 7 | | |/23: 0 
002 110 


#= In matrix Q, the first column is the eigenvector and the last two columns are 
the generalized eigenvectors. 
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12.2 Series Solutions of Differential Equations 


Special Functions 


#= Maple can be used to evaluate special functions effectively. 


>convert (GAMMA(n+1) ,factorial); < Convert Gamma function to factorial. 
n! 22T(n+1)=n! 
>GAMMA(1/2);  @& Evaluate (5). 
Naa aT (4)= Va 
>evalf(GAMMA(1/3));  € Evaluate (4) using floating-point arithmetic. 
2.678938537 L&T (#) = 2.678938537 


>evalf (BesselJ(1/3,1)); #& Evaluate Ji (1) using floating-point arithmetic. 
3 


0.7308764022 jay Ih (1) = 0.7308764022 


#& Expand Jo(x) in series about x =0 to the order O(x!?). 
>J{0] :=series(BesselJ(0,x) ,x,12); 


; ; 52 . xt x6 n 48 x10 saat 
= 1-—4+—- —+} ——_ - ———— x 
i 4 64 2304 147456 14745600 


#2. Convert J, to polynomial by dropping the order term o(x'?). 


>J[0] :=convert (J[0] ,polynom) ; 


x? x4 x6 x8 x10 


4+—-——+——_- 


-=1-— ——_—_ 
Jy 4° 64 2304 147456 14745600 


#&= Expand Yo(x) in series about x =0 to the order O(x!*) and then convert to 
polynomial. Unfortunately, the result is not presented in a very clear format. 


>Y[0] :=convert (series (BesselY(0,x) ,x,12) ,polynom) ; 


1 
2(—In2+1 2 1 —In2+1 cai Vali) 
cs ec ee es ee 
0 IU ue 


#=.'To factor out 2/7, divide Y) by 2/7 first (and then multiply by 2/z later). 


#= Since Maple does not allow collecting in terms of (Inx—In2+y), replace 
(Inx—In2+y) by T and then collect in terms of T. 


>Y[0] :=collect (simplify (subs (1n(x)=T+1n(2)-gamma,Y[0]/(2/Pi))),T); 


eo (1 ad x6 x8 x10 ) 
pe 4 64 2304 147456 14745600 
x2 3x4 11x 25x8 137x109 


4 128 13824 1769472 | 884736000 


12.2 SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS 513 


= Replace T with In(x/2)+y and multiply by 2/z to obtain final result. 
>Y([0] :=2/Pixsubs (T=1n(x/2)+gamma, Y[0]) ; 


, 2 (1 ve x6 <i x8 x10 (1 x ) 

=——_— -——_— —_——_— —— n= 

9 a 4 64 2304 147456 14745600 2 ¥ 
x? 3x1 11x°® 25x8 i 137x!0 
4 128 13824 1769472 884736000 


#2 Plot Jy(x) and Y)(x). 
>plot ({BesselJ(0,x) ,BesselY(0,x)},x=0..20,y=-1..1,numpoints=1000) ; 


Example 12.19 — Buckling of a Tapered Column (Example 9.9) 


Evaluate the first three buckling parameters p,,, n= 1, 2, 3, of the fixed-free tapered 
column (r,=0.51r)) with circular cross-section considered in Section 9.3.2. 


= Define the buckling equation. 
>eqn:=BesselJ(-1/2,K/(1-kappa) ) * (BesselJ(1/2,K)-K*BesselJ(-1/2,K)) 
-BesselJ(1/2,K/(1-kappa) ) * (BesselJ(-1/2,K)+K*BesselJ(1/2,K)): 


>kappa:=(r[0]-r[1])/r[0]: EK =(ty—1,)/% 
>r[1] :=0.5*r [0]: Mir, =0.515 
>plot (eqn,K=0..15); #= Plot the buckling equation for 0< K < 15. 


04 
x ; eax Bw 
} eS 
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>K[1] :=fsolve(eqn,K=1..3); #& Find the first root K, between 1 and 3. 
K, := 2.028757838 

>p[1] :=evalf (kappa*K [1] /Pi) ; = The first buckling load p,. 
P, = 0.3228868382 

>K[2] :=fsolve(eqn,K=4..6); | #& Find the second root K, between 4 and 6. 
K, := 4.913180439 

>p[2] :=evalf (kappa*K [2] /Pi) ; #= The second buckling load p,. 
Py = 0.7819569531 


= Find the third root between 6 and 10 and evaluate the third buckling load p;. 
>p[3] :=evalf (kappa*fsolve(eqn,K=6..10)/Pi) ; 


3 := 1.269844087 


Series Solutions of Differential Equations 


Series solution of an ordinary differential equation can be obtained using dsolve 
with the option series and ’point’=x, to expand the series about point x= x». 


| Example 12.20 (Problem 9.1) 12.20 (Problem 9.1) 


Solve the Airyequation y"(x) —x y(x) =0. 


> ODE: =diff (y(x) ,x$2)-x*y(x)=0: = Define the ODE. 


#= Solve the ODE without any option. The solution is given in terms of the Airy 
functions. 
>dsolve(ODE,y(x)); 


y(x) = _Cl AiryAi(x) + _C2 AiryBi(x) 
#= Solve the ODE with the series option. The series is expanded about ’ point’ 


x =0. The default order of the series expansion is 6, i.e., O(x°). 
>sol:=dsolve (ODE, y(x) ,series, ’point’=0) ; 


sol := y(x) = y(0) + D(y)(0) x + zy(0)x? + SD(y)(0) x4 + O(x®) 


= Convert the series into a polynomial by dropping the order term O(x°). 


>sol:=convert (sol, polynom) ; 
sol := y(x) = y(0) + D(y)O)x + Sy(0) x? + GD(y) 0) x4 


#< Rearranging the solution by collecting terms involving y(0) and D(y)(0). 
>collect (collect (sol,D(y) (0)) ,y(0)); 


y(x) = (14 =) +(c+ 2) pono 
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#& Expand the series about x=1 using ’point’=1. Convert to polynomial and 
then rearrange the solution by collecting terms involving y(1) and D(y)(1). 
>sol:=dsolve(ODE,y(x),series,’point’=1): 

>sol:=convert (sol,polynom) : 


>collect(collect(sol,D(y) (1)),y(1)); 


(x-1)? (x-1)?  (x-1)*_ (x--1)° 
Pann eal yc Al oe 2 Fy) 
yo) = [14 4 SN, SO, Oe yQ) 
(x1)? ~ @-1* | (&-1)° 
—l _ D 1 
=F E Vee peg Ean (y) (1) 
#= The order of the series expansion can be changed using Order. 
>Order:=11: = Change the order of series expansion to O(x!?). 
>sol:=dsolve(ODE,y(x) ,series, ’point’=0): 
>sol:=convert (sol, polynom) : 
>collect(collect(sol,D(y) (0)) ,y(0)); 
48° wb 9 agg? 10 
Ppa ae eye aa ) 0 (x aia )p 0 
yx) ( * 6 ~ 180 us 12960 ZONES 12 bi 504 © 45360 (yO) 


#2 When the ODE is a homogeneous linear ordinary differential equation with 
polynomial coefficients, dsolve with option ’formal_solution’ gives a set of 
formal solutions with the specified coefficients at the given ’point’. In the 
following, the result is formatted for better presentation. 


>Formal_Solution:=dsolve (ODE, y(x) ,’formal_solution’, ’point’=0) ; 


Formal_Solution := y(x) 
love) Q—Nx3n on love) 3-$-2n,3nt1 


=C,T(4 C, 


Wei BN ee ee 
n=0T(n+1)P'(n+ 4) T($) =0P(nt+ 1 P(n+F) 


Ga 


Solve the Riccati-Bessel equation x*y"(x) + Loe —k(k+1)]y(x) =0, for k= — 5. 


#= x is a regular singular point. The roots of the indicial equation are a, =a, = 5. 
>ODE:=x72*diff (y(x) ,x$2)+(x72-k* (k+1))+*y(x)=0: = Define the ODE. 
>k:=-1/2: #2 Set thevalue of k to — 4. 

# Solve the ODE without any option. The solution is given in terms of the Bessel 
functions J)(x) and Y)(x). 

>dsolve(ODE,y(x)); 


y(x) = Cl /x BesselJ(0, x) + _C2 /x BesselY (0, x) 
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#& Obtain formal solutions using dsolve with option ’formal_solution’. 


>Formal_Solution:=dsolve (ODE, y(x) ,’formal_solution’, ’point’=0) ; 


Formal_Soluti (x) = Cig na 
orma olution := x —————— 
= po ODN BGT) 


#= For this ODE, only one formal solution is given. It seems that, in many cases, 
Maple is not able to give all the formal solutions. 


>Order:=11: = Set the order of series expansion to O(x!!). 
>sol:=dsolve (ODE, y(x) ,series,’point’=0): 5 Obtain series solution. 
>sol:=convert (sol, polynom) ; 

4 6 8 10 


sol := y(x) = te +——_-—___) 
—e 4 64 2304 147456 14745600 


7 Co. ( an x4 x " x8 x10 )1 
me ee a jinx 
4 sea 2304 147456 14745600 
( x? 3x4 4 11x° 25x8 1 137x!° ) 
4 128 13824 1769472 884736000 


| Example 12.22 (Problem 9.11) 12.22 (Problem 9.11) 


Solve the Laguerre equation xy’(x) + (1—x)y'(x) + ky(x) =0, for k=4. 


#© x is a regular singular point. The roots of the indicial equation are a, =a, =0. 
>ODE:=x+diff (y(x) ,x$2)+(1-x) *diff (y(x) ,x)+k*y(x)=0: Define the ODE. 
>k:=4: #& Set the value of k to 4. 

#& Solve the ODE without any option. The solution is given in terms of the 
exponential integral Ei(1, —x). 

>dsolve(ODE,y(x)); 


_C2 
y(x) = _Cl (24—96x+72x? -16x° +x Boers =e [24 96x -+72x" —16x° 
+x*) Ei(1, + e%(—50+58x—15x7+x°)] 


#& Obtain formal solutions using dsolve with option ’formal_solution’. 
>Formal_Solution:=dsolve (ODE, y(x) ,’formal_solution’, ’point’=0) ; 

, 2 ok gene 
Formal_Solution := y(x) = _Cl (1 —4x+3x" — rama —) + _C2 ( 600 


625x4 
— 2400x +1800x” — 400x° +. 25x*) In x + 5400x — 6450x? + 1900x° — 


n 
+ 14400 > > 


n=5 T(n+1) n(n—1)(n—2)(n—3)(n—4) 
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#= For this ODE, Maple does give two formal solutions. The second solution can 
be simplified by converting the Gamma function to factorial, and absorbing the 
constant 600 into _C2 by using _C2=_C3/600. This makes the polynomial in 
front of Inx the same as the first solution, consistent with Fuchs’ Theorem. 


>collect (collect (collect (simplify (subs (_C2=_C3/600, 
convert (Formal_Solution,factorial))),1n(x)),_C3),_C1); 


(x) ci(1 Ax+3x? ee C3 (1 Ax +3x =) 
x)= —4x+3x°-——+— —4x+3x°—_——+ —)Inx 
y 3 24 = 3 24 
43x* 19x? 25x4 ee x 
49x — ef 0 
4 6 96 nas N!n(n—1)(n—2)(n—3)(n—4) 
>Order:=10: #= Set the order of series expansion to O(x!®), 
>sol:=dsolve (ODE, y(x) ,series,’point’=0): 2% Obtain series solution. 


>convert (sol, polynom) ; 


(x) c1(1 Ax +3x2 ee C2 (1 Ax+3x2 aay 
x= —4X V— —_— —4X x -= — )Inx 
y a 3 24 ~ 3 24 
43x2 19x? -25x4 x? x6 x7 x8 x? 
ogee he a ee 
4 6 96 600 21600 529200 11289600 228614400 


12.3 Numerical Solutions of Differential Equations 


Numerical solution of an ordinary differential equation is accomplished by dsolve 
with the option numeric or type=numeric. The default method for initial value 
problems is a Runge-Kutta-Fehlberg method that produces a fifth-order accurate 
solution. If the option stiff=true is specified, then the differential equation is 
regarded as a stiff equation, and the default method is a Rosenbrock method. 

For most initial value problems, the default approach is sufficient. However, if an 
equation is known to be stiff, it is more efficient to specify the stiff=true option 
as illustrated in the following example. 


>with (LinearAlgebra) : #& Load the LinearAlgebra package. 
>A:=Matrix([[99998, 99999] , [-199998,-199999]]); 5 Define matrix A. 


99998 99999 
~ | —199998 —199999 


> (lambda,v) :=Eigenvectors(A); & Evaluate the eigenvalues and eigenvectors. 


—100000 —-1/2 -1 
4, Vi= ; 
—l 1 1 
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#= Define the ODEs as z'(x) = Az(x) with ICs z, (0) =2, z,(0) = —3. 
>ODE[1] :=diff(z[1] (x) ,x)=A[1, 1] *z[1] (x) +A[1,2] *z[2] (x): 
>ODE[2] :=diff (z[2] (x) ,x)=A[2,1] *z[1] (x)+A[2, 2] *z[2] (x): 
>ICs :=z[1] (0)=2, z[2] (0)=-3: 


#= Solve the system of ODEs with ICs using dsolve. 
>sol:=dsolve({ODE[1] ,ODE[2] ,ICs},{z[1] (x) ,z[2] (x)}); 


—100000x 4: ert Z(x) _ —2e 100000 x _ en} 


sol := {z,(x) =e 
#=. z,(x) is assigned to y, as a function of x. 
>y [1] :=unapply (eval (z[1] (x) ,sol[1]),x); 

yy i= x > e 1000002 4 gx 

#= Solve the system of ODEs with ICs numerically using dsolve with the op- 
tion numeric. The system is solved using the default Runge-Kutta-Fehlberg 
method. The maximum number of evaluating the right-hand side functions is 
set to maxfun=1000000 with the default being 30000. 
>yn_nonstiff:=dsolve({ODE[1] ,ODE[2] ,1Cs},{z[1] (x) ,z[2] (x)}, numeric, 


maxfun=1000000) ; 
yn_nonstiff := proc(x_rkf45) ... end proc 


#= Solve the system numerically again using dsolve with the option numeric. 
The option stiffness=true is specified so that the system is regarded as stiff and 
solved using the default Rosenbrock method. 
>yn_stiff:=dsolve({ODE[1] ,ODE[2] , ICs}, {z2[1] (x) ,z[2] (x)},numeric, 
stiff=true) ; 
yn_stiff := proc(x_rosenbrock) ... end proc 


= Evaluate the value of z,(x) = y,(x) at x=10.0 using three approaches. 
>y[1] (10.0); & Numerical value evaluated from the analytical expression 


0.00004539992976 


= Numerical value for which the system is not regarded as stiff. 
>yn_nonstiff (10.0); 


Error, (in yn_nonstiff) cannot evaluate the solution further right 


of 6.1284837, maxfun limit exceeded (see ?dsolve,maxfun for details) 
#= Due to the extremely small stepsizes that the Runge-Kutta-Fehlberg method 
has to take, the solution cannot go beyond x=6.1284837 when maxfun=10°. 
When maxfun=10’, the solution cannot go beyond x =61.294082. The Runge- 
Kutta-Fehlberg method is not efficient for this stiff equation. 


>yn_stiff (10.0); & Numerical value for which the system is regarded as stiff. 
[x = 10.0, z, (x) = 0.000045480505899753, z,(x) = — 0.000045480505899753 | 
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Example 12.23 — Dynamical Response of Parametrically Excited System 


Consider the parametrically excited nonlinear system given by 

X + Bx —(1+pcos Qt)x + ax? = 0. 
Examples of this equation are found in many applications of mechanics, especially 
in problems of dynamic stability of elastic systems. In particular, the transverse 
vibration of a buckled column under the excitation of a periodic end displacement 


is described by this equation. The system is called parametrically excited because 
the forcing term jz cos Qt appears in the coefficient (parameter) of the equation. 


#< It is a good practice to put restart at the beginning of each program so that 

Maple can start fresh if the program has to be rerun. 

>restart: 

>with(plots) : #= Load the plots package. 

>ODE:=diff (x(t) ,t$2)+beta*diff (x(t) ,t)-(1+mu*cos (Omega*t) ) *x(t) 
+alpha*x(t) ~3=0: £& Define the ODE. 

>ICs:=x(0)=0,D(x)(0)=0.1: #& Define the ICs: x(0) =0, x(0) =0.1. 


Periodic Motion (4 =0.3) 
>alpha:=1.0: beta:=0.2: Omega:=1.0: mu:=0.3: Assign the parameters. 


#= Solve the system numerically using dsolve with option numeric. 


>sol:=dsolve({ODE,ICs},x(t) ,numeric,maxfun=1000000) : 


= Plot the time series x(t) versus t, (x, =x). & Figure 12.1(a) 

>odeplot (sol, [t,x(t)] ,t=0..500,numpoints=10000, labels=["t","x1"], 
tickmarks=[[0,100,200,300,400,500] , [-1.5,-1,-0.5,0,0.5,1,1.5]]); 

= Plot the time series x(t) versus t, (x, =x). #& Figure 12.1(b) 

>odeplot (sol, [t,D(x) (t)] ,t=0. .500,numpoints=10000, labels=["t","x2"], 
tickmarks=[[0,100,200,300,400,500] , [-0.8,-0.6,-0.4,-0.2,0,0.2,0.4, 
0.6,0.8]]); 


= Plot the phase portrait x(t) versus x(t). £ Figure 12.1(c) 

>odeplot (sol, [x(t) ,D(x) (t)] ,t=0. .500,numpoints=10000, view=[-1.8..1.8, 
-1.0..1.0], tickmarks=[[-1.8,-1.2,-0.6,0.6,1.2,1.8],[-1,-0.75,-0.5, 
-0.25,0.25,0.5,0.75,1]] ,axes=normal , labels=["x1","x2"]); 


#2 When j =0.3, after some transient part, the response of the system will settle 
down to periodic motion. 


Chaotic Motion (4 =0.4) 
>alpha:=1.0: beta:=0.2: Omega:=1.0: mu:=0.4: & Assign the parameters. 
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Figure 12.1 Periodic motion. 


#= Solve the system numerically using dsolve with option numeric. 


>sol:=dsolve({ODE,ICs},x(t) ,numeric,maxfun=1000000) : 


#= Plot the time series x(t) versus t. #& Figure 12.2(a) 
>odeplot (sol, [t,x(t)] ,t=0..500,numpoints=10000, labels=["t","x1i"], 
tickmarks=[[0,100,200,300,400,500] , [-1.5,-1,-0.5,0,0.5,1,1.5]]); 
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Figure 12.2 Chaotic motion. 


# Plot the time series x(t) versus t. & Figure 12.2(b) 

>odeplot (sol, [t,D(x) (t)] ,t=0. .500,numpoints=10000, labels=["t","x2"], 
tickmarks=[[0,100,200,300,400,500] , [-0.8,-0.6,-0.4,-0.2,0,0.2,0.4, 
0.6,0.8]]); 


#= Plot the phase portrait x(t) versus x(t). & Figure 12.2(c) 

>odeplot (sol, [x(t) ,D(x) (t)] ,t=0. .500 ,numpoints=10000, view=[-1.8..1.8, 
-1.0..1.0], tickmarks=[[-1.8,-1.2,-0.6,0.6,1.2,1.8],[-1,-0.75,-0.5, 
-0.25,0.25,0.5,0.75,1]] ,axes=normal ,labels=["x1","x2"]); 


522 12 SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING MAPLE 


#2 When pw =0.4, the values of x(t) or x(t) change from positive to negative or 
vice versa in an obviously random manner; this seemingly random motion is called 
chaotic motion. 


| Example 12.24 — Lorenz System | 12.24 — Lorenz System 


In 1963, Edward N. Lorenz, a meteorologist and mathematician from MIT, presented 
an analysis of a coupled set of three quadratic ordinary differential equations repre- 
senting three modes (one in velocity and two in temperature) for fluid convection 
in a two-dimensional layer heated from below. The equations are 


CSO XS PHVA 2 SRY, 


where o is the Prandtl number, p is the Rayleigh number, and is a geometric 
factor. All o, p, B>0, but usually o=10, 6B =8/3 and p= is varied. Study the 
behavior of the system for p = 28. 

>restart: 

>with(plots) : #= Load the plots package. 

>ODE[1] :=diff (x(t) ,t)=sigma*(y(t)-x(t)): #2 Define the ODEs. 

>ODE[2] :=diff (y(t) ,t)=rho*x(t)-y(t)-x(t) *z(t): 

>ODE[3] :=diff (z(t) ,t)=-beta*z(t)+x(t)*y(t): 
>ICs:=x(0)=-8,y(0)=8,z(0)=27: = Define the ICs. 

>beta:=8/3: sigma:=10: rho:=28: #< Assign the parameters. 


>sol:=dsolve({ODE[1] ,ODE[2] ,ODE[3] , ICs}, {x(t) ,y(t) ,z(t)}, numeric, 
maxfun=1000000) : 4& Solve the system numerically using dsolve with numeric. 

To understand the structure of sol, the solution sol(1.0) at time t=1.0 is 

displayed. t=1.0 is the first element of sol(1.0). x(1.0), y(1.0), z(1.0) are the 

second, third, and fourth elements of sol (1.0), respectively. 

>sol(1.0); 

[t=1.0, x(t) =9.057106766983, y(t) = 14.55890078678, z(t) = 18.41514672820] 


#= Plot the time series x(t), y(t), and z(t) versus t. & Figure 12.3 

>odeplot (sol, [t,x(t)],t=0..100,numpoints=10000, labels=["t","x"], 
tickmarks=[[0,20,40,60,80,100] , [-15,-10,-5,0,5,10,15]]); 

>odeplot (sol, [t,y(t)] ,t=0..100,numpoints=10000, labels=["t","y"], 
tickmarks=[[0,20,40,60,80,100] , [-20,-10,0,10,20]]); 


>odeplot (sol, [t,z(t)] ,t=0..100,numpoints=10000, labels=["t","z"], 
tickmarks=[[0,20,40,60,80,100] , [0,10,20,30,40]]); 
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Figure 12.3. Lorenz system. 


# Plot z(t) versus x(t). & Figure 12.4(a) 
>odeplot (sol, [x(t) ,z(t)] ,t=0. .150,numpoints=100000, labels=["x","z"], 
view=[-20. .20,0. .50],tickmarks=[[-20,-10,0,10, 20], [0,10,20,30,40,50]]); 


#2 3D plot of the variations of x(t), y(t), z(t) with time t. & Figure 12.4(b) 

>odeplot (sol, [x(t) ,y(t) ,z(t)] ,t=0. .150,numpoints=100000, 
orientation=[-45,65] , view=[-30. .30,-30..30,0..50] , thickness=0, 
tickmarks=[[-30,-20,-10,0,10, 20,30], [-30,-20,-10,0,10, 20,30], 
[0,10,20,30,40,50]] ,axes=normal,labels=["x","y","z"]); 


When the solution is plotted in the xz-plane, the butterfly pattern 
is traced in "real time’: the moving solution point P(x(t), y(t),z(t)) appears to 
undergo a random number of oscillations on the right followed by a random 
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Figure 12.4 Lorenz system. 


number of oscillations on the left, then a random number of oscillations on the 
right followed by random number of oscillations on the left, and so on. Given 
the meteorological origin of the Lorenz system, one naturally thinks of a random 
number of clear days followed by a random number of rainy days, then a random 
number of clear days followed by a random number of rainy days, and so on. 


Solutions of Lorenz system are sensitive to the initial conditions—small varia- 
tions of the initial condition may produce large variations in the long-term behavior 
of the system. This notion of sensitive dependence on initial conditions is the so- 
called butterfly effect in chaos theory—the flap of a butterfly’s wings in Brazil may 
set off a tornado in Texas. 


The difference between the solutions with only small difference in the initial 
conditions can be plotted to demonstrate sensitive dependence of the solutions of 
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Lorenz system to the initial conditions. Initially, the two solutions seem coincident. 
After a period of time, the difference between the two solutions is as large as the 
value of the solution. 


#= Define a new set of ICs. x(0) is changed from —8 to —8.00001. 

>ICs2:=x(0)=-8.00001,y(0)=8,z(0)=27: 

>sol2:=dsolve({ODE[1] ,ODE[2] ,ODE[3] , ICs2},{x(t) ,y(t) ,z(t)}, numeric, 
maxfun=1000000): £ Solve the system again with new initial conditions ICs2. 


>N:=3000: = Number of points in the plot. 
>for n from 0 by 1 to N do 


> T[n] :=n/100.: 27 t=0.00, 0.01, 0.02, ...,29.99, 30.00. 
> delta[n] :=rhs(sol(T[n] ) [2] )-rhs(so12(T[m]) [2]): 
>end do: 


#& delta[n] is the difference between the solutions of x(t) solved with two 
different sets of ICs at time T[n]. 
>T_list:=[seq(T[n] ,n=0..N)];  #€ Create a list of times. 


T_list := [0.00, 0.01, ..., 29.99, 30.00] 


>X_list:=[seq(delta[n] ,n=0..N)]; @& Create a list of the differences of x(t). 
X_list := [0.00001, 0.9056 x 107°, ...) 16.81918330, 16.71847501] 
>P:=zip(‘[]‘,T_list,X_list); @& Merge the lists T_list and X_list using zip. 
P := [[0., 0.00001], [0.01, 0.9056 x 107°], .. +5 [29.99, 16.81918330], [30., 16.71847501]] 
#< Plot data points using pointplot in the plots package with the data in a list 

of lists of the form [lips xls liye xj les: os lex 
>pointplot(P,style=line, color=black,tickmarks=[[0,5,10,15,20,25,30], 


[-30,-20,-10,0,10,20,30]],labels=["t","delta"] , 
labelfont=[TIMES, ITALIC,14] ,axesfont=[TIMES , ROMAN, 12]); 


3095 
20 


10 


_ 
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Problems 


Most of the exercise and example problems presented in this book can serve as 
practicing problems using Maple. 


12.1 Forthe example of dynamical response of parametrically excited system, study 
the dynamics of the system for p1 = 0.34, 0.35, and 0.57 by plotting the time series 
x(t), x(t), and phase portraits x-x using Maple. Discuss the results obtained. 


12.2 Coulomb Dry Friction 
Consider the mass-spring system moving on a rough surface as shown. 


The equation of motion is given by 
mx + WF, sgn(x) + kx = Fo sin Qt, 


where sgn(-) is the signum function defined as 


+1, x>0; 
sgn(x) = 4 0, x = 0; 
—-l, x <0. 


The term wF,,sgn(x) is the dry friction between the mass and the rough surface, 
and is called Coulomb damping. However, it is not proportional to the velocity, but 
rather depends only on the algebraic sign (direction) of the velocity. The equation 
of motion is consequently nonlinear. 
Rewrite the equation of motion as 
is F 2 : LF, 2 k F 0 
X + Esgn(x) + wx = fo sin Qt, aT. CS aenrom ore 
Suppose the parameters  =0.1, w)=2, f)=1, and the system is at rest at time 
t=0. Plot the response x(t) of the system, for Q=1.5, 1.9, 1.97, 2, 2.1, 2.3, 2.5, 
and 4, using Maple. Discuss the results obtained. 
#ZNote that sgn(x) is signum(x) in Maple. 


12.3. The Damped Mathieu Equation 
Consider the damped Mathieu equation of the form 
X(t) + 2e@9x(t) + ws (1—2ecos vt)x(t) = 0, 


which is a parametrically excited single degree-of-freedom system. The system is 
parametrically excited because the forcing term 2¢,1 cos vt appears in the coeffi- 
cient (parameter) of the differential equation. 
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The Mathieu equation finds many applications in engineering applications. In 
particular, the transverse vibration of an elastic column subjected to harmonic axial 
load P(t) = py, cos vt is governed by the Mathieu equation. 

It can be shown that, approximately, when the excitation frequency v is in the 
following region 


2 
pL 2 1/2 v bb 2 1/2 
1-e(—- ) <=— <1+e(—- ) > 
4 5 2 4 5 
where € >0 is a small parameter, parametric resonance occurs, in which the re- 


sponse x(t) grows exponentially. 
For the parameters ¢ =0.1, ¢ =0.1, w=1, w) =1, the instability region is shown 


in the following figure 


Unstable 


Stable Stable 


v 
20 


0.9 1 11 


ts For Case A, v=1.8 and the system is in the stable region, in which the 
amplitude of the response decays exponentially. 


ts For Case B, v=2.0 and the system is in the unstable region, in which the 
amplitude of the response grows exponentially. 


Case A: v= 1.8 


Case B: v= 2.0 
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1. For these two cases, verify the stability of the response by numerically solving 
the equation of motion and plotting the responses using Maple. Use the initial 
conditions x(0)=0 and x(0) =0.1. 

2. Numerically determine by trial-and-error (accurate to the thousandth deci- 
mal place) the instability region, i.e., the value of v; and vy such that the 
system is in parametric resonance when v, <v < vy. 


12.4 Thevan der Pol Oscillator 


The van der Pol oscillator is the second-order ordinary equation with nonlinear 
damping given by 
X + B(x*-l)x+x = acos Qt, 

where 6 >0 is a parameter indicating the strength of nonlinear damping. This 
model was proposed by the Dutch electrical engineer and physicist Balthasar van 
der Pol (1889-1959) in 1920s to study circuits containing vacuum tubes. He found 
that these circuits have stable oscillations or limit cycles. When they are driven 
with a signal with frequency near that of the limit cycle, the resulting periodic 
response shifts its frequency to that of the driving signal, i.e., the circuit becomes 
“entrained” to the driving signal. However, the waveform or signal shape can be 
quite complicated and contain a rich structure of harmonics and subharmonics. 

Van der Pol built a number of electronic circuit models of the human heart to 
study the stability of heart dynamics. A real heart driven by a pacemaker is modeled 
by the circuit driven by an external signal. He was interested in finding out, using 
his entrainment work, how to stabilize a heart’s irregular beating. 

Van der Pol and his colleague van der Mark reported that an “irregular noise” was 
heard at certain driving frequencies between the natural entrainment frequencies. 
This is probably one of the first experimental reports of deterministic chaos. 


The Unforced van der Pol Oscillator 

When a=0, the van der Pol system is not externally driven. Using the initial 
conditions x(0) =0.01 and x(0) =0, the wave forms (x-t plots) and phase portraits 
(x-x plots) of the system are shown in the following figures for 6 = 0.2, 1, and 5. 
The existence of limit cycle is clearly seen. Use Maple to numerically solve the van 
der Pol equation and reproduce these results. 


The Forced van der Pol Oscillator 

When a0, the van der Pol system is externally driven by a sinusoidal signal. 
Using the initial conditions x(0)=0.01 and x(0) =0, the wave forms (x-t plots) 
and phase portraits (x-x plots) of the system are shown in the following figure for 
a=1.2 and 6 =6, 8.53, and 10. The phenomenon of entrainment can be observed. 
For 6 =8.53, the system exhibits chaotic behavior. Use Maple to numerically solve 
the van der Pol equation and reproduce these results. 
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Tables of Mathematical Formulas 


A.1_ Table of Trigonometric Identities 


Trigonometric Functions 


1. sin? 6 + cos?@ =1 
— > 1+ tan?6 = sec*é 


— > 1+4cot?@ =csc?6 


1 — cos 20 

2. sin? 6 = ————— 
2 

1+ cos 20 

3. cos? 0 = =i 


4. sin20 = 2sin@ cos@ 
5. cos 20 = cos” 6— sin* 0 
= 2cos* 6-1 


= 1—2sin* 0 


6. sin(A + B) = sinAcosB+cosAsinB 


7. cos(A + B) = cosAcos B = sinA sin B 


Hyperbolic Functions 
cosh? x — sinh? x = 1 
=> 1-—tanh?x = sech?x 


— > coth?x—1=csch*x 


cosh 2x — 1 

sinh? x = ———_—— 
2 

cosh2x + 1 

cosh? x = ————__— 
2 


sinh 2x = 2sinhx coshx 


cosh 2x = cosh* x + sinh” x 
= 2cosh?x—1 


= 1+4+2sinh? x 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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1 
. sinAsinB = — 5 costa +B) — cos(A—B)| 


1 
. cos A cos B = 5 | costA+B) + cos(A—B)| 
1 
sin A cos B = sl sin +B)+ sin(A — B) | 
' Lee : 
cos A sin B = 5 [sin +B) — sin(A—B)| 
: . ; A-—B 
sin A + sin B = 2sin cos 5 
: : _ A-B 
sin A — sin B = 2cos sin 5 
A A-B 
cos A + cos B = 2cos cos ; 
‘ , A-B 
cos A — cosB = —2sin sin 
6 


Euler’s Formula: e!? = cos @ +i sin@ 
Ze a(cosé +i sin 0) 


=< 22> sfa( cos 


O+2kn | . 042kr 
+1 


A.2 TABLE OF DERIVATIVES 


A.2. Table of Derivatives 


Trigonometric Functions 


. —sinx = cosx 


dx 
5. ——cosx = — sinx 
dx 
6 t : é 
. —tanx = —— = sec’ x 
dx cos? x 
1 2 
7. = cotx = ——>5— = — csc" x 
dx sin’ x 
d sinx 
8. ——secx = . = tanxsecx 
dx cos* x 
: : cos x 
.—cotx = — 
dx sin? x 
= — cotxcscx 
Inverse Trigonometric Functions 
10 in! : 
.—sin x= 
d JST xe 
d = 1 
ll. —tan “x= 
dx 1+x2 
d = 1 
12. —sec x= 
dx xV/x2—1 
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aX exIna 
, Inx 
og x= 

Sa Ina 


Hyperbolic Functions 


d 
— sinhx = coshx 
dx 


d 
— coshx = sinhx 
dx 


d 
—tanhx = = sech?x 
dx cosh* x 
d 
— cothx = —-——— = —csch*x 
dx sinh“ x 
d sinh x 
—sechx = — 5 
dx cosh“ x 
= — tanhxsechx 
d cosh x 
——cschx = ———s> 
dx sinh“ x 
= — cothxcschx 
4 1 
—cos x= — 
d ee 
4 1 
—cot x 
1+x? 
1 
—csc!x= — 
xV/x2—1 
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A.3_ Table of Integrals 


2. —dx = In|x|, x40 [nxax=x(Inx—1), x>0 
1 b** 
3, | e*dx = —e™ [ ax = ——, b>0 
a alnb 
Trigonometric Functions Hyperbolic Functions 
4. [ sina = — cosx [ sinnxax = coshx 
5. / cosxdx = sinx / cosh xdx = sinhx 
6. [vanxax = In| cos x| [anaes = Incoshx 
7. [ covxae — In| sin x| [ cota = In| sinh x| 
8. [ secxax = In| secx + tan x| [ sechxax = tan! ( sinh x) 
uw x uw Xx 
= In| tan (=+5)| = In| cot (=-=)| 
4 2 4 2 
x 
9. [ sexed = In osex ~ cot x [ eschxdx = In| tanh 3 
x 
= In| tan =| 
2 
ae: x 1 “s “ 2 1 : x 
10. | sin’ xdx = — — =—sin2x sinh* xdx = — sinh 2x — — 
2 4 4 2 
2 x 1 . 9 1 . x 
ll. | cos*xdx = —+ =—sin2x cosh’ xdx = —sinh2x + — 
2 4 4 2 
1 tanhx +1 
12. [ santa = tanx —x [ sant? xax = —tanhx+—In aa 
2 tanhx — 1 
1 cothx + 1 
13. [ co? xax = —cotx—x [ cots? xdx = — cothx + —In een 
2: cothx — 1 
14. / sec’ xdx = tanx / sech*x dx = tanhx 
15. [ ose? xax =-—cotx [ csch?sax = —cothx 


A.3 TABLE OF INTEGRALS 


. 1, x 
16. E sinax dx = —; sin ax — = cos ax 
a a 
2. 2x, a’x? —2 
17. x” sinaxdx = —= sin ax — ——>— cos ax 
a a 
es 3a°x?-6 . a’x> —6x 
18. x sinaxdx = ——m= SIN IX — COS AX 
4 3 
a a 
25 Aa*x? —24x . a*x* —12a*x? +24 
19. x* sinaxdx = ———__——— sin ax —- —__—— 08 1K 
4 5 
a a 
x, 1 
20. x cosaxdx = —sinax + = cos ax 
a a 
4 a’x?—2 , 2x 
21. x” cosaxdx = —————=_ sin ax + —=— cos ax 
a a 
3 ax—6x , 3a’x* —6 
22. x? cosaxdx = ——=—— sin ax + ———. cos ax 
3 4 
a a 
’ a*x*—12a*x?+24 . 4a2x> — 24x 
23. x* COSaXx dX = —— SIN AX | me COS AX 
5 4 
a a 
bsin ax — acos ax 
24. | e* sinaxdx = e?* SS 
a7 +b 
asin ax + bcos ax 
25. | e* cosaxdx = e?* a ae 
a*+b 
ax—-1 
26. [ xem ax = 5 e™* 
a 
21.2 
arx* —2ax+2 
275 [era = —— 
a 


33 2,2 
a’x? —3a°x*+6ax—6 
28. [era = SO 
a 
4.4 3.3 yee) 
a*x* —4a°x? +12a°x* —24ax+24 
/ xte*% dx = ———— e™* 
a 
55 4.4 3.3 29 
ax? —5a*x*+20a°x~ —60a*x*+120ax—120 
30 [ Serax = — 
a 


1 1 a+x 1 _1Xx 
32. [meergn or =tanh !=, |x| < Jal 
a a 
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33. 


34, 


35. 


36. 


37. 


38. 


39. 


40 


4l 


42 


43 


1 
————- dx 
| V x2 — at 


[ve —x2dx = 
[ve +a*dx = 


or 


[ Ve=@ax = 

or 
fondest 
ff —d« 
xV a2 — x2 
[a 
| —dsx 
—_— 
| —ds 
xV/ x2 — at 


1 
; 1x 
| / 2ax — x2 


| 
a 
a 
=) 
a 


1 
ee 1x = 
| Vx? + at 
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1 1 x-—a 1 _,Xx 
[apengn or —=coth!—, |x| > Jal 
x*—a 2a x+a a a 
1 5 oa a X 
[Seve siw' = or =eos 
Vat — x4 a a 


= cosh! ~ or In|x + Vx? — a’| 


= = or In (x + Vx? + a?) 


wpe 
iy 
i) 
| 
R 
i) 
+ 
n 
= 
5 


2 
x a x 
=VJ/x?4+ 424+ —sinh! = 
2 2 a 
x a 
7 x? + a? + = In (x + x? + a?) 
2 
x a x 
=x? — a2 — —cosh | = 
2 2 a 
2 
x a 
sve? — a — SInjx + vx? — @?| 
SG 1, jat+ va’ — x? 
= —=cosh “ — ) — = In) ——————— 
a x 
Lead 1, jat+t vx? +a 
= —=sinh ‘= or — = In| ———————_— 
a x a C 
1 4,4 1 _,x 
=—cos = or —sec = 
a a a a 


-1 x 1 (* 
= cos (1 — =) or sin (= — 1) 
a a 


2 
x-—a a x 
: [ Vier ex =" 2ax — x2 4+ —sin! (=-1) 
2 2 a 
i ee ig (n—1)!! | an, if n is an even integer 
: = x 
0 [cos"@ nit 1, if n is an odd integer 
x 1 : 
by n—1)!!(m—1)!! S71, n, m even integers 
a! sin” 6 cos™9.dp = GO" | 7 2 
0 (n+m)!! 1, otherwise 
n:-(n—2)--+5-3-1, n> 0 odd integer 
2 ni!= { n-(n—2):--6-4-2, n> 0 even integer 


1, 


n=0 
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A.4_ Table of Laplace Transforms 
Properties of Laplace Transform Z| f (t)} = F(s) 
1. Laplace Transform of Derivatives 
F{f'O} =sFS) — fO 
L{f"(O} =s?F(s) — sf 0) — f’O) 
iG) eect (Omer (Oia ret ee (O)is (0), 


Tali) eee 


2. Laplace Transform of Integrals 


Et les [ fantau"| = 4 a 


2 {e% f(t)} = F(s—a) 


3. Property of Shifting 


4, Property of Differentiation 


Se Op a) — eee 


5. Property of Integration 


2[22}- [fro wane 


6. Convolution Integral 


2 [ funge-waul = F(s) G(s) 
7. Heaviside Function 
Z2{H(t—a)} = - e %, 2L£{f(t—a) H(t—a)} =e“ F(s) 
8. Dirac Delta Function 


L{s(t-a}=e%, L{fwst-a} =e“ fla) 
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i EC E20 


i=) 


e 


e 


2 |(s—w) (stow) | 


T'(v) 1 1 
“O) —— + |, 


= 
A 


s>|a| 


on 


an 
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A.5_ Table of Inverse Laplace Transforms 


Properties of Inverse Laplace Transform L'{F(s)} =f) 


1. Property of Shifting 
“'{F(s—a)} =e" f(t) 


2. Property of Differentiation 


_; [ d"F(s) 
ds” 


(hy pe fl le ek 


3. Property of Integration 


ae - [reas"| = 4 sa n=1,2,... 


4, Convolution Integral 


2 'F(s)G(s)} = [ feoge—wau = [ g(u) f(t—u) du 
5. Heaviside Function 
ZL "'{e-* F(s)} = f (t—a) H(t—a) 
6. Dirac Delta Function 


Ne O(b eee ae noe) 
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Zola FO 


(s—a)(s—b)’ 
1 


s 
(s—a)(s—b)’ 


s 
a aaRSI cosh at 
s*—a 


1 (b—c)e" + (c—a)e + (a—b) e* 
E-0G-G20, |= —Gane=nGaa 5 


1 
—_ ( sin at cosh at — cos at sinh at) 
444 aa 4a3 
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Amplitude, 195, 201, 208 

modulated, 208 
Analytic function, 393 
Ascending motion of a rocket problem, 421 
Automobile ignition circuit problem, 209 
Auxiliary equation, 144 
Average slope method, 437, 446, 453 


Backward Euler method, 436, 446, 449, 453 
Bar with variable cross-section problem, 121 
Base excitation, 190-191 
Beam-column, 218 
boundary conditions, 219 
equation of equilibrium, 220 
Laplace transform, 280 
Beam 
flexural motion, 465 
equation of motion, 465 
forced vibration, 471 
free vibration, 466 
Beams on elastic foundation, 283 
boundary conditions, 284 
equation of equilibrium, 284 
problem, 284, 288 
Beat, 208 
Bernoulli differential equation, 58, 75 
Bessel’s differential equation, 390, 408, 420, 
424-426 
application, 418 
series solution, 408, 418 
solution, 418 
Bessel function, 418, 425 
Maple, 512 
of the first kind, 410-411, 415, 418, 425 
of the second kind, 412-413, 415, 418, 425 
Body cooling in air problem, 87 
Boundary value problem, 10 
Buckling of a tapered column problem, 418 
Maple, 513 
Buckling 
column, 221 
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tapered column, 418 
Maple, 513 
Bullet through a plate problem, 94 


Cable of a suspension bridge problem, 100 
Cable under self-weight, 102 
Capacitance, 108 
Capacitor, 108 
Chain moving problem, 123, 125 
Characteristic equation, 143-144, 147, 151, 180, 
305, 344, 460 
complex roots, 147 
linear differential equation, 144, 180 
multiple degrees-of-freedom system, 344 
real distinct roots, 143-144 
repeated roots, 151 
Characteristic number, 144, 460 
Circuit, 108, 209, 275, 278, 372-373, 375 
first-order, 113 
parallel RC, 110 
parallel RL, 111 
parallel RLC, 209 
RC, 109 
RL, 109 
second-order, 213 
Laplace transform, 275, 278 
series RC, 110 
series RL, 110 
series RLC, 209 
system of linear differential equations 
Laplace transform, 373 
matrix method, 375 
Clairaut equation, 67 
Complementary solution 
linear differential equation, 142-144, 147, 152, 
180, 460 
matrix method, 326, 350 
complex eigenvalues, 328-329, 349 
distinct eigenvalues, 326-327, 349 
multiple eigenvalues, 330-331, 349 
method of operator 


INDEX 


system of linear differential equations, 
304-305, 348 
Complex numbers, 148 
Constant slope method, 432-433, 445 
Convolution integral, 258 
Cooling, 87 
Cover-up method, 260 
Cramer’s Rule, 307 
Critically damped system, 199 
Laplace transform, 279 
Cumulative error, 435, 452-453 


D’Alembert’s Principle, 91, 223, 229, 358-359, 
364-365 
D-operator, 140, 162 
inverse, 162 
properties, 141 
Damped natural circular frequency, 194, 196 
Damped natural frequency, 196 
Damper, 189, 302 
Damping, 189, 302 
Damping coefficient, 193-194, 198-199 
modal, 347 
Damping force, 189-190, 302 
Dashpot damper, 189, 302 
Defective (deficient) matrix, 331 
Degree-of-freedom system 
four, 362 
infinitely many, 468 
multiple, 301, 303, 344 
damped forced vibration, 346 
orthogonality of mode shapes, 345 
undamped forced vibration, 346 
undamped free vibration, 344 
single, 188, 191 
Laplace transform, 268 
response, 193 
two, 357; 377 
Derivatives table, 533 
Differential equation 
boundary value problem, 10 
definition, 6 
existence and uniqueness, 11-12 
general solution, 8 
homogeneous, 7, 20 
initial value problem, 10 
numerical solution, 431 
linear, 6-7, 140 
constant coefficients, 7,140 
variable coefficients, 7, 178, 183 


543 


Maple, 498-499 

Mathematica, 498 

nonhomogeneous, 7 

nonlinear, 6 

numerical solution, 431 
average slope method, 437, 453 
backward Euler method, 436, 449, 453 
constant slope method, 432-433 
cumulative error, 435, 452-453 
error analysis, 434 
Euler method, 432-433, 449, 452 
explicit method, 452 
forward Euler method, 432-433, 452 
GNU Scientific Library, 453 
implicit method, 437-438, 453 
improved Euler method, 437, 449, 453 
improved Euler predictor-corrector method, 

439, 452 

IMSL Library, 453 
local error, 434-435, 453 
Maple, 453 
Mathematica, 453 
Matlab, 453 
midpoint method, 441 
NAG Library, 453 
Numerical Recipes, 453 
predictor-corrector technique, 438 
roundoff error, 434 
Runge-Kutta-Fehlberg method, 517-518 
Runge-Kutta method, 440-444, 452 
trapezoidal rule method, 438 
truncation error, 434-435, 453 

order, 6 

ordinary, 6 

partial, 8 

particular solution, 8 

series solution, 390 
Frobenius series, 403, 405, 425 
Fuchs’ Theorem, 405 
indicial equation, 404, 425 
Maple, 512 
ordinary point, 394, 397 
regular singular point, 403 

singular solution, 19 

stiff, 449-450, 453 
Maple, 517 


Dirac delta function, 254-256 


concentrated load, 471 
Laplace transform, 256 
Maple, 507 

properties, 255 
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Direction field, 11 

Displacement meter problem, 229 

Dynamic magnification factor (DMF), 202, 370 

Dynamical response of parametrically excited 
system problem, 518 


Earthquake, 190 
Eigenvalue, 326, 328-331, 349 
Maple, 510 
Eigenvector, 326, 328-331, 349 
generalized, 331, 349 
Maple, 510 
Error analysis, 434 
Euler’s formula, 147, 149 
Euler constant, 413 
Euler differential equation, 178, 183 
Euler method, 432-433, 445, 449, 452 
Exact differential equation, 31-33, 76 
Example 
ascending motion of a rocket, 421 
automobile ignition circuit, 209 
bar with variable cross-section, 121 
beam-column 
Laplace transform, 280 
beams on elastic foundation, 284, 288 
body cooling in air, 87 
buckling of a tapered column, 418 
Maple, 513 
bullet through a plate, 94 
cable of a suspension bridge, 100 
chain moving, 123, 125 
displacement meter, 229 
dynamical response of parametrically excited 
system, 518 
ferry boat, 120 
float and cable, 107 
flywheel vibration, 227 
free flexural vibration of a simply supported 
beam, 468 
heating in a building, 88 
jet engine vibration, 223 
Lorenz system, 522 
object falling in air, 95 
particular moving in a plane, 300 
piston vibration, 224 
reservoir pollution, 127 
second-order circuit 
Laplace transform, 275 
single degree-of-freedom system under blast 
force, 273 
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single degree-of-freedom system under 
sinusoidal excitation, 270 
two degrees-of-freedom system, 357 
vehicle passing a speed bump, 213 
Laplace transform, 272 
vibration of an automobile, 362 
water leaking, 126 
water tower, 220 
Excitation frequency, 202, 204, 208 
Existence and uniqueness theorem, 12 
Explicit method, 452 
Externally applied force, 189, 191 


Ferry boat problem, 120 
Finned surface, 476-477, 488 
First-order circuit, 113 
problem, 111-112 
First-order differential equation 
Bernoulli, 58, 75 
Clairaut, 67 
exact, 31-33, 76 
homogeneous, 20, 75 
inspection, 45, 76 
integrating factor, 31, 39-40, 76 
integrating factor by groups, 48, 77 
linear, 55,75 
Maple, 499 
separation of variables, 16, 20, 75 
solvable for dependent variable, 61, 77 
solvable for independent variable, 61-62, 77 
special transformation, 25, 77 
Flexural motion of beam, 465 
equation of motion, 465 
forced vibration, 471 
separation of variables, 471 
free vibration, 466 
infinitely many degrees-of-freedom system, 
468 
separation of variables, 466 
Float and cable problem, 107 
Flywheel vibration problem, 227 
Forced vibration, 193 
multiple degrees-of-freedom system, 346 
single degree-of-freedom system, 200 
Laplace transform, 270, 278 
two-story shear building, 380 
Forward Euler method, 432-433, 445, 452 
Fourier’s equation in one-dimension, 474, 480, 
483 
Fourier’s Law of Heat Conduction, 473 
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Fourier integral, 485 
cosine integral, 485 
sine integral, 485-486 
Fourier series, 470, 485 
cosine series, 471 
sine series, 469, 471, 479, 482, 491-492 


Free flexural vibration of a simply supported 


beam problem, 468 
Free vibration, 193 
multiple degrees-of-freedom system, 344 
single degree-of-freedom system 
critically damped, 199 
Laplace transform, 269, 278 
overdamped, 199 
undamped, 194-195 
underdamped, 196 
two-story shear building, 378 
Frequency equation, 344, 378 
multiple degrees-of-freedom system, 344 
Frobenius series, 403, 405, 425 
Fuchs’ Theorem, 405 
Fundamental Theorem, 141 


Gamma function, 410 
Maple, 512 
Gauss-Jordan method, 335 
General solution, 8, 380 
linear differential equation, 142 
matrix method, 335, 350 
method of operator, 312, 348 
Generalized eigenvector, 331, 349 
GNU Scientific Library, 453 
Grouping terms method, 34 


Hanging cable, 97 
cable under self-weight, 102 
problem, 106 
suspension bridge, 97 
Heat conduction, 473-474, 476 
boundary conditions, 475 
homogeneous, 476 
insulated, 475 
of the first kind, 475 
of the second kind, 475 
of the third kind, 475 
coefficient of thermal conductivity, 473 
equation, 473 
one-dimensional transient, 474 
three-dimensional steady-state, 475 


two-dimensional steady-state, 474 
finned surface, 476-477, 488 


Fourier’s equation in one-dimension, 474, 480, 


483 
Fourier’s Law, 473 
heat transfer coefficient, 476 
Laplace’s equation 
in three-dimensions, 475, 488 
in two-dimensions, 474, 477 
one-dimensional transient, 480 
on a semi-infinite interval, 483 
thermal diffusivity, 474 
three-dimensional steady-state, 488 
two-dimensional steady-state, 476 
Heating, 87 
Heating in a building problem, 88 
Heaviside step function, 249-250, 255 
inverse Laplace transform, 257 
Laplace transform, 249, 252 
Maple, 507 
Higher-order differential equation 
dependent variable absent, 70, 77 
immediately integrable, 68, 77 
independent variable absent, 72, 78 
Maple, 499 
Homogeneous 
differential equation, 7, 20 
first-order differential equation, 20, 75 
Hyperbolic functions, 145 


Implicit method, 438, 453 
Improved Euler method, 437, 446, 449, 453 


Improved Euler predictor-corrector method, 


439, 446, 452 


Impulse-Momentum Principle, 91, 125, 254, 422 


Impulse function, 254-255 

IMSL Library, 453 

Indicial equation, 404, 425 
Inductance, 109 

Inductor, 109 

Inertia force, 91, 230-231, 359, 364-365 
Inertia moment, 223, 229, 359, 364 


Infinitely many degrees-of-freedom system, 468 


Initial value problem, 10 
numerical solution, 431 

Inspection method, 45 

Integral transform, 244 

Integrals table, 534 

Integrating factor, 31, 39-40, 76 

Integrating factor by groups, 48,77 
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Inverse Laplace transform, 257 
convolution integral, 258 
Heaviside step function, 257 
Maple, 507 
properties, 257, 539 
table, 257, 539-540 


Jet engine, 192 
Jet engine vibration problem, 223 


Kirchhoff’s Current Law (KCL), 108, 110-113, 209, 
212-213, 277, 373 

Kirchhoff’s Voltage Law (KVL), 108, 110, 209, 211, 
276-277; 373 


Landing gear, 192 
Laplace’s equation 
in three-dimensions, 475, 488 
in two-dimensions, 474, 477 
Laplace transform, 244 
beam-column, 280 
beams on elastic foundation, 283 
convolution integral, 258 
definition, 244 
Dirac delta function, 256 
Heaviside step function, 249, 252 
inverse, 257 
properties, 257, 539 
table, 539 
linear differential equation, 263 
Maple, 507 
properties, 245, 537 
second-order circuit, 275 
single degree-of-freedom system, 268, 278 
blast force, 273 
forced vibration, 270, 278 
free vibration, 269, 278 
system of linear differential equations, 318, 348 
table, 245, 537-538 
vehicle passing a speed bump problem, 272 
Legendre equation, 397 
Linear differential equation, 140 
auxiliary equation, 144 
characteristic equation, 143-144, 147, 151, 180, 
460 
complex roots, 147 
real distinct roots, 143-144 
repeated roots, 151 
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characteristic number, 144, 460 
complementary solution, 142-144, 147, 152, 180, 
460 
constant coefficients, 7, 140 
general solution, 142 
Laplace transform, 263 
Maple, 506, 512 
particular solution, 142, 153, 181 
method of operator, 162-164, 166, 169, 171, 
181-182 
method of undetermined coefficients, 153, 
181, 
method of variation of parameters, 173, 
181-182 
variable coefficients, 7, 178, 183 
second-order homogeneous, 403 
Linear first-order differential equation, 55, 75 
Lipschitz condition, 12 
Local error, 434-435, 453 
Lorenz system problem, 522 


Maple, 453, 498 

algsubs, 502-503 

assuming, 502,504 

Bessel J, 512-513 

BesseLY, 512-513 

collect, 502, 504, 506, 508-510, 512, 514-515, 

517 

COS, 506, 508, 510 
exp, 506, 508-510 
Heaviside, 508-509 
1n, 504, 517 
sin, 506, 508, 510 

combine, 502, 504, 508 

convert, 507, 512, 514-517 
factorial, 512, 517 
parfrac, 507 
polynom, 512, 514-517 

COS, 499, 502, 509, 519 

D, 506 
(D@Gn) (y) (a), 506 
D(y) (a), 506 

diff, 499-504, 506, 508-509, 514-516, 518-519, 

522 

Dirac, 507 

do loop, 525 

dsolve, 498-510, 514-520, 522, 525 
>formal_solution’, 515,-516 
implicit, 499-503, 505 
method=laplace, 507-508 


INDEX 


numeric, 517-520, 522, 525,-520, 522, 
525,-518 

series, 514,-517 

Eigenvectors, 510-511, 517 

eval, 505 

evalf, 512, 514, 518 

XP, 500, 506-509 

fsolve, 514 

GAMMA, 512 

gamma, 512 

Heaviside, 507-509 

I, 510 

implicitplot, 504 
labels, 504 
numpoints, 504 
thickness, 504 
tickmarks, 504 
view, 504 

invlaplace, 507 

JordanForm, 511 

laplace, 507 

Lhs, 501-503 

In, 501, 506, 512-513 

map, 500 

Matrix, 510-511, 517 

numer, 501-503 

odeplot, 519-523 
axes, 519, 521, 523 
labels, 519-523 
numpoints, 519-523 
orientation, 523 
thickness, 523 
tickmarks, 519-523 
view, 519, 521, 523 

odetest, 500, 504, 510 

Order, 515 

plot, 513 
numpoints, 513 

pointplot, 525 
axesfont, 525 
color, 525 
labelfont, 525 
labels, 525 
style, 525 
tickmarks, 525 

positive, 502, 504 

restart, 519, 522 

rhs, 505, 525 

RootOf, 505 

Seq, 525 

series, 512,514 


simplify, 502, 505, 512,517 
sqrt, 502 

Sin, 499, 502, 506-507, 509 

solve, 504-505 

sqrt, 501 

subs, 504-505, 512-513, 517 

unapp1y, 505, 518 

with, 504, 507, 510-511, 517, 519, 522 
inttrans, 507 
LinearAlgebra, 510-511, 517 
plots, 504, 519, 522 

Z1p, 525 

Mass-spring-damper system, 191 


Mathematica, 453, 498 
Matlab, 453 


Matrix method, 325, 349 
complementary solution, 326, 350 
complex eigenvalues, 328-329, 349 
distinct eigenvalues, 326-327, 349 
multiple eigenvalues, 330-331, 349 
general solution, 335, 350 
particular solution, 334, 350 


method of variation of parameters, 334 
system of linear differential equations, 325, 349 


Matrix 

Cramer’s Rule, 307 

damping, 303, 346-347 

defective (deficient), 331 

eigenvalue, 326, 328-331, 349 

eigenvector, 326, 328-331, 349 

Gauss-Jordan method, 335 

generalized eigenvector, 331, 349 

inverse, 335-336 

Gauss-Jordan method, 335 

Maple, 510 

mass, 303, 344-346 

modal, 345, 380 

stiffness, 303, 344-346 
Mechanical vibration, 357 
Method of grouping terms, 34 
Method of inspection, 45, 76 
Method of operator 

linear differential equations, 162, 181 

polynomial, 166, 181 

Shift Theorem, 164, 182 

system of linear differential equations, 

304-305, 307-308, 347-348 

Theorem 1, 163, 182 

Theorem 2, 164, 182 

Theorem 3, 169, 182 

Theorem 4, 171, 182 


548 


Method of separation of variables 
first-order differential equation, 16, 20, 75 
partial differential equation, 458, 492 
Method of undetermined coefficients, 153, 181 
exception, 159 
Method of variation of parameters 
linear differential equations, 173, 181-182 
system of linear differential equations, 314, 334 
Midpoint method, 441 
Modal damping coefficient, 347 
Modal frequency, 344, 378 
Modal matrix, 345, 380 
Mode shape, 344, 379-380, 468 
orthogonality, 345, 380 
Moment-curvature relationship, 219, 419, 465 
Moment of inertia, 223, 228, 358, 362, 419, 465 
Parallel Axis Theorem, 223, 228 
Motion, 91 
Multiple degrees-of-freedom system, 301, 344 
damped forced vibration, 346 
equations of motion, 303 
orthogonality of mode shapes, 345 
undamped forced vibration, 346 
undamped free vibration, 344 


NAG Library, 453 
Natural circular frequency, 193, 195 
damped, 194 
undamped, 193 
Natural frequency, 195, 204, 208 
Natural purification in a stream, 114 
Newton’s Law of Cooling, 87 
Newton’s Second Law, 2, 91, 93, 95-96, 123, 190, 
214, 224, 226, 301-302, 366-367, 465 
Numerical Recipes, 453 
Numerical solution, 431 
average slope method, 437, 446, 453 
backward Euler method, 436, 446, 449, 453 
conditionally stable, 449 
constant slope method, 432-433, 445 
cumulative error, 435, 452-453 
error analysis, 434 
Euler method, 432-433, 445, 449, 452 
explicit method, 452 
forward Euler method, 432-433, 445, 452 
GNU Scientific Library, 453 
implicit method, 437-438, 453 
improved Euler method, 437, 446, 449, 453 
improved Euler predictor-corrector method, 
439, 446, 452 


INDEX 


IMSL Library, 453 

local error, 434-435, 453 

Maple, 453, 517 

Mathematica, 453 

Matlab, 453 

midpoint method, 441 

NAG Library, 453 

Numerical Recipes, 453 

predictor-corrector technique, 438 

roundoff error, 434 

Runge-Kutta-Fehlberg method, 517-518 

Runge-Kutta method, 440 
fourth-order, 443-444, 446, 452 
second-order, 441-442, 446, 452 

stability, 449, 451, 453 

stepsize, 431, 453 

system of differential equations, 445 

trapezoidal rule method, 438 

truncation error, 434-435, 453 

unconditionally stable, 449 

unstable, 449 


Object falling in air problem, 95 
Ohms Law, 108 
Operator 


D, 140, 162 
inverse, 162 
properties, 141 
method, 162, 304 
linear differential equations, 162, 181 
polynomial, 166, 181 
Shift Theorem, 164, 182 
system of linear differential equations, 
304-305, 307-308, 347-348 
Theorem 1, 163, 182 
Theorem 2, 164, 182 
Theorem 3, 169, 182 
Theorem 4, 171, 182 


Ordinary differential equation, 6 
Ordinary point, 396, 424 
Orthogonality 


mode shape, 380 
sine and cosine functions, 470, 472, 482 


Overdamped system, 199 


Laplace transform, 279 


Parallel Axis Theorem, 223, 228 
Parallel circuit 


RG, 110 


INDEX 


RL, 1 
RLC, 209 
Partial differential equation, 8, 457 
separation of variables, 458, 492 
simple, 457 
Partial fractions, 259 
cover-up method, 260 
Maple, 507 
Particular moving in a plane problem, 300 
polar coordinates, 301 
rectangular coordinates, 300 
Particular solution, 8, 193, 200 
linear differential equation, 142, 153, 181 
matrix method, 334, 350 
method of variation of parameters, 334 
method of operator 
linear differential equations, 162, 181 
polynomial, 166, 181 
Shift Theorem, 164, 182 
system of linear differential equations, 
307-308, 348 
Theorem 1, 163, 182 
Theorem 2, 164, 182 
Theorem 3, 169, 182 
Theorem 4, 171, 182 


method of undetermined coefficients, 153, 181 


exception, 159 
method of variation of parameters 
linear differential equations, 173, 181-182 


system of linear differential equations, 314, 


334 
Period, 195 
Phase angle, 195, 201 
Piston vibration problem, 224 
Power series, 391 

convergence, 391 

Maple, 512 

operation, 392 

radius of convergence, 391 
Predictor-corrector technique, 438 


RC circuit, 109 

Reservoir pollution problem, 127 
Resisting medium, 91 

Resonance, 203-204, 208, 382-383 

RL circuit, 109 

RLC circuit, 209 

Roundoff error, 434 
Runge-Kutta-Fehlberg method, 517-518 
Runge-Kutta method, 440 


fourth-order, 443-444, 446, 452 
second-order, 441-442, 446, 452 


Second-order circuit, 213 
Laplace transform, 275, 278 
problem, 211, 275 
Separation of variables method 
first-order differential equation, 16, 20, 75 
partial differential equation, 458, 492 
Series circuit 
RL, 110 
RLC, 209 
RG, 110 
Series solution, 390 
Bessel’s differential equation, 408, 418 
Frobenius series, 403, 405, 425 
Fuchs’ Theorem, 405 
indicial equation, 404, 425 
Legendre equation, 397 
linear differential equation, 403 
Maple, 512, 514 
ordinary point, 394, 397 
regular singular point, 403 
Shear building 
multiple story, 301 
single story, 188-191 
two-story, 377 
forced vibration, 380 
free vibration, 378 
Shear force, 189-190, 302 
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Single degree-of-freedom system, 188, 191, 193 


blast force 
Laplace transform, 273 
problem, 273 
critically damped, 199 
Laplace transform, 279 
Laplace transform, 268, 278 
blast force, 273 
forced vibration, 270, 278 
free vibration, 269, 278 
sinusoidal excitation, 270 
overdamped, 199 
Laplace transform, 279 
problem, 226 
response, 193 
sinusoidal excitation 
Laplace transform, 270 
problem, 270 
undamped, 194, 204, 208 
underdamped, 194, 200 
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Laplace transform, 278 
Singular point, 403 
irregular, 403 
regular, 403, 425 
Singular solution, 19 
Sinusoidal excitation, 200, 204 
Special function 
Maple, 512 
Special transformation 
first-order differential equation, 25, 77 
Steady-state solution, 200 
Stepsize, 431, 453 
Stiff differential equation, 449-450, 453 
Maple, 517 
Stiffness, 189 
Stream, 114 
Suspension bridge, 97 
System of differential equations 
Maple, 509 
numerical solution, 445 
average slope method, 446 
backward Euler method, 446 
constant slope method, 445 
Euler method, 445 
forward Euler method, 445 
fourth-order Runge-Kutta method, 446 
improved Euler method, 446 
improved Euler predictor-corrector method, 
446 
second-order Runge-Kutta method, 446 
System of linear differential equations 
complementary solution 
complex eigenvalues, 328-329, 349 
distinct eigenvalues, 326-327, 349 
matrix method, 326, 350 
method of operator, 304-305, 348 
multiple eigenvalues, 330-331, 349 
general solution 
matrix method, 335, 350 
method of operator, 312, 348 
Laplace transform, 318, 348 
matrix method, 325, 349 
method of operator, 304, 347 
characteristic equation, 305 
particular solution 


INDEX 


matrix method, 334, 350 
method of operator, 307-308, 348 
method of variation of parameters, 314, 334 


Table 
derivatives, 533 
integrals, 534 
inverse Laplace transform, 539 
Laplace transform, 537 
trigonometric identities, 531 
Taipei 101, 371-372 
Taylor series, 432, 440 
Transient solution, 200 
Trapezoidal rule method, 438 
Trigonometric identities table, 531 
Truncation error, 434-435, 453 
Tuned mass damper (TMD), 366-367, 370-372 
Two degrees-of-freedom system 
problem, 357 
shear building, 377 
forced vibration, 380 
free vibration, 378 


Undamped system, 194, 204, 208 
Underdamped system, 194, 200 

Laplace transform, 278 
Undetermined coefficients method, 153, 181 


Variation of parameters method 
linear differential equations, 173, 181-182 
system of linear differential equations, 314, 334 

Vehicle passing a speed bump problem, 213 
Laplace transform, 272 

Vibration, 188-191, 193, 213, 272, 301, 344, 357> 377> 

468 

Vibration absorber, 366-367, 370-372 

Vibration of an automobile problem, 362 

Viscous dashpot damper, 189 


Water leaking problem, 126 
Water tower problem, 220 


